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Optimal control problem (OCP) Optimization problem with:
N—1 > States z; and controls u; on horizon N
minimize Z L;(z;, u;) + M(zy) &~ Desired behavior: cost L;, M
o s =0 @2 System knowledge: dynamics model ¢;
subject to  Zp = z(0), 77 Requirements: constraints g;

Tip1 = ¢s(2i, i), 1=0,...,N—1,
0> gi(w,u;), i=0,...,N—1



Motivation

Model predictive control (MPC)
» Solve OCP (approximately)
> Apply optimal solution wug(Zp)
Plant » Get new state-estimate 7
Needs:
S P> Fast, embedded OCP solvers

State-feedback control loop

References MPC u

controller

Optimal control problem (OCP) Optimization problem with:
N—1 > States z; and controls u; on horizon N
minimize Z Li(zi, ui) + M(zy) &~ Desired behavior: cost L;, M
o uny =0 @2 System knowledge: dynamics model ¢;
subject to  Zp = z(0), #4 Requirements: constraints g;

Tiy1 = ¢s(xs, u;), i=0,...,N—1,
0> gi(zi,us), i=0,...,N—1



acados — fast embedded solvers for nonlinear optimal control

pacados

£ History: 2016 — now

'+ Open-source, permissive license

4, Embeddable: Minimal dependencies

Fast:
> Written in C
> High-performance linear algebra via
BLASFEO
> Exploits OCP structure



acados — fast embedded solvers for nonlinear optimal control

P> Enabled & enhanced real-world MPC in various
aca os fields, academia & industry

£ History: 2016 — now
& Open-source
4, Embeddable

Fast

Application references
Romero-2022, Saviolo-2024, Salzmann-2023, Reiter-2025,
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Carlos-2020, Zanelli-2021, Cecchin-2023, Rathod-2021,
Gao-2024, Subash-2024, Weiss-2025, Winkler-2021,
Homburger-2025, Homburger-2026, Koehler-2025,
Reiter-2025, Prochazka-2026 Ge-2026, Prochazka-2026,
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Thesis Overview

Continuous parametrization [ Discrete ] ' IsoIver . MPC
OCP discretization > OCP implementation policy

>

min [ ... min Y ... u* = mvpc (703 0)

Ch. 2: acados [cn 3: advanced OCP (3) @] Ch. 4 AS-RTI ®
>> DO formulations vpc (2030, 7o)

Ch. 5: solution sensitivities (6)

Omnvpc(o; 0)

Main author papers a0
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OCP discretization

minimize / 0(z(t), v(t)) dt
(-),0(") 0

subject to 7 = z(0),
O:fimpl(tvi(t)ax(t%v(t))a te [0’00)7
0> g(x(t), v(t)), t €0, 00),



OCP discretization

T
minimize /0 (z(t),v(t))dt + M(z(T))

z(-),v(-)
subject to 7 = z(0),
0 = F7PH(E (1), a(1), o(t), [0, T),
0> g(x(1), v(t)), tel0,7),

02 ge(x(T)),

» Select finite time horizon 7', terminal cost M and constraints g,



OCP discretization

mmlmlze /tl+1 yu)dt + M(z(T))

BT t

subject to 7y = z(0),
0 = Pt a(t), 2(t), u;), L€ [titi),
0> g(z(t), w), L€ [t tiy1),

0= ge((T))

» Select finite time horizon T, terminal cost M and constraints g,
> TimegrdO=16 <...<iy=T
» Control parametrization via u; = () for ¢ € [t;, ti+1)



OCP discretization

N-1

minimize Z Li(x;, u;) + M(zy)

Z05--+sTN .

UQ 5+- s UN-1 i=0

subject to o = X9,

Tiy1 = Oi( s, ug), i=0,...,N—1,

OZQI(TlvuZ)v Zl:O?"'7N_17
0> ge($N>

Select finite time horizon T', terminal cost M and constraints g
Timegrid0=t%<...<ty=T
Control parametrization via u; = v(t) for t € [t;, ti1)

Cost L;

>
>
>
» Discrete state trajectory x; with dynamics ¢; — usually high-order integrator
>
» Constraints g;



OCP discretization

N-1

minimize Z Li(z;, u;) + M(zy)

L0 ;--+» TN, ;

UQseeey UN-1 i=0

subject to o = X9,

Tip1 = Gi( s, ug), i=0,...,N—1,

0> gi(wi, ui), i=0,...,N—1,
0> ge(xN>

Select finite time horizon T', terminal cost M and constraints g
Timegrid0=t%<...<ty=T
Control parametrization via u; = v(t) for t € [t;, ti1)

>
>
>
» Discrete state trajectory x; with dynamics ¢; — usually high-order integrator
» Cost L; — usually first-order shooting node discretization

>

Constraints g; — usually enforced at shooting nodes only



Cost discretization

tiv1
Li(l’i, ui) ~ / f(l’(t), ’U,z)dt
t

Options
1. Explicit Euler shooting node (SN) cost discretization

LZSN(') = Atil(x;, ),
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more accurate — especially relevant for long intervals
X additional computational cost
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Options
1. Explicit Euler shooting node (SN) cost discretization

LZSN(') = Atil(x;, ),

2. High-order implicit Runge-Kutta (RK) — like dynamics ¢;
more accurate — especially relevant for long intervals
X additional computational cost

Gauss—Newton Runge—Kutta (GNRK) integration (Frey, Baumgartner, & Diehl, 2024)
» Cost with outer convex-structure
» Gauss-Newton-type Hessian approximation



Cost discretization

tiya
Li(@i, u;) %/ 0(z(1), u;)dt.
t;
Options
1. Explicit Euler shooting node (SN) cost discretization

LZSN(') = Atil(x;, ),

2. High-order implicit Runge-Kutta (RK) — like dynamics ¢;
more accurate — especially relevant for long intervals
X additional computational cost

Gauss—Newton Runge—Kutta (GNRK) integration (Frey, Baumgartner, & Diehl, 2024)
» Cost with outer convex-structure
» Gauss-Newton-type Hessian approximation

Positive definite, optimization friendly Hessian

Small computational cost

Handle constraints reformulated with smooth, convex penalties



Gauss—Newton Runge—Kutta integration

Benchmark
> Cartpole = = [p, 0, s,w] ", u € [—40, 40]
» Cost lpend (T, u) = 2" Qz + u' Ru+ p(x)
» [, constraint penalty p for bounds p € [—1,1]
>
>

Closed-loop MPC with At,jant = 0.02s
Various acados controllers e

Uniform
N

N=2000 R T =40
Ato =0.02 Atz = T]G,fuy i = 1’ 7N - 17 N =20
Nonuniform u/ ) ) . ,
N =20 0 T=4.0
Uniform

Rttt N = 20, At = 0.02

N=20 4 7_0g4



Gauss—Newton Runge—Kutta integration

Observations & Takeaways
» N =20: B, C, D: similar runtimes
GNRK little extra computations
» D: Uniform grid: suboptimal, large violations
¢ nonuniform grids can improve performance

» B: GNRK beats C: baseline
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C: GNSN N =20 RTI
""" D: GNRK N = 20 RTT uniform



Open-loop approximations — the MPC “plan”

= A: GNRK N =200

—207 === B: GNRK N = 20 nonuniform
—3041 ]
i
Y et ——————————————————————————————————————————
0.0 0f5 ltO 115 QtO 215 310 315 4.0

Similar approximation quality with less shooting interval possible?



Open-loop approximations — the MPC “plan”

i
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90 | —— A: GNRK N = 200
B | —=- B: GNRK N = 20 nonuniform
_304F~ - —— GNRK N = 10 nonuniform
Yot ———————————————————————————————————————
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
t [s]

I\ On large intervals: dynamic control behavior cannot be represented with constant controls
@ Despite accurate cost integration.



Open-loop approximations — the MPC “plan”

= A: GNRK N =200

—207 === B: GNRK N = 20 nonuniform
—304777 - —— GNRK N = 10 piecewise cubic, nonuniform grid A, n,. =6
l
—40 N | TGS SEUEUESD USRI SOSUEU DRI SNSRI IV ENSUE DS EIEY IS SRS KSR RO .
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
t [s]

I\ On large intervals: dynamic control behavior cannot be represented with constant controls

¢ Piecewise polynomial control parametrizations enable better approximations.



Multi-phase OCP formulations (Frey et al., 2025)

M Nip—1
minimize > Y Lk, uk gy At ) + Ex(zr,np,775)
k=1 j=0
subject to T1,0 = To,

10 = Ur(zoN, ), k=1,...M —1,

T g1 = Ok i(Thjy uki)s 5=0,..., Ny —1,k=1,...
0> gij(@rj, ury), j=0,..., Ny —1L k=1, ...
0> ge(zar,ny),

SRS

» ) phases with “standard” OCPs with horizon lengths Ny,
» Transition functions I'y, discrete decision variables 7y,



Multi-phase OCP formulations (Frey et al., 2025)

M Ny—1
minimize > Y Lij(®gs gy At g) + Ex(2r, 8, 78)
k=1 j=0
subject to T1,0 = To,

10 = Dr(zonN, M), k=1,...M —1,

T g1 = Ok i(Thjy Uki)s §=0,..., Ny —1,k=1,... M,
0> grj(thjruny), 5=0,0.., Ny —1Lk=1,... M
0> ge(zar,ny),

» M phases with “standard” OCPs with horizon lengths Ny,

» Transition functions I'y, discrete decision variables 7y,

» Structurally different phases k
> State and control representations & dimension zi; € R™#, uy; € R™k
» Functions Lk»?j, E;c., Qﬁk)j, Gk,j



Multi-phase OCP formulations (Frey et al., 2025)

M Ny—1
minimize > Y Lk, u gy At ) + Ex(2r, 8, 75)
k=1 j=0
subject to T1,0 = To,

10 = Ui(zonN, M), k=1,...M —1,

T g1 = Ok i(Thjy Uki)s §=0,..., Ny —1,k=1,... M,
0> gij(@nj,ury), j=0,...,Ny—1Lk=1,...M
0> ge(zar,ny),

» M phases with “standard” OCPs with horizon lengths Ny,

» Transition functions I'y, discrete decision variables 7y,

» Structurally different phases k
> State and control representations & dimension zi; € R™#, uy; € R™k
» Functions Lk’j, Ek, qﬁk,j, Gk,j

» Same structure: Discrete dynamics ¢, ; and transitions I';,

P> Structure-exploiting algorithms of acados are applicable



Multi-phase application examples

» Models of different fidelity for different parts of the horizon
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Multi-phase application examples

» Models of different fidelity for different parts of the horizon
» Combining trajectory optimization and path planning.
For mobile robots (Kohler et al., 2025) and drones (Reiter et al., 2025)




Multi-phase application examples

» Models of different fidelity for different parts of the horizon
» Combining trajectory optimization and path planning.
For mobile robots (Kéhler et al., 2025) and drones (Reiter et al., 2025)

Main Multi-Phases MPC »acados

|
Quadrotor Model Point Mass Model
(I-‘Iigh Fidelity) (Low Fidelity)
0




Multi-phase application examples

» Models of different fidelity for different parts of the horizon
» Piecewise polynomial control parametrization of varying degree

—— A: GNRK N = 200
—=- B: GNRK
[t - ~—— GNRK N = 10 piecewise cubic, nonuniform grid A, n,. = 6
i
U

—20

= 20 nonuniform

—304

—40

0.0 05 10 15 20 25 30 35 10
t[s



Multi-phase application examples

» Models of different fidelity for different parts of the horizon
» Piecewise polynomial control parametrization of varying degree
» Closed-loop costing (CLC): Second horizon with policy u = x(z).

40+
204
z
N 01
— —— CLC with LQR
—204 — == CLC with squashed barrier LQR
—40 _— S W —
0.0 0.2 0.4 0.6 0.8 1.0 1.2



Revisiting the pendulum benchmark

/" Pareto-optimal MOCP-based controllers

Mean computation time per NLP iter. [ms]

o
0.40 A
0.35
0.30
0.25 v
() v
o v vV e
0.20 [ ] o
107! 10° 10! 10?

relative suboptimality [%]

H4O0 40400 (0«0

REF
REF-N10
PW-LIN-B
PW-CUBIC-B
CLC-LQR
CLC-SQB
PW-CONST-A
PW-LIN-A
PW-QUAD-1
PW-QUAD-2
PW-CUBIC-1
PW-CUBIC-2
PW-CUBIC-3

10



From formulation to solver with acados

Continuous
OCP

Definition in high-level language

I > @ Python / 4\ MATLAB / (; Octave
min | ...

> /,:) CasADi for nonlinear expressions

» Problem classes: Single- or multi-phase OCP, simulation,
v estimation

Discrete

OoCP
min ...

MPC
policy

u” = mvpc(2o;6)

11



From formulation to solver with acados

Continuous

OCP

minf...

Discrete

OoCP
min ...

MPC
policy

u” = mvpc(2o;6)

Definition in high-level language

@ QO
Integration of model dynamics
> Integrators fPl(g z,u) =0 B 21 = é(z,u)

>

vvyy

implicit & explicit Runge-Kutta (IRK, ERK)
structure-exploiting GNSF

standalone

efficient sensitivity propagation

11



From formulation to solver with acados

Continuous
OCP

Definition in high-level language
o a0

Integration of model dynamics
fimel(e, z,u) =0 B 2y = ¢(z,u)

Solver specification / design

minf...

Discrete s, NLP solvers:

OoCP
min ...

» Sequential quadratic programming (SQP)

» Differential dynamic programming (DDP)

> Byrd-Omojokun SQP

> (Advanced-step) real-time iteration (AS-RTI)

MPC
policy

u” = mvpc(2o;6)

11



From formulation to solver with acados

Continuous
OCP

Definition in high-level language
@«

Integration of model dynamics
FrRl(iz,u) =0 B oy = é(z, )

Solver specification / design

minf...

Discrete ») NLP solvers: SQP, DDP, (AS)-RTI

OoCP
min ...

Leveraging submodules:

“., Linearization
> Cost, constraint, dynamics modules
> Exact Hessian or Gauss-Newton-type

MPC
policy

u” = mvpc(2o;6)

11



From formulation to solver with acados

Full condensing

Original QP N =20~ no condensing

Continuous Definition in high-level language 0

ocr e a0 :
min [ ... Integration of model dynamics i

fimpl("Z7 z, ’LL) =0 a T4 = ¢($7 U) 100

120

Solver specification / design
140

Discrete % NLP solvers: SQP, DDP, (AS)-RTI

OoCP
min ...

Leveraging submodules:

%, Linearization

@ QP treatment
> Structured formulation via HPIPM
> Full and partial condensing via HPIPM
> Scaling, regularization

MPC > QP solvers:

. HPIPM, DAQP, qpOASES, 0SQP, Clarabel
policy

u” = mvpc(2o;6)




From formulation to solver with acados

Continuous
OCP

Definition in high-level language
@«

Integration of model dynamics
fmPl (e, u) =0 B ap = (e, u)

Solver specification / design

minf...

Discrete ») NLP solvers: SQP, DDP, (AS)-RTI

OoCP
min ...

: Leveraging submodules:

“. Linearization
@ QP treatment
¢ Globalization

MPC
policy

u” = mvpc(2o;6)

11
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From formulation to solver with acados

Continuous
OCP

Definition in high-level language
o a0

Integration of model dynamics
fimel(e, z,u) =0 B 2y = ¢(z,u)

Solver specification / design

minf...

Discrete ») NLP solvers: SQP, DDP, (AS)-RTI

OoCP
min ...

Leveraging submodules:

“. Linearization
@ QP treatment
¢ Globalization

Testing and deployment

» Problem specific code generation
MPC
policy » C code with CMake and Make build scripts e A
* | 2 igh- b
w* = mpc(z0; 0) High-level framework ¢ 4\("
| 2

Deployment: 2:: RS / StmuLiNk *a -

11



From formulation to solver with acados

Continuous
OCP

Definition in high-level language
o a0

Integration of model dynamics
fimel(e, z,u) =0 B 2y = ¢(z,u)

Solver specification / design

minf...

Discrete ») NLP solvers: SQP, DDP, (AS)-RTI

OoCP
min ...

Leveraging submodules:

“. Linearization
@ QP treatment
¢ Globalization

Testing and deployment

GA @ «{iROS%

Differentiable optimization as neural network layer
» PyTorch interface via leap-c @ O

MPC
policy

u” = mvpc(2o;6)

11



Differentiable nonlinear MPC — Intro

Motivation: Optimization solver as differentiable layer in neural networks

0031
Context > Q
Op

N-1

minimize Z Li(zi,u:50) + M(xn;6)
LOseeesy TN, .

UQyeeey UN -1 i=0

subject to  Zo = x(0),

Tiy1 = ¢i(xi,uis0), 1=0,...
0> gi(zi,ui;0), i=0,...

12



Differentiable nonlinear MPC — Intro

Motivation: Optimization solver as differentiable layer in neural networks

h(v;0) <0

Q v (0) == argmin  f(v;0) *
O 0 e 0
Context > —>
O subject to  g(v; ) = 0, [j

12



Differentiable nonlinear MPC — Intro

Motivation: Optimization solver as differentiable layer in neural networks

solve

JY

Forward pass Q
O ) v*(f) = arg min  f(v;0)
Context > Q vER™
subject to  g(v;6) =0,

OQ h(v;0) <0

Backward pass

differentiate
ag7task o a\jta:;k %
00 — ov- 00

*

v Task loss

u7task(7)*)

12



Simple dense NLP example

minimize (z — 62)?
subject to —1 <2 <1,

Nondifferentiable solution map

2i _
x*(e):{e, £0€[-1,1]

1, otherwise

Derivative

2.0, if6 e (-1,1)
Dgz™(0) =<0, if |] > 1
not defined, for # € —1,1

13



Simple dense NLP example

(z — 62)?

subject to —1 <2 <1,

minimize
T

Nondifferentiable solution map

2i _
x*(e):{e, £0€[-1,1]

1, otherwise

Derivative

2.0, if6 e (-1,1)

0,if |0 >1

not defined, for # € —1,1

Dpr*(0) =

solution z*

derivative dpz*

=]
'S
f

analytic

13



Barrier formulations & SBQP

Exact NLP
v*(f) == arg min  f(z;0)
zER™

subject to  g(v;0) = 0,
h(v;6) <0

14



Barrier formulations & SBQP

Exact NLP Barrier NLP

2

s minimize  f(v;6) — 7> log(~hi(v:7))
subject to  g(v;6) =0, subject to  g(v;6) =0 -
h(v;0) <0 ! T

» Interior-point methods (IPM) solve barrier NLP for 7 — 0.
» |IPM with 7 — 7T,in > 0 solves barrier NLP.

14



Simple dense NLP example

(z—6%)7

subject to —-1<z <1,

minimize
T

Nondifferentiable solution map

21 _
x*(o):{e, £0€[-1,1]

1, otherwise

Derivative
2.0, if0 e (—1,1)

0, if|9] > 1
not defined, for # € —1,1

Opz*(0) =

solution x*

derivative dpz*

analytic

10

2.0

15



Simple dense NLP example

minimize  (z — 6%)?
T

subject to —-1<z <1,

analytic

solution x*
1
1
1

— —6
0.4 1= 1874
. . . e T=
Nondifferentiable solution map 02d —om o108
...... =102
0.0 1

1, otherwise

21 _
x*(o):{e, £0€[-1,1]

Derivative

derivative dpz*

2.0,if0 € (~1,1)
Dpz™(0) =<0, if || > 1
not defined, for # € —1,1

« Barrier NLP solution map differentiable across active-set changes.

15



Barrier formulations & SBQP

Exact NLP Barrier NLP

2

v*(f) == arg min f(z0) minimize  f(v;6) — TZlog(—hi(v; 7))
i=1

z€R™ veR™
subject to  g(v;0) = 0, - a)— 0
h(v:6) <0 subject to  g(v;0) =
» Interior-point methods (IPM) solve barrier NLP for 7 — 0.
» |IPM with 7 — 7T,in > 0 solves barrier NLP.

Sequential barrier quadratic programming (SBQP)  Hessian approximation

. L o Qr = V2, L(vk, Ak, s 0)
minAirglize g, Av + §Av QrAv — Tmin Z log(s;) > Update vpy1 = v + A”{%QP
=1 Aetr1 = Abqps Hk+1 = Higp
subject to gr + GrAv =0,

hi + HyAv— s =0,

16



Barrier formulations & SBQP

Exact NLP Barrier NLP

2

v*(f) == arg min f(z0) minimize  f(v;6) — TZlog(—hi(v; 7))
i=1

z€R™ veR™
subject to  g(v;0) = 0, - a)— 0
h(v:6) <0 subject to  g(v;0) =
» Interior-point methods (IPM) solve barrier NLP for 7 — 0.
» |IPM with 7 — 7T,in > 0 solves barrier NLP.

Sequential barrier quadratic programming (SBQP)  Hessian approximation
Th Qk ~ V%UE(UIW)\]C)M/C;Q)
.. T 1 T
mlnirguze g, Av + §Av QrAv — Tmin Z log(s;) > Update vpy1 = v + AU]]%QP
i=1 k k
>‘k+1 = /\BQPaNk+1 = HBqp
subject to gk + GrAv =0, In case of convergence
he + HeAv — 5 =0, @ Barrier NLP solution

"\ Linear convergence via SCP

16



Solution sensitivities via SBQP

Barrier QP sensitivities match barrier NLP ones
I\ If exact Hessian of Lagrangian Q) = V2,L(vk, Ak, ux; 0) is used.

17



Solution sensitivities via SBQP

Barrier QP sensitivities match barrier NLP ones
I\ If exact Hessian of Lagrangian Q) = V2,L(vk, Ak, ux; 0) is used.
v Two-solver approach
] Benefits of Hessian approximations in solve
2] Exact Hessian for sensitivity computation

17



Highly-parametric optimal control example

200 A
— Tmin =10 = Tpin =0 -+ finite diff.
33 1 — . =103 == Tpin = 1073 — IFT approx. Hess. \
min . 150 A —_— = 10—2
= Timin = 1072 min
32 1
L=} 31 7 \
S
30 1
29 1
!
28
1.1 1.2 1.3 1.4 1.1 1.2 1.3 14

» Pendulum on cart inspired
» 6 in cost, dynamics, constraints

» ¢ mass of cart
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Solution sensitivities via SBQP

Barrier QP sensitivities match barrier NLP ones
I\ If exact Hessian of Lagrangian Q) = V2,L(vk, Ak, ux; 0) is used.

B

v Two-solver approach
] Benefits of Hessian approximations in solve
2] Exact Hessian for sensitivity computation

= Barrier QP sensitivities via implicit function theorem

1
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»> Same matrix inverse as in IPM: M1
EJ OCP-structure exploitation via Riccati
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I\ If exact Hessian of Lagrangian Q) = V2,L(vk, Ak, ux; 0) is used.
v Two-solver approach

EJ Benefits of Hessian approximations in solve

2] Exact Hessian for sensitivity computation

= Barrier QP sensitivities via implicit function theorem

1
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P> Same matrix inverse as in IPM: M1
EJ OCP-structure exploitation via Riccati
B> Efficient adjoint sensitivity computation
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HPIPM Riccati

adjoint AD via CasADi
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Benchmark: bounded LQR problems

Timings in [ms]; Solving 128 instances with N =20, n, =8, n, =4, ng=248.
In parentheses are multiples of the acados runtime.

Nominal solution Solution + adjoint sens.
Umax | acados mpc.pytorch cvipygen ‘ acados mpc.pytorch cvxpygen
104 8.5 78 (x9.2) 262 (x31) 345 125 (x3.6) 658 (x19)
1.0 17.6 21024 (x1200) 6402 (x360) 42.0 21899 (x520) 6845 (x160)

%/ proposed implementation > 3 times faster over state-of-the-art implementations on CPU.
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Conclusion

~/ Explored potential of advanced OCP formulation: GNRK and MOCP
¥ Combination with state-of-the-art real-time algorithms (AS-RTI)

=] SBQP enables differentiable constrained NMPC

P4 Synergies across contributions

P> All advances in acados, available for real-world application

J, Thanks to all collaborators and supporters

=

J, Thanks for your attention!
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