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Reinforcement Learning (RL) and Policy Gradient Methods

Recent success stories

• Games

• Large language models

• Robotics

• Automatic proof generation

Many of these approaches use: 

1. Variants of natural policy gradient methods
2. Entropy regularization

Questions (for today)

• What do the optimizers do? Which optimal policies do they find?

• What does entropy regularization do? Does it actually help?
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Outlook

1. Markov decision processes (MDPs)

• State-action distributions and linear programming for MDPs

• Policy gradients

• Entropy regularization

2. Information geometry

• Entropy and KL divergence, Fisher-Rao metric

• Natural gradients and mirror descent

• Natural policy gradients

3. Geometry of natural policy gradient methods

• Convex geometry of natural policy gradients

• Optimal convergence rates for entropy regularization

4. Embedding Safety into RL via Geometry
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Markov Decision Processes



Markov Decision Processes (MDPs)

Markov decision processes date back to 50s (Bellman, Blackwell, Howard) and consist of:

• State space 𝒮︀
• Action space 𝒜︀
• Reward function 𝑟 : 𝒮︀ × 𝒜︀ → ℝ
• Transition model 𝑃 : 𝒮︀ × 𝒜︀ → 𝒮︀
• Policy or decision rule 𝜋 : 𝒮︀ → 𝒜︀

Goal

Maximize expected cumulative discounted reward (sometimes called return)

𝑅(𝜋) = (1 − 𝛾)𝔼[∑
𝑘∈ℕ

𝛾𝑘𝑟(𝑆𝑘, 𝐴𝑘)].

Here, 𝛾 ∈ (0, 1) is the discount factor.

Stochasticity We consider stochastic transitions 𝑃(𝑠′|𝑠, 𝑎) and policies 𝜋(𝑎|𝑠).
Notation Probability simplex Δ𝑋 and stochastic matrices Δ𝑌

𝑋 .
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Example

Consider the following MDP with two states and actions:

𝑠1 𝑠2

𝑎1

𝑎1

𝑎2 𝑎2

A policy is given by the stochastic matrix

𝜋 = (𝜋(𝑎1|𝑠1)
𝜋(𝑎1|𝑠2)

𝜋(𝑎2|𝑠1)
𝜋(𝑎2|𝑠2)

) = (0.4
0.8

0.6
0.2) ∈ Δ𝒮︀

𝒜︀.

A possible reward is

𝑟 = (𝑟(𝑠1, 𝑎1)
𝑟(𝑠2, 𝑎1)

𝑟(𝑠1, 𝑎2)
𝑟(𝑠2, 𝑎2)

) = (1
3

0
2) ∈ ℝ𝒮︀×𝒜︀.
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State-action distributions

An important concept in the theory of MDPs is the state-action distribution 𝑑𝜋 induced by a policy 𝜋:

𝑑𝜋(𝑠, 𝑎) = (1 − 𝛾) ∑
𝑘∈ℕ

𝛾𝑘ℙ𝜋(𝑆𝑘 = 𝑠, 𝐴𝑘 = 𝑎).

Fact The reward can be expressed as a linear function of the state-action distribution:

𝑅(𝜋) = ∑
𝑠∈𝒮︀,𝑎∈𝒜︀

𝑟(𝑠, 𝑎)𝑑𝜋(𝑠, 𝑎) = 𝑟⊤𝑑𝜋.

Theorem 1 (Linear programming for MDPs).

The set of state-action distributions is given by the polytope

𝒟︀ = {𝑑𝜋 : 𝜋 ∈ Δ𝒮︀
𝒜︀} = {𝑑 ∈ Δ𝒮︀×𝒜︀ : ℓ𝑠(𝑑) = 0  for all 𝑠 ∈ 𝒮︀}

for certain linear functions ℓ𝑠1. Consequently, the MDP is equivalent to the following linear program:

max 𝑟⊤𝑑 subject to 𝑑 ∈ 𝒟︀.

Compute the policy Given 𝑑 ∈ 𝒟︀, we can compute the corresponding policy 𝜋 by 𝜋(𝑎|𝑠) = 𝑑(𝑠,𝑎)
∑𝑎′ 𝑑(𝑠,𝑎′) .

1Cyrus Derman, Finite State Markovian Decision Processes (Academic Press, 1970).
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Visualization of state-action distributions

𝜋(𝑎1|𝑠2)

𝜋(𝑎1|𝑠1)
0 1

0

1

𝜋

Non-convex reward 𝑅 Linear program

𝑑𝜋

Remark

Solving the linear program is often not tractable!
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Entropy regularization

It is common to add an entropy regularization:

𝑅𝜏(𝜋) = (1 − 𝛾)𝔼[∑
𝑘∈ℕ

𝛾𝑘(𝑟(𝑆𝑘, 𝐴𝑘) + 𝜏𝐻(𝜋(⋅ |𝑆𝑘)))] = 𝑅(𝜋) + 𝜏Ψ(𝜋),

where the Shannon entropy is given by 𝐻(𝜇) = − ∑𝑥 𝜇(𝑥) log(𝜇(𝑥)).

Theorem 2 (Regularization error).

For any bounded regularizer, it holds that 𝑅⋆ − 𝑅(𝜋⋆
𝜏) ≤ 𝑂(𝜏)2.

Proof.

For any policy 𝜋 we can estimate

𝑅𝜏(𝜋) ≤ 𝑅𝜏(𝜋⋆
𝜏) ≤ 𝑅(𝜋⋆

𝜏) + 𝜏Ψ(𝜋⋆
𝜏) ≤ 𝑅(𝜋⋆

𝜏) + 𝑐𝜏,
where we used 0 ≤ 𝐻 ≤ ln|𝒜︀|. Rearranging and maximizing over 𝜋 yields the claim.

2Matthieu Geist et al., “A Theory of Regularized Markov Decision Processes,” in “International Conference on Machine Learning,” special 
issue, International Conference on Machine Learning, 2019, 2160–69.

ℙ

SAiS

Δ 9/47



Overall error of natural policy gradients

Theorem 3 (Convergence of natural policy gradients).

Regularized natural policy gradient methods with step size 𝜂 converge at a rate of3

𝑂(𝑒−𝜏𝜂𝑘) + 𝑂(𝜏) giving 𝑂(ln(𝑘)𝑘−1).

Unregularized natural policy gradient methods achieve a rate of4

𝑂̃(𝑒−Δ𝜂𝑘).

Questions

• What is the convergence rate of the regularization error?

• Implicit bias of natural gradient methods?

3Shicong Cen et al., “Fast Global Convergence of Natural Policy Gradient Methods with Entropy Regularization,” Operations Research, 
INFORMS, 2021.

4Sajad Khodadadian et al., “On the Linear Convergence of Natural Policy Gradient Algorithm,” in “2021 60th IEEE Conference on Decision 
and Control (Cdc),” special issue, 2021 60th IEEE Conference on Decision and Control (CDC), 2021, 3794–99.
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Natural Policy Gradient Methods



Policy gradient methods

Parametrize the policy 𝜋𝜃 and optimize the parameters 𝜃 to maximize the reward:

𝜃𝑘+1 = 𝜃𝑘 + 𝜂∇𝑅(𝜃𝑘).

Policy models

• Softmax policies

𝜋𝜃(𝑎|𝑠) =
exp(𝜃𝑠,𝑎)

∑𝑎′ exp(𝜃𝑠,𝑎′)

• Gaussian policies 𝜋𝜃(𝑎|𝑠) = 𝒩︀(𝑢𝜃(𝑠), 𝜎2)

Theorem 4 (Policy gradient).

It holds that5
∇𝑅(𝜃) = ∑

𝑠∈𝒮︀,𝑎∈𝒜︀
𝑑𝜋𝜃(𝑠)𝐴𝜋𝜃(𝑠, 𝑎)∇𝜋𝜃(𝑎|𝑠).

5Richard S Sutton et al., “Policy Gradient Methods for Reinforcement Learning with Function Approximation,” in “Nips,” special issue, 
Nips 99 (1999): 1057–63.
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Guiding principle

𝜃1

𝜃2

𝜃
𝛿𝜃

ℳ︀Θ

𝑇𝑚𝜃
ℳ︀Θ

𝑚𝜃

𝑑

𝑚𝜃+𝜂𝛿𝜃

ℝ
𝐿(𝜃) = 𝐸(𝑚𝜃)

Parametrization

Loss 𝐿

Energy 𝐸
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Natural Gradients and Mirror Descent

Natural gradients

Given a convex function 𝜑 on ℳ︀, we call the iteration

𝜃𝑘+1 = 𝜃𝑘 − 𝜂𝐺(𝜃𝑘)−1∇𝐿(𝜃𝑘),
the natural gradient method6, where the Gramian matrix is given by

𝐺(𝜃)𝑖𝑗 = 𝑔𝑝𝜃
(𝜕𝜃𝑖

𝑚𝜃, 𝜕𝜃𝑗
𝑚𝜃) = 𝜕𝜃𝑖

𝑚⊤
𝜃 ∇2𝜑(𝑚𝜃)𝜕𝜃𝑗

𝑚𝜃.

Properties

• Best approximation of gradient descent while staying in the model ℳ︀Θ
• Reparametrization invariant7,8

6Shun-Ichi Amari, “Natural Gradient Works Efficiently in Learning,” Neural Computation 10, no. 2 (1998): 251–76.
7Shun-ichi Amari, Information Geometry and Its Applications, vol. 194 (Springer, 2016).
8Jesse van Oostrum et al., “Invariance Properties of the Natural Gradient in Overparametrised Systems,” Information Geometry, Springer, 

2022, 1–17.
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Natural Gradients and Mirror Descent (ii)

The Bregman divergence of 𝜑 is given by

𝐷𝜑(𝑚1, 𝑚2) ≔ 𝜑(𝑚1) − 𝜑(𝑚2) − ∇𝜑(𝑚2)
⊤(𝑚1 − 𝑚2).

Mirror descent aka proximal formulation

Given a step size 𝜂 > 0, the mirror descent or proximal update is given by

𝜃𝑘+1 = arg min
𝜃

{∇𝐿(𝜃𝑘)⊤(𝜃 − 𝜃𝑘) + 𝜂−1𝐷𝜑(𝑚𝜃, 𝑚𝜃𝑘
)}.

Trust region formulation

The corresponding trust-region udpate is given by

𝜃𝑘+1 = arg min
𝜃

{∇𝐿(𝜃𝑘)⊤(𝜃 − 𝜃𝑘) : 𝐷𝜑(𝑚𝜃, 𝑚𝜃𝑘
) ≤ 𝜂}.

Advantage functions

In RL, the gradient is usually replaced by a proxy 𝔸𝜋𝑘(𝜋) = 𝔼𝑠∼𝑑𝜋𝑘[ 𝜋(𝑎|𝑠)
𝜋𝑘(𝑎|𝑠) ⋅ 𝐴𝜋𝑘(𝑠, 𝑎)]
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Entropy and Kullback-Leibler (KL) Divergence

Consider the special Bregman divergence induced by the entropy 𝜑 = −𝐻 .

Definition (Kullback-Leibler divergence)

For two probability distributions 𝑝, 𝑞 on a set 𝑋, the Kullback-Leibler (KL) divergence is defined as

𝐷KL(𝑝, 𝑞) = ∑
𝑥∈𝑋

𝑝(𝑥) log(𝑝(𝑥)
𝑞(𝑥)

).

Fisher-information matrix A very important case is, when 𝑝𝜃 are probability measures and one chooses 
the Fisher-information matrix given by

𝐹(𝜃)𝑖𝑗 ≔ 𝔼𝑝𝜃
[𝜕𝜃𝑖

ln 𝑝𝜃 ⋅ 𝜕𝜃𝑗
ln 𝑝𝜃].

Theorem 5 (Natural gradients and geodesics).

The gradients ∇𝑝𝐷KL(𝑝⋆, 𝑝) and ∇𝑝𝐷KL(𝑝, 𝑝⋆) lead to interpolation and interpolation of the log-densities:

𝑝(𝑚)
𝑡 = 𝑝⋆ + (1 − 𝑒−𝑡)(𝑝 − 𝑝⋆) and 𝑝(𝑒)

𝑡 ∝ (𝑝⋆)1−𝑒−𝑡
𝑝𝑒−𝑡 ,

which are know as the m-geodesic and e-geodesic, respectively. Both curves converge at rate 𝑂(𝑒−𝑡).
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Natural Policy Gradients

Question Which model space and geometry should we choose?

Kakade's natural policy gradient

There is one main choice9 with 𝑚𝜃 = 𝜋𝜃 and

𝐺(𝜃)𝑖𝑗 = 𝔼𝑠∼𝑑𝜋𝜃[𝔼𝜋𝜃(⋅|𝑠)[𝜕𝜃𝑖
ln 𝜋𝜃(𝑎|𝑠) ⋅ 𝜕𝜃𝑗

ln 𝜋𝜃(𝑎|𝑠)]].

On the level of trust-region and proximal methods this gives10,11

𝐷KL(𝜋1, 𝜋2) ≔ 𝔼𝑠∼𝑑𝜋𝜃 [𝐷KL(𝜋1(⋅ |𝑠), 𝜋2(⋅ |𝑠))].

Facts

• The function 𝐷KL(𝜋1, 𝜋2) is not a Bregman divergence!

• The matrix 𝐺(𝜃) does not come from a Hessian of a convex function in 𝜋! Candidate: entropy Ψ(𝜋).

9Sham M Kakade, “A Natural Policy Gradient,” Advances in Neural Information Processing Systems 14 (2001).
10John Schulman et al., “Trust Region Policy Optimization,” in “International Conference on Machine Learning,” special issue, International 

Conference on Machine Learning, 2015, 1889–97.
11John Schulman et al., “Proximal Policy Optimization Algorithms,” Arxiv Preprint Arxiv:1707.06347, 2017.
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Geometry of Natural Policy Gradient Methods



Natural Policy Gradients as Convex Optimization

Question

What does it mean to mix the Fisher-information matrices 𝐺(𝜃)?

Relation to path space measures12 and generalized Čencov axiomatics13 ,14.

Conditional (relative) entropy

We define the conditional entropy as

𝐻𝐴|𝑆(𝑑) ≔ ∑
𝑠∈𝒮︀

𝑑𝑆(𝑠)𝐻(𝑑(⋅ |𝑠)) = 𝐻(𝑑) − 𝐻(𝑑𝑆).

Here, 𝑑𝑆(𝑠) ≔ ∑𝑎 𝑑(𝑠, 𝑎). Similarly, we define the conditional KL divergence as

𝐷𝐴|𝑆(𝑑1, 𝑑2) ≔ ∑
𝑠∈𝒮︀

𝑑𝑆(𝑠)𝐷KL(𝑑1(⋅ |𝑠), 𝑑2(⋅ |𝑠)).

12J. Andrew Bagnell and Jeff G. Schneider, “Covariant Policy Search,” in “Ijcai,” special issue, IJCAI, 2003, 1019–24.
13Guy Lebanon, “Axiomatic Geometry of Conditional Models,” IEEE Transactions on Information Theory 51, no. 4 (2005): 1283–94.
14Guido Montúfar et al., “On the Fisher Metric of Conditional Probability Polytopes,” Entropy 16, no. 6 (2014): 3207–33.
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Natural Policy Gradients as Convex Optimization (ii)

Lemma 1 (Linear programming with entropy regularization, Neu et al., 2017).

It holds that 𝐷𝐴|𝑆(𝑑1, 𝑑2) = 𝐷KL(𝜋1, 𝜋2), hence the entropy-regularized MDP is equivalent to15

max 𝑟⊤𝑑 + 𝜏𝐻𝐴|𝑆(𝑑) subject to 𝑑 ∈ 𝒟︀.

Theorem 6 (Geometry of natural policy gradients, M. and Montúfar, 2024).

The mapping 𝜋 → 𝑑𝜋 is a Riemannian isometry with respect to Kakade metric and the metric induced by 

𝐻𝐴|𝑆 .16 In other words, this means that the natural gradient matrix is given by

𝐺(𝜃)𝑖𝑗 = 𝜕𝜃𝑖
𝑑⊤

𝜃 ∇2𝐻𝐴|𝑆(𝑑𝜃)𝜕𝜃𝑗
𝑑𝜃.

Consequently, the natural policy gradient method corresponds to the Hessian gradient flow

𝜕𝑡𝑑𝑡 = ∇2𝐻𝐴|𝑆(𝑑𝑡)
−1𝑟.

15Gergely Neu et al., “A Unified View of Entropy-Regularized Markov Decision Processes,” Arxiv Preprint Arxiv:1705.07798, 2017.
16Johannes Müller and Guido Montúfar, “Geometry and Convergence of Natural Policy Gradient Methods,” Inf. Geom. 7 (2024): S485–523, 

https://doi.org/10.1007/s41884-023-00106-z.
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Natural Policy Gradients as Convex Optimization (iii)

Evolution of policies Evolution of state-action distributions
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Hessian gradient flows of linear programs

Consider a convex function 𝜑 on 𝑃  and the linear program

max 𝑐⊤𝑥 subject to 𝑥 ∈ 𝑃
To understand the optimization dynamics, we study the Hessian gradient flow

𝜕𝑡𝑥𝑡 = ∇2𝜑(𝑥𝑡)
−1𝑐.

Lemma 2 (Hessian gradient flows and regularization paths).

It holds that17 ,18

𝑥𝑡 = arg max{𝑐⊤𝑥 − 𝑡−1𝐷𝜑(𝑥, 𝑥⋆) : 𝑥 ∈ 𝑃}.

Proof.

Differentiate the critical equations ∇𝜑(𝑥𝑡) = ∇𝜑(𝑥⋆) + 𝑡𝑐.

17Felipe Alvarez et al., “Hessian Riemannian Gradient Flows in Convex Programming,” SIAM Journal on Control and Optimization 43, no. 2 
(2004): 477–501.

18Johannes Müller et al., “Fisher-Rao Gradient Flows of Linear Programs and State-Action Natural Policy Gradients,” SIAM J. Optim. 35, 
no. 2 (2025): 1060–88, https://doi.org/10.1137/24M1653422.
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Hessian gradient flows of linear programs (ii)

Figure 4:  Visualizaton of the regularization path, also called central path.19

19Stephen Boyd et al., Convex Optimization (Cambridge university press, 2004).
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Equivalence of NPG and Entropy Regularization

Theorem 7 (Central path property of natural policy gradients, M. and Çayci, 2026).

Consider the evolution of policies 𝜋𝑡 under the natural policy gradient flow. Then, we have20

𝜋𝑡 = arg max
𝜋

{𝑅(𝜋) − 1
𝑡
𝐷KL(𝜋, 𝜋0)}.

In particular, the policies 𝜋𝑡 converge to the maximum entropy optimal policy

𝜋𝑡 → 𝜋⋆ = arg max
𝜋

{𝐷KL(𝜋, 𝜋0) : 𝑅(𝜋) = 𝑅⋆}.

Implicit bias

• This gives a precise characterization of the implicit bias of NPG.

• Previously, 𝐷KL(𝜋𝑘, 𝜋⋆) = 𝑂(ln 𝑘) was established21

20Johannes Müller and Semih Cayci, “Optimal Rates of Convergence for Entropy Regularization in Discounted Markov Decision 
Processes,” Inf. Inference 15, no. 1 (2026): Paper No. iaaf034, 41, https://doi.org/10.1093/imaiai/iaaf034.

21Yuzheng Hu et al., “Actor-Critic Is Implicitly Biased Towards High Entropy Optimal Policies,” in “International Conference on Learning 
Representations,” special issue, International Conference on Learning Representations, 2022, https://openreview.net/forum?id=vEZyTBRPP6o.
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Optimal convergence rate of entropy regularization

Theorem 8 (Optimal convergence of entropy regularization error, M. and Çayci, 2026).

Consider the problem dependent constant

Δ ≔ (1 − 𝛾)−1 max{𝐴⋆(𝑠, 𝑎) : 𝐴⋆(𝑠, 𝑎) ≠ 0, 𝑠 ∈ 𝒮︀, 𝑎 ∈ 𝒜︀}.
There are polynomials 𝑝 and 𝑞 such that for all 𝜏 > 0 we have

𝑐𝑝(𝜏−1)𝑒−Δ𝜏−1 ≤ 𝑅⋆ − 𝑅(𝜋⋆
𝜏) ≤ 𝐶𝑞(𝜏−1)𝑒−Δ𝜏−1 .

Theorem 9 (Improved overall error bound, M. and Çayci, 2026).

With 𝜏 = √2Δ
𝜂𝑘  it holds for the entropy-regularized NPG method that

𝑅⋆ − 𝑅(𝜋𝑘) ≤ 𝑂(𝑝(𝜂𝑘)𝑒−√Δ𝜂𝑘
2 ).

Comparisons

• Compare this to the guarantee for the unregularized NPG method: 𝑂(𝑒−Δ𝜂𝑘).

• Compare this to the old 𝑂(ln(𝑘)𝑘−1) guarantee for 𝜂 = ln(𝑘)𝑘−1.
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Embedding Safety into RL via Geometry



Constrained MDPs

Constrained MDPs

Extension of MDPs such that for 𝑖 = 1, …, 𝑚 we have cost functions 𝑐𝑖 : 𝒮︀ × 𝒜︀ → ℝ and thresholds 𝑏𝑖. It 
is now the goal to maximize the reward subject to the constraints

max
𝜋

𝑅(𝜋) subject to (1 − 𝛾)𝔼𝜋[∑
𝑘∈ℕ

𝑐𝑖(𝑆𝑘, 𝐴𝑘)] ≤ 𝑏𝑖  for all 𝑖 = 1, …, 𝑚.

Common approaches

• Lagrangian methods Use max𝜋 min𝜆≥0 ℒ︀(𝜋, 𝜆), where ℒ︀(𝜋, 𝜆) = 𝑅(𝜋) − 𝜆(𝐶(𝜋) − 𝑏).
‣ Can be unstable, allows for unsafe policies during optimization

• Projection methods

‣ Computationally expensive, sacrifice in performance

• Penalty methods

‣ Introduce bias
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A safe geometry

The safe state-action distributions are given by the

𝒟︀safe ≔ {𝑑 ∈ 𝒟︀ : 𝑐⊤
𝑖 𝑑 ≤ 𝑏𝑖  for all 𝑖 = 1, …, 𝑚}.

Legendre or mirror functions

Given a convex set 𝐶 ⊆ ℝ𝑑 we call 𝜑 : int(𝐶) → ℝ Legendre function if

‖∇𝜑(𝑥)‖ → +∞ for 𝑥 → 𝜕𝐶.
This corresponds to an infinite curvature at the boundary.

Why are Legendre functions important?

Ensure that natural gradients, mirror descent, and trust-region methods are guaranteed to stay in int(𝐶).

Examples Consider the convex set 𝐶 = {𝑥 : 𝑓𝑖(𝑥) ≤ 𝑑𝑖  for 𝑖 = 1, …, 𝑚} for convex functions 𝑓𝑖. Then:

• Entropy penalty 𝜑(𝑥) = ∑𝑚
𝑖=1(𝑑𝑖 − 𝑓𝑖(𝑥)) ln(𝑑𝑖 − 𝑓𝑖(𝑥))

• Logarithmic barrier 𝜑(𝑥) = ∑𝑚
𝑖=1 − ln(𝑑𝑖 − 𝑓𝑖(𝑥))
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A safe geometry (ii)

r(s, a)

c(s, a)
𝒟safe

d*safe

π*safe

Safe Trust Region

Penalty

Trust Region

π*safe

π0

Legendre functions for constrained MDPs

𝜑C(𝑑) = 𝐻𝐴|𝑆(𝑑) + 𝛽 ∑
𝑚

𝑖=1
(𝑏𝑖 − 𝑐⊤

𝑖 𝑑) ln(𝑏𝑖 − 𝑐⊤
𝑖 𝑑).
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Constrained Trust Region Policy Optimization (C-TRPO)

Constrained trust region policy optimization (C-TRPO)

Extension of TRPO, where we use the safe trust region22. This yields

𝜋𝑘+1 = arg max
𝜋

𝔸𝜋𝑘𝑟 (𝜋) sbj to 𝐷KL(𝜋, 𝜋𝑘) + 𝛽𝐷B(𝜋, 𝜋𝑘) ≤ 𝜂.

Figure 10: 𝛽 = 0.0001 Figure 11: 𝛽 = 0.01 Figure 12: 𝛽 = 1.0

22Nikola Milosevic et al., “Embedding Safety into RL: A New Take on Trust Region Methods,” in “Forty-Second International Conference 
on Machine Learning,” special issue, Forty-Second International Conference on Machine Learning, 2025, https://openreview.net/forum?id=4zRb
89SbzG.
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Constrained Trust Region Policy Optimization (C-TRPO) (ii)

Algorithm 1: Constrained trust region policy optimization (C-TRPO)

1: ▷ Input Safety parameter 𝛽 > 0, recovery parameter 𝑏H ∈ (0, 𝑏]
2: for 𝑘 = 0, 1, 2, … do
3: ▷ Sample trajectories from 𝜋𝑘 = 𝜋𝜃𝑘
4: if 𝜋𝑘 ∈ ΠH

safe then
5: 𝔸 ← 𝔸𝑟
6: 𝐷 ← 𝐷KL +𝜷𝑫𝐂
7: else  
8: 𝔸 ← −𝔸𝑐

9: 𝐷 ← 𝐷KL
10: end
11: ▷ Compute 𝜋𝑘+1 with one TRPO step with 𝐴 and 𝐷
12: end
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Constrained Trust Region Policy Optimization (C-TRPO) (iii)
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Higher reward with increased safety!
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Central Path Proximal Policy Optimization (C3PO)

Goal

Improve scalablity as C-TRPO relies on a linear solve (CG typically) for the trust-region update!

Reminder of PPO

TRPO maximizes the surrogate

𝔸(𝜃) = 𝔼𝑠,𝑎∼𝑑𝜋𝑘[𝜋𝜃(𝑎|𝑠)
𝜋𝑘(𝑎|𝑠)

⋅ 𝐴𝜋𝑘(𝑠, 𝑎)] = 𝔼𝑠,𝑎∼𝑑𝜋𝑘 [𝜌𝜃(𝑠, 𝑎) ⋅ 𝐴𝜋𝑘(𝑠, 𝑎)].

Proximal policy optimization (PPO) maximizes the clipped surrogate

𝐿PPO(𝜃) = 𝔼𝑠,𝑎∼𝑑𝜋𝑘 [min(𝜌𝜃𝐴𝜋𝑘(𝑠, 𝑎), clip(𝜌𝜃, 1 − 𝜀, 1 + 𝜀) ⋅ 𝐴𝜋𝑘(𝑠, 𝑎))].

Approach

Central path proximal policy optimization (C3PO) adds a second term 𝐿C3PO23.

23Nikola Milosevic et al., “Central Path Proximal Policy Optimization,” in “The Exploration in AI Today Workshop at ICML 2025,” special 
issue, The Exploration in AI Today Workshop at ICML 2025, 2025, https://openreview.net/forum?id=2cvUHCgZbF.
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Central Path Proximal Policy Optimization (C3PO) (ii)
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Conclusion



Conclusion

What can we learn from the geometry of RL? 

• Implicit bias: Unregularized NPG ⟷ entropy regularization

• Optimal exponential convergence 𝑂̃(𝑒−Δ𝜏−1) for entropy regularization error

• C-TRPO and C3PO: Guaranteed safety, no penalty error

Outlook

• Extension to other settings in RL: unsupervised, contextual, multi-agent, …

• Improved convergence rates for regularized natural policy gradients

• Improved sample complexity bounds for regularized natural policy gradients

• Continuous state and action spaces

• Flow-based generative models: three different levels with 𝑢𝜃, 𝑝𝜃, ℙ𝜃
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Appendix



Value and advantage functions

The value function of a policy 𝜋 is given by

𝑉 𝜋(𝑠) ≔ 𝔼𝜋[∑
𝑘∈ℕ

𝛾𝑘𝑟(𝑆𝑘, 𝐴𝑘) | 𝑆0 = 𝑠].

The action-value function or 𝑄-function of a policy 𝜋 is given by

𝑄𝜋(𝑠, 𝑎) ≔ 𝔼𝜋[∑
𝑘∈ℕ

𝛾𝑘𝑟(𝑆𝑘, 𝐴𝑘) | 𝑆0 = 𝑠, 𝐴0 = 𝑎].

The advantage function of a policy 𝜋 is given by

𝐴𝜋(𝑠, 𝑎) ≔ 𝑄𝜋(𝑠, 𝑎) − 𝑉 𝜋(𝑠).
We define the optimal value function 𝑉 ⋆ and optimal action-value function 𝑄⋆ as

𝑉 ⋆(𝑠) ≔ max
𝜋

𝑉 𝜋(𝑠) and 𝑄⋆(𝑠, 𝑎) ≔ max
𝜋

𝑄𝜋(𝑠, 𝑎)

and set

𝐴⋆(𝑠, 𝑎) ≔ 𝑄⋆(𝑠, 𝑎) − 𝑉 ⋆(𝑠).
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Reminder on TRPO

Reward proxy

We consider the approximation of the reward

𝔸𝜋𝑘𝑟 (𝜋) ≔ 𝔼𝑠,𝑎∼𝑑𝜋𝑘[ 𝜋(𝑎|𝑠)
𝜋𝑘(𝑎|𝑠)

⋅ 𝐴𝜋𝑘𝑟 (𝑠, 𝑎)] ≈ 𝔼𝑠,𝑎∼𝑑𝜋[ 𝜋(𝑎|𝑠)
𝜋𝑘(𝑎|𝑠)

⋅ 𝐴𝜋𝑘𝑟 (𝑠, 𝑎)] = 𝑅(𝜋).

Trust region policy optimization (TRPO)

TRPO performs the update

max
𝜋

𝔸𝜋𝑘𝑟 (𝜋) subject to 𝐷KL(𝜋, 𝜋𝑘) ≤ 𝜂.

Here, the trust-region is usually approximated quadratically and then a CG is performed to solve the 
corresponding qudratic program. This is equivalent to a natural policy gradient step up to the step size:

𝛿𝜃TRPO = √
2𝜂

𝑔⊤𝐺(𝜃𝑘)−1𝑔
⋅ 𝐺(𝜃𝑘)−1𝑔 = √

2𝜂
𝑔⊤𝐺(𝜃𝑘)−1𝑔

⋅ 𝛿𝜃NPG.
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Theoretical guarantees for C-TRPO

Lemma 3 (Almost improvement).

Set 𝜀𝑟 = max𝑠|𝔼𝑎∼𝜋𝑘+1
𝐴𝜋𝑘𝑟 (𝑠, 𝑎)|. The expected reward of a policy updated with C-TRPO is bounded from 

below by

𝑉𝑟(𝜋𝑘+1) ≥ 𝑉𝑟(𝜋𝑘) −
√

2𝛿𝛾𝜀𝑟
1 − 𝛾

.

Lemma 4 (C-TRPO worst-case constraint violation).

Let overline{𝐷}𝐶(𝜋𝑘+1 ‖ 𝜋𝑘) ≤ 𝛿 with 𝛿 > 0 and set 𝜀𝑐 = max𝑠|𝔼𝑎∼𝜋𝑘+1
𝐴𝜋𝑘𝑐 (𝑠, 𝑎)|. It holds that

𝑉𝑐(𝜋𝑘+1) ≤ 𝑉𝑐(𝜋𝑘) + 𝔸𝜋𝑘𝑐 (𝜋𝑘+1) +
√2𝛿(𝛽)𝛾𝜀𝑐

1 − 𝛾
,

where 𝛿(𝛽) = 𝛿 − 𝛽𝐷𝜑(𝜋𝑘+1, 𝜋𝑘) ≤ 𝛿 is decreasing in 𝛽 > 0, lim𝛽→0 𝛿(𝛽) = 𝛿, and 𝛿(𝛽) → 0 for

𝛽 →
𝛿𝐷C(𝜋𝑘+1, 𝜋𝑘)

𝐷𝜑
(𝜋𝑘+1, 𝜋𝑘).
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Theoretical guarantees for C-TRPO (ii)

Theorem 10 (Safety during training).

Assume that 𝜑 : ℝ>0 → ℝ satisfies 𝜑′(𝑥) → +∞ for 𝑥 → 0 and consider a regular policy parameterization. 

Then the set Θsafe is invariant under the natural policy gradient flow

𝜕𝑡𝜃𝑡 = 𝐺C(𝜃𝑡)
−1∇𝑅(𝜃𝑡).

Theorem 11.

Assume that 𝜑′(𝑥) → +∞ for 𝑥 → 0, set 𝑉 ⋆
𝑟,𝐶 ≔ max𝜋∈Πsafe

𝑉𝑟(𝜋) and denote the set of optimal 

constrained policies by Π⋆
safe = {𝜋 ∈ Πsafe : 𝑉𝑟(𝜋) = 𝑉 ⋆

𝑟,𝐶}, consider a regular policy parametrization and 

let (𝜃𝑡)𝑡≥0 solve the natural policy gradient flow. It holds that 𝑉𝑟(𝜋𝜃𝑡) → 𝑉 ⋆
𝑟,𝐶  and

lim
𝑡→+∞

𝜋𝑡 = 𝜋⋆
safe = arg min{𝐷C(𝜋⋆, 𝜋0) : 𝜋⋆ ∈ Π⋆

safe}.

Implicit bias

The resulting policy has the least amount of active constraint violation among all optimal policies.
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Details for C3PO

Consider the slight variation of the C-TRPO update

max
𝜋

𝔸𝜋𝑘𝑟 (𝜋) subject to 𝐷B(𝜋, 𝜋𝑘) ≤ 𝛿B  and 𝐷KL(𝜋, 𝜋𝑘) ≤ 𝛿KL.

Instead of solving this constrained problem directly, we consider the penalized problem given by

max
𝜋

𝔸𝜋𝑘𝑟 (𝜋) − 𝜅 max{0, 𝐷B(𝜋, 𝜋𝑘) − 𝛿B} subject to 𝐷KL(𝜋, 𝜋𝑘) ≤ 𝛿KL.

Theorem 12 (Exactness).

Let 𝜆 be the Lagrange multiplier vector for the optimizer doubly constrained upate. Then for 𝜅 ≥ |𝜆|, the 

solution sets of problem the doubly constrained and penalized problem agree.

We define the ratio 𝜌(𝜃) = 𝜋𝜃(𝑎|𝑠)
𝜋𝑘(𝑎|𝑠)  and set

𝛼clipped(𝜃) ≔ 𝔼𝑎,𝑠∼𝑑𝜋𝑘[max(𝜌(𝜃)𝐴𝑐(𝑠, 𝑎), clip(𝜌(𝜃), 1 − 𝜀, 1 + 𝜀)𝐴𝑐(𝑠, 𝑎))]

and define the C3PO objective as

𝐿C3PO(𝜃) ≔ ReLU(𝛼clipped(𝜃) − min{𝑏, 𝑤𝑏},

where 𝑏 is the threshold and 𝑤 ∈ (0, 1) is a hyper-parameter.
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Reparametrization invariance of GN

Consider the problem min𝑤 𝑓(𝑃 (𝑤)) and the corresponding Gauss-Newton flow

𝜕𝑡𝑤𝑡 = −(∇𝐽⊤
𝑡 𝐽𝑡)

−1𝐽⊤
𝑡 ∇𝑓,

where 𝐽𝑡 = 𝐷𝑃(𝑤𝑡) and ∇𝑓(𝑃(𝑤𝑡)) = 𝐽⊤
𝑡 ∇𝑓 .

Now, consider a reparametrization 𝑤 = 𝜓(𝑣) for an invertible 𝜓. Then, the Gauss-Newton flow for the 

reparametrized problem min𝑣 𝑓(𝑃 (𝜓(𝑣))) becomes

𝜕𝑡𝑣𝑡 = −(𝐽⊤
𝑡 𝐽𝑡)

−1𝐽⊤
𝑡 ∇𝑓,

where 𝐽𝑡 = 𝐷𝑃(𝜓(𝑣𝑡)). Now, considering the dynamics of 𝑃(𝑤𝑡) we get

𝜕𝑡𝑃(𝑤𝑡) = 𝐽𝑡𝜕𝑡𝑤𝑡 = −𝐽𝑡(∇𝐽⊤
𝑡 𝐽𝑡)

−1𝐽⊤
𝑡 ∇𝑓.

To understand the dynamics of 𝑃(𝜓(𝑣𝑡)), the chain rule gives 𝐽𝑡 = 𝐽𝑡𝐵𝑡 (for 𝐵𝑡 = 𝐷𝜓(𝑣𝑡)), we have

𝜕𝑡𝑃(𝜓(𝑣𝑡))) = 𝐽𝑡𝜕𝑡𝑣𝑡 = −𝐽𝑡(𝐽⊤
𝑡 𝐽𝑡)

−1𝐽⊤
𝑡 ∇𝑓 = −𝐽𝑡𝐵𝑡(𝐵⊤

𝑡 𝐽⊤
𝑡 𝐽𝑡𝐵𝑡)

−1𝐵⊤
𝑡 𝐽⊤

𝑡 ∇𝑓.

We see that the 𝐵𝑡 cancels.
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