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Introduction

1. Some basic knowledge about ellipsoids
2. Some stochastics

3. A little bit of robust optimization

4

. Uncertainty description of dynamical
systems
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Definition and construction of ellipsoids

» Define ellipsoid by center ¢ € R™ and shape
matrix Q € ST, (Q > 0)
E(Q,c):={z eR" | [lx — c[o-r <1}
={zeR"|(z—¢c)'Q Yz —c) <1}

» Denote by A\;, v;, i = 1,...,n, the eigenvalues
/ -vectors (normalized) of Q.

» Eigendecomposition Q = VAV T with
A =diag(\), VVT =1

E(Q,c)={VATw+c|weR", wlw<1}

\//\_1U1
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Definition and construction of ellipsoids (cont.)

> Relax to Q@ € S7 (Q = 0)
» )\, = 0 for some ¢ — degenerate ellipsoid
» For non-invertible @), we can still use

\//\_1?11

£(Q,0) ={Q*w+c|weR", w'w< 1}

with Q = Q2 Q3 (unique, Q2 = VA%VT)
» or just any W € R™*™ with Q = WW T

EQ,c)={Ww+c|weR", whw<1}

» or non-square W € R™ ™ with Q = WW T

EWWT e)={Ww+c|weR™ w w1}
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Size of ellipsoids

» Most obvious measure of size is volume (with V,, volume of
unit ball £(1,,))

Vol(E(Q)) =V, f[ Vi = Vi /det Q
=1

detQ =det VAV =det VVTA =detA =[]/, \;

» Often more intuitive measure
n 2 n
SVAT =D N =TrQ
i=1 i=1
TrQ=TVAV =Tt VIVA=TrA=37" X\
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Affine transformation

AeR™" beR™,

AE(Q,¢) +b,
={Az+b|ze€&(Q,0)}
= {AQ*w+c)+b|we &)}
= {AQ?w + Ac+b|w e E(I,)}
= E(AQEQE AT, Ac+b)
= E(AQAT, Ac+b)
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Maximum over linear function

max g x st. x€&(Q)

reR"
T AL
= max g Q2w st. we()
w e R"
:wnéafé" glw st. we &)
_ 1
L Y DR |
Il 97 Qg 9" Qg
T % gTQg TQg
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Support function

» Any non-empty compact convex set S C R"™ can be
defined via its support function:

V(g)= max ¢g'z st. z€S
zeR"

» Important tool for analysis of convex sets

» For ellipsoid:

V(ig)= max g'z st. z€&(Q)
xeR"

=1v9"Qyg
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Sum of two ellipsoids

— &(0Q1)

— &(Q2)

— &(01+Q2)
sampled sum

» Minkowski sum

E(Q1,c1) +E(Q2,¢2)
={r1+ 22|21 € E(Q1,c1), 22 € E(Q2,¢2)}

» not an ellipsoid (in general)
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Overapproximating sum of ellipsoids by ellipsoid

> Aim: find Q such that £(Q) 2 £(Q1) + £(Q2)
» More general: Find @ such that £(Q) 2 Zszl E(Qr)
» Construct family of outer approximations parametrized by o € Rﬁr

K K 1 K
Qa) = (Z ak) > oTka = Q@) 2> E(Qr) VaeRE,
k=1 k=1 k=1

v

Possible to assume / require Zszl ar =1w.lo.g.

v

Parametrized outer approximation is tight (but not complete)

K

N Q) =) &@x)

K =
a€RK k=1
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Overapproximating sum of ellipsoids by ellipsoid (cont.)

— &(Q1) —— £0(0.5))
— &Q2) — &0(1.0))
sampled sum —— &(3(2.0))

» Consider K =2
Qa) = O%Ql + 312@2 with a1 + a2 =1
Reparametrize: as =1 — a1, 8= 1710‘1 >0
Q) = (1+ 5)Q1 + (14 5)Q2

» In general: Choose o according to some criterion

e.g., such that £(Q(«)) has minimal size

or such that approximation is tight in a given
direction p € R™ (approximation touches true sum)
— convex optimization problem
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Ellipsoids in multivariate normal distribution

» Consider n-dimensional normal distribution

34
N(0,X) with variance ¥ € S}
27 > Probability density function (pdf) has
ellipsoidal level lines
14
» Ellipsoidal so confidence regions
04

Pronios (T € 5(322)) = f(SQ»n)

(f(s%,n) is cumulative density of x2 dist.)

— &(2)

— £(2%3)
— £(323) f(s2,n) n=1 n=2 n=3 n=5

sample

s=1 0683 0393 0.199 0.037
-4 -2 0 2 4 s 0.954 0.865 0.739 0.451
s=3 0997 0989 0971 0.891
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X2
o

&(2)

£(22%3)
&(3%3)
g'x+d=0
tg, tER
sample

Ponos)(g'z+d<0) =
- PtNN(O,gTEg)(t + d S 0)
= PtNN(O,gTEg) (t < _d)

—— pdf M(0,9729)
e t=—d

0.15

0.10

0.05 A

?

13/23



Approximate robust optimization

_min  f(Z) s.t. 0> h(x) Vo e £(Q,T) (h:R"™ - R)
T e
= min T .t. m h
zeR" f@) > 023365?5,5:) (@)
2 55121}111@” f(@) s.t. 0> ) E%l?é,i) h(z) + Vh(z) (z — 7)
= min T .t. h(z max h(z)TA
Sin, f(Z) s.t 0> h(z)+ A eaE(Q) Vh(z)' Az

= rgiﬂ%n f(z) s.t. 0> h(z) + 4/ Vh(Z)TQVh(z)
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Approximate robust optimization — example

*

X X
Q. X7)
. T == h(x)=0
7m1n2 Tz -== hin(x;x")=0
zeR 3.0
st.  ax¢&(V,e) Vo e £(Q,T) 55
2.01
X
L
min 7'z vl -
z € R? AR ..
s.t. (x—c)'V i z—c)>1 Vre&Q,z) ool
Obtain approximate solution Z* by robustifying -051
against linearized constraint 10 ~ - - - . .
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min -~ f(z) st Pron@@{h(z) <0} 2 p

zeR”
~ miﬁ f(z) st Pron@o (@) + Vh(z) (2 —2) <0} >p
zeR" ’
= min f(Z) st Payrn(0,0) (@) + Vh(z) Az <0} > p
z eR"”
= min f(7) s.t. h(z) 4+ v(p)y/ Vh(Z)TQVh(Z) <0
z R
(p) =14 =0.841
v(p) =2 p=0977

~¥(P) =3« p=0.999

(cumulative density of normal dist. up to the y(p)o level)
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Uncertain linear dynamical systems

Tht1 = Az + Buy + T'wy,

» Stochastic setting » Robust setting
$kNN(:Z’k,Pk), wkNN(O,E) Tk GE(Pk,fk), Wi GE(Z)
= Tpy1 ~ N(ATy + Bug, APLAT +TXTT) = 2py1 € E(APLAT, AZy + Buy) + E(IXTT)
—_———
Th41 Py Thi1

Uncertainty set still ellipsoidal :) Uncertainty set not ellipsoidal :(
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Uncertain linear dynamical systems — robust case

Tht1 = Az, + Buy, + T'wy,
Tk € g(Pk, fk), Wi € 5(2) = Tg41 € Xk41, not ellipsoidal

» Option 1: Ellipsoidal overapproximation Pyy1(a) 2 Xt
choose arbitrary a = probably bad quality approximation
choose best a according to some relevant criterion =- optimization problem

» Option 2: Modify assumption on initial uncertainty

)=l

For N-step prediction assume (zo, wo, ..., wn-1) € E(diag(Fo, %, ..., %), (Zo,0,...,0))
Justification of assumption?

P, 0

0 X 0

, lxk]> = Tyl € E(AP]CA;— + FEFT, ATy + Buk)

Py Th+1
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Nonlinear dynamical systems

» Consider a stochastic nonlinear dynamical system
330250’ Th+1 :fk?<xk;uk:awk)7 k:07aN_1 (1)

» Noise w = (wo, ..., wy_1) drawn from ellipsoid w € E(a?I).

uncertainty scaling parameter o > 0
w € E(0*I) instead of w € £(c*W) w.l.o.g.

» We are interested in robust constraint satisfaction for all possible trajectories

h(l’k, 'U,k) S
h(IEN) S

V$kEXk(u), k=0,...,N, (2)

0,
0, Van € XN(U), (3)

where X (u), k =0,..., N, is the set of all reachable states at k given controls u.
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Approximations

» Model uncertainty tube by ellipsoids around nominal trajectory =, @

To = o, Tpr1 = fr(Tk, g, 0), k=0,...,N—1, (4)
xkeS(Pk,a’:k), k=0,...,N. (5)

» Propagate ellipsoids according to dynamics linearized at =, @
Py =0, Piy1 = AP AL + 0T, T, k=0,...,N—1. (6)

where A = %(i‘k,ﬂ,k,()), Iy = %(i‘k,ﬁk,()).
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Simplifications (cont.)

> Approximate robust constraint satisfaction through linearization (componentwise)

0> h?c(l‘k,ﬂk) Vi € 5(Pk,i‘k)

> max h};(xk,ﬂk)
vy € E(Py, T,)

~ (@, ) Vol (B, 1) T PV o (2, 1),

0> hiy(@x) + [ Vahiy (2) T Py Vi (2x), i= 1, My

» Variation: Single-chance constraints

Interpret Pj as variance of normal distribution
Multiply back-off by v(p) to ensure satisfaction of this specific constraint with at least
probability p (approximately)

Probability that no constraint is violated is lower
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Open-loop Robustified NMPC problem

)

)

)

Pey1 = APy AL + 0Ty T}, k=0,...,N—1, (8e)

) ) : =1
0> h(@e, i) +\/ Vi@ ) TPV (@) T (8)
—0,... N1,
0> hiy(@x) + [ Vahiy () T Py Vohiy (23) P=1.. .y, (88)

where P = (Po, .. .,PN)
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