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University of Freiburg, Argonne National Laboratory

September 30, 2026

1 / 59
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1. Overview of MPCC methods

2. Regularization and penalty methods
Regularization methods
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MPECopt: an algorithm for computing a B-stationary points
Sequential quadratic programming with complementarity constraints
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Numerical methods for MPCCs

MPCC

min
x ∈ Rn

f (x) (1a)

s.t. g(x) = 0, (1b)

h(x) ≥ 0, (1c)

0 ≤ x1 ⊥ x2 ≥ 0. (1d)

x = (x0, x1, x2) ∈ Rn, x0 ∈ Rp, x1, x2 ∈ Rm,
x1

x2

x1 ≥ 0, x2 ≥ 0,
x⊤
1 x2 ≤ 0▶ Standard NLP methods solve the KKT conditions.

▶ MPCCs violate constraint qualifications, and the KKT conditions may not be necessary.

▶ There are many stationary concepts for MPCCs, and not all are useful.

▶ Workaround/main idea: solve a (finite) sequence of more regular problems.
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Families of MPCC methods

MPCC solution methods

Continuous reformulations Explicit disjunction

Main distinction
Continuous methods hide the disjunction in an NLP and structure-exploiting methods search
directly over its pieces.

5 / 59



Families of MPCC methods

MPCC solution methods

Continuous reformulations Explicit disjunction

MPCC as NLP
Mechanism: one NLP reformulation
Pro: reuse NLP solvers
Con: ill-conditioning; poor scaling

Regularization methods
Mechanism: NLP sequence, σk ↓ 0
Pro: easy to implement
Con: ill-conditioning; weaker theory

Main distinction
Continuous methods hide the disjunction in an NLP and structure-exploiting methods search
directly over its pieces.

5 / 59



Families of MPCC methods

MPCC solution methods

Continuous reformulations Explicit disjunction

MPCC as NLP
Mechanism: one NLP reformulation
Pro: reuse NLP solvers
Con: ill-conditioning; poor scaling

Regularization methods
Mechanism: NLP sequence, σk ↓ 0
Pro: easy to implement
Con: ill-conditioning; weaker theory

Active-set, pivoting
Mechanism: TNLP/BNLP sequence
Pro: strong guarantees
Con: combinatorial complexity

Mixed-integer
Mechanism: equivalent MINLP
Pro: simple formulation
Con: potentially very slow

Main distinction
Continuous methods hide the disjunction in an NLP and structure-exploiting methods search
directly over its pieces.

5 / 59



Families of MPCC methods

MPCC solution methods

Continuous reformulations Explicit disjunction

MPCC as NLP
Mechanism: one NLP reformulation
Pro: reuse NLP solvers
Con: ill-conditioning; poor scaling

Regularization methods
Mechanism: NLP sequence, σk ↓ 0
Pro: easy to implement
Con: ill-conditioning; weaker theory

Active-set, pivoting
Mechanism: TNLP/BNLP sequence
Pro: strong guarantees
Con: combinatorial complexity

Mixed-integer
Mechanism: equivalent MINLP
Pro: simple formulation
Con: potentially very slow

Main distinction
Continuous methods hide the disjunction in an NLP and structure-exploiting methods search
directly over its pieces.

5 / 59



Outline of the lecture

1. Overview of MPCC methods

2. Regularization and penalty methods
Regularization methods
Penalty methods

3. Combinatorial and active-set methods
A sequential linearization method for bound-constrained MPCCs
A sequential LPCC–EQP method
MPECopt: an algorithm for computing a B-stationary points
Sequential quadratic programming with complementarity constraints

6 / 59



Scholtes’ global relaxation method
The easiest to implement and the most efficient regularization method [Scholtes, 2001].

Reg(σk)

min
x ∈ Rn

f (x)

s.t. g(x) = 0,

h(x) ≥ 0,

x1 ≥ 0,

x2 ≥ 0,

x1,ix2,i ≤ σk , i = 1, . . . ,m. x1

x 2
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Scholtes’ global relaxation method
The easiest to implement and the most efficient regularization method [Scholtes, 2001].

Reg(σk)

min
x ∈ Rn

f (x)

s.t. g(x) = 0,

h(x) ≥ 0,

x1 ≥ 0,

x2 ≥ 0,

x1,ix2,i ≤ σk , i = 1, . . . ,m. x1

x 2

Theorem ( [Scholtes, 2001, Hoheisel et al., 2013])

Let {σk} ↓ 0 and let xk be a stationary point of Reg(σk) with xk → x∗ such that
MPCC-MFCQ holds at x∗. Then x∗ is a C-stationary point of the MPCC (1).
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Smoothing the MPCC

Instead of relaxing x1, x2 ≥ 0 diag(x1)x2 ≤ σ e, use smoothing x1, x2 ≥ 0, diag(x1)x2 = σ e.

RegEq(σk)

min
x ∈ Rn

f (x)

s.t. g(x) = 0,

h(x) ≥ 0,

x1 ≥ 0,

x2 ≥ 0,

x1,ix2,i = σk , i = 1, . . . ,m. x1

x 2

x1,ix2,i = σ
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Smoothing method have drawbacks
Usually benefit in using them. Have elaborate convergence theory [Ralph and Wright, 2004].

Consider the two-dimensional MPCC:

min
x ∈ R2

(x1 + 1)2 + (x2 + 1)2

s.t. 0 ≤ x1 ⊥ x2 ≥ 0.

▶ Relaxation method converges in one iteration to
x∗ = (0, 0).

▶ Smoothing needs an infinite sequence for
convergence.
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Refresher on interior-point methods

Nonlinear program (NLP)

min
x ∈ Rn

f (x)

s.t. g(x) = 0,

h(x) ≥ 0.

Barrier problem (µ > 0)

min
x , s

f (x)− µ
∑︂
i

log si

s.t. g(x) = 0,

h(x)− s = 0,

(s > 0).

▶ Solve a sequence of barrier problems approximately as µ ↓ 0.

▶ Combine Newton steps with a filter line search [Fletcher and Leyffer, 2002] for efficient
progress.

▶ Regularization and inertia correction provide good Newton steps when the KKT system is
singular or has the wrong inertia, for example if LICQ fails or the Lagrangian Hessian is
indefinite [Wächter and Biegler, 2006].
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Joint σ–µ homotopy for faster solves
Idea due to [Raghunathan and Biegler, 2005] (IPOPT-C), recently revisited in CCOpt [Pozharskiy et al., 2026].

Scholtes relaxation

min
x ∈ Rn

f (x)

s.t. g(x) = 0,

h(x) ≥ 0,

x1 ≥ 0,

x2 ≥ 0,

x1,ix2,i ≤ σk , i = 1, . . . ,m.

Barrier subproblem

min
x,s

f (x)− µk
(︂∑︂

j

log sj

+
m∑︂
i=1

[︁
log x1,i + log x2,i

+ log(σk − x1,ix2,i )
]︁)︂

s.t. g(x) = 0,

h(x)− s = 0.

▶ Update σk and µk jointly. No need to solve each fixed-σk NLP to convergence.

▶ Careful parameter updates matter in practice, both monotone and nonmonotone rules are
possible.

▶ Tailored regularization can be built into the interior-point solver.

▶ Additional structure in QPCCs can be exploited in the Hessian regularization.

▶ You will use CCOpt in the exercises!
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Interior-point methods with a two-sided relaxation
An idea from [DeMiguel et al., 2005].

▶ MPCC feasible sets have no strict interior.

▶ Scholtes’ relaxation

x1,ix2,i ≤ σ, i = 1, . . . ,m.

has a nonempty interior for σ > 0, but it collapses
as σ ↓ 0.

▶ Relax both sides:

x1,ix2,i ≤ σ, x1,i ≥ −δ1, x2,i ≥ −δ2 i = 1, . . . ,m.

▶ Adjust σ and δ as the barrier parameter µ ↓ 0.

δ2

δ1

x1,ix2,i = σ

−δ1
−δ2 x1,i

x 2
,i

Some practical takes
▶ If, in the limit, σ ↓ 0 or δ ↓ 0, but not both, the relaxed problem retains a nonempty

interior. This can make interior-point methods faster and more robust.

▶ In practice, it is difficult to tune when to change σ, δ1, δ2 (like detecting active sets).

▶ Some advanced heuristics implemented in CCOpt [Pozharskiy et al., 2026]
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The benefit of tailored implementations – MacMPEC [Leyffer, 2000]

A test suite of MPCCs
▶ MacMPEC contains small to medium-sized problems.

▶ The benchmark is generally relatively easy to solve.

▶ Even direct NLP reformulations solve all feasible problems [Nurkanović et al., 2024].
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The benefit of tailored implementations – MacMPEC [Leyffer, 2000]
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The NOSBENCH benchmark [N. et al, 2024]
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Other regularization methods
There exist many elaborate ways to relax the L-shaped set. Convergence theory in [Hoheisel et al., 2013]

(a) Scholtes

x1

x 2
(b) Lin–Fukushima

x1
x 2

(c) Steffensen–Ulbrich

x1

x 2

(d) Kadrani et al.

x1

x 2

(e) Kanzow–Schwartz

x1

x 2

▶ They have better convergence properties than Scholtes’ method if the NLP’s are solved
exactly.

▶ In practice, they perform better only on easier problems [Nurkanović et al., 2024].

:

a) [Scholtes, 2001]: C-stationarity under MPCC-MFCQ.

b) [Lin and Fukushima, 2005]: C-stationarity under MPCC-MFCQ.

c) [Steffensen and Ulbrich, 2010]: C-stationarity under MPCC-CPLD.

d) [Kadrani et al., 2009]: M-stationarity under MPCC-CPLD.

e) [Kanzow and Schwartz, 2013]: M-stationarity under MPCC-CPLD.
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The problem of M-stationarity in finite precision
A ghost that you never catch

Exact M-stationarity

(νi > 0, ξi > 0) or νiξi = 0

νi

ξ i

νi > 0
ξi > 0

νiξi = 0

Finite-precision perturbations

(ˆ︁νi , ˆ︁ξi ) = (νi , ξi ) +O(ε)

S

AC

A

exact M

νi

ξ i

Finite-precision issue

An M-stationary multiplier pair is either S-stationary or lies exactly on an axis. A perturbation
off the axis therefore either enters the S-region or destroys M-stationarity.
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“The price of inexactness” [Kanzow and Schwartz, 2015]

▶ Most convergence results derived under the assumption that every subproblem for a fixed
σk is solved exactly.

▶ If NLPs are solved to some ϵ > 0 threshold, than most methods have weaker convergence
properties.

▶ Steffensen-Ulbrich, Kadrani, Kanzow-Schwartz converge only to W-stationary points!

▶ Scholtes’ method still converges to C-stationary points!
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Penalty methods
Loosely related to regularization methods [Leyffer et al., 2006]

Main idea: put difficult part into objective.

The ℓ1 reformulation

min
x∈Rn

f (x) + ρx⊤1 x2

s.t. g(x) = 0,

h(x) ≥ 0,

x1, x2 ≥ 0.

The ℓ∞ reformulation

min
x∈Rn,s∈R

f (x) + ρs

s.t. g(x) = 0,

h(x) ≥ 0,

x1, x2 ≥ 0,

x1,ix2,i ≤ s, i = 1 . . .m,

0 ≤ s ≤ s̄.

▶ For sufficiently large penalty parameter ρ solve single NLP to solve
MPCC [Anitescu, 2005a, Anitescu, 2005b, Ralph and Wright, 2004].

▶ Good implementations update the penalty parameter in a homotopy ρk = 1
σk

▶ In practice, usually converges faster than Scholtes’ method, but has a lower success rate.
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Steering the homotopy parameter to zero
The practical performance depends on the update rate.

Approach: Solve a sequence of regularized NLPs (σk), warm start the next iteration with
x∗(σk). Update the homotopy parameter via:

▶ Linear update rule:

σk+1 = κσk , κ ∈ (0, 1)

▶ For faster convergence, superlinear rules may also be helpful:

σk+1 = min(κσk , (σk)η), κ ∈ (0, 1), η > 1

Some best practices:

▶ Start with not too large, and not too small σ0. For well-scaled problems σ0 = 1 usually
works well.

▶ Do not update too aggressively nor too conservatively. Good choices are κ = 0.1, κ = 0.2
and η = 1.5.

▶ Update rules are usually monotone. To increase robustness, if an iteration fails, go back
and update with κ+ = γκ, e.g., γ = 2.
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Practical recommendations

▶ For tiny problems, almost any method will work.

▶ For small- to medium-scale problems, SQP-based methods applied directly or within a
homotopy are often faster than interior-point methods.

▶ A simple and usually efficient approach is to combine your preferred NLP solver with the
Scholtes relaxation.

▶ Choose the update of σk → 0 carefully: neither too slowly nor too aggressively.

▶ More elaborate regularization methods are rarely worth the implementation effort.

▶ Generic homotopy methods are available through mpccsol in nosnoc for Python and
MATLAB.

▶ Since CasADi 3.8.0, CCOpt can be used directly and is typically faster and more robust
than basic homotopy implementations.

Try CCOpt and mpccsol:

§ MPCC examples in § MPCC examples in
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Outline of the lecture

1. Overview of MPCC methods

2. Regularization and penalty methods
Regularization methods
Penalty methods

3. Combinatorial and active-set methods
A sequential linearization method for bound-constrained MPCCs
A sequential LPCC–EQP method
MPECopt: an algorithm for computing a B-stationary points
Sequential quadratic programming with complementarity constraints
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Motivation for active set methods for MPCCs

Difficulties:

1. Regularization methods, also under very strong assumptions, converge to points that are
weaker than S-stationary (which are possibly not B-stationary).

2. Regularized NLPs, small or large σ, may be difficult to solve (more than TNLPs/BNLPs).

Main idea of active-set methods:

1. Find a feasible point x ∈ Ω of the MPCC (1).

2. (Approximately) solve the branch NLP with some partition of the index set, e.g. I1(x),
I2(x)

3. Call an oracle to verify B-stationary or to give a better I1(x+) and I2(x+) (e.g. an LPCC)

4. If not B-stationary, go to 2.
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A brief history of active-set/combinatorial/pivoting methods

Late 1990s–
early 2000s

TNLP/BNLP selection

B under MPCC-LICQ

2007

LPCCs introduced

B under MPCC-MFCQ

2022

LPCC-based continued
B: bound-constrained MPCCs

M: general MPCCs

2024–2026

LPCC-NLP methods

B under MPCC-MFCQ

Multiplier-based TNLP/BNLP selection. The next TNLP/BNLP is selected from the
multiplier signs. B-stationarity can be guaranteed only under MPCC-LICQ.

[Fukushima and Tseng, 2002, Giallombardo and Ralph, 2008, Izmailov and Solodov, 2008, Jiang and Ralph, 1999,

Lin and Fukushima, 2006, Liu et al., 2006, Luo et al., 1996, Scholtes and Stöhr, 1999]
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2007

LPCCs introduced

B under MPCC-MFCQ

2022

LPCC-based continued
B: bound-constrained MPCCs

M: general MPCCs

2024–2026

LPCC-NLP methods

B under MPCC-MFCQ

The LPCC introduced. LPCCs are introduced both as stopping tests and as subprob-
lems for computing steps, yielding B-stationarity under MPCC-MFCQ.

[Leyffer and Munson, 2007]
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2022

LPCC-based continued
B: bound-constrained MPCCs

M: general MPCCs

2024–2026

LPCC-NLP methods

B under MPCC-MFCQ

LPCC-based methods continued. For bound-constrained MPCCs they guarantee B-
stationarity. LPCC solvable in linear runtime. An augmented-Lagrangian extension for
general MPCCs guarantees M-stationarity.

[Kirches et al., 2022, Guo and Deng, 2022]
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A brief history of active-set/combinatorial/pivoting methods

Late 1990s–
early 2000s

TNLP/BNLP selection

B under MPCC-LICQ

2007

LPCCs introduced

B under MPCC-MFCQ

2022

LPCC-based continued
B: bound-constrained MPCCs

M: general MPCCs

2024–2026

LPCC-NLP methods

B under MPCC-MFCQ

General MPCCs. LPCCs combined with std. NLP methods achieve B-stationarity
under MPCC-MFCQ.

[Kazi et al., 2024, Nurkanović and Leyffer, 2026]
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Refresher on the Branch Nonlinear Program (BNLP)
MPCC active sets

I+0(x) = {i ∈ {1, . . . ,m} | x1,i > 0, x2,i = 0},
I0+(x) = {i ∈ {1, . . . ,m} | x1,i = 0, x2,i > 0},
I00(x) = {i ∈ {1, . . . ,m} | x1,i = 0, x2,i = 0}.

Partitioning of I00(x)
D1(x) ∪ D2(x) = I00(x),
D1(x) ∩ D2(x) = ∅,
I1(x) := I0+(x) ∪ D1(x),
I2(x) := I+0(x) ∪ D2(x),

Branch NLP (BNLP) at x∗

min
x ∈ Rn

f (x)

s.t. g(x) = 0,

h(x) ≥ 0,

x1,i = 0, x2,i ≥ 0, i ∈ I1(x∗),
x1,i ≥ 0, x2,i = 0, i ∈ I2(x∗).

x1

x 2
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The B-stationarity concept via LPCCs
If there are no complementarity constraints, the LPCC reduces to an LP.

Theorem ([Luo et al., 1996, Scholtes, 2004, Flegel and Kanzow, 2005])

Let TΩ(xk) = T MPCC
Ω (xk), and xk ∈ Ω be a local minimizer of the MPCC (1), then it holds

that

∇f (xk)⊤d ≥ 0 for all d ∈ T MPCC
Ω (xk), (2)

or equivalently, d = 0 is a global minimizer of the following optimization problem:

min
d∈Rn

∇f (xk)⊤d

s.t. g(xk) +∇g(xk)⊤d = 0,

h(xk) +∇h(xk)⊤d ≥ 0, i ∈ Ak

xk1,i + d1,i = 0,∀i ∈ Ik
0+,

xk2,i + d2,i = 0,∀i ∈ Ik
+0,

0≤xk1,i+d1,i ⊥ xk2,i+d2,i ≥0, ∀i ∈Ik
00 (degenerate)
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B-stationarity via reduced and full LPCC

Use active sets at xk , reduced LPCC.

Definition (B-stationarity via
reduced [Flegel and Kanzow, 2005])

A feasible point xk is called a B-stationary
point if d = 0 is the global minimizer of the
following LPCC:

min
d∈Rn

∇f (xk)⊤d

s.t. g(xk) +∇g(xk)⊤d = 0,

hi (x
k) +∇hi (x

k)⊤d ≥ 0, ∀i ∈ Ak

xk
1,i + d1,i = 0, xk

2,i + d2,i ≥ 0, ∀i ∈ I0+,

xk
1,i + d1,i ≥ 0, xk

2,i + d2,i = 0, ∀i ∈ I+0,

0≤xk
1,i+d1,i ⊥ xk

2,i+d2,i ≥0,∀i ∈Ik
00,

(∥d∥∞ ≤ ρ).

Use all complemenatarities, full LPCC.

Definition (B-stationarity via
full [Luo et al., 1996])

A feasible point xk is called a B-stationary
point if d = 0 is a minimizer the following
LPCC:

min
d∈Rn

∇f (xk)⊤d

s.t. g(xk) +∇g(xk)⊤d = 0,

h(xk) +∇h(xk)⊤d ≥ 0,

0≤xk
1,i+d1,i ⊥ xk

2,i+d2,i ≥0,∀i ,
(∥d∥∞ ≤ ρ).
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Use all complemenatarities, full LPCC.

Definition (B-stationarity via
full [Luo et al., 1996])

A feasible point xk is called a B-stationary
point if d = 0 is a minimizer the following
LPCC:

min
d∈Rn

∇f (xk)⊤d

s.t. g(xk) +∇g(xk)⊤d = 0,

h(xk) +∇h(xk)⊤d ≥ 0,

0≤xk
1,i+d1,i ⊥ xk

2,i+d2,i ≥0,∀i ,
(∥d∥∞ ≤ ρ).
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Full vs reduced trust-region LPCC

LPCC(xk , ρ) – full

min
d∈Rn

∇f (xk)⊤d

s.t. g(xk) +∇g(xk)⊤d = 0,

h(xk) +∇h(xk)⊤d ≥ 0,

0≤xk1,i+d1,i ⊥ xk2,i+d2,i ≥0, ∀i ,
∥d∥∞ ≤ ρ,

▶ If xk infeasible, then not clear how to
define index sets in reduced LPCC.

▶ If xk not B-stationary, then
∇f (xk)⊤d < 0.

▶ Use xk + d for next active set guess.

Lemma

Let xk ∈ Ω be a feasible point of the MPCC (1). For all sufficiently small trust region radii,
ρ > 0, the sets of the local minimizers of the reduced and full LPCC are identical.

From now on, we only use the full LPCC.
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From a generic MPCC to bound constraints
Method and aug. Lag. extension introduced in [Kirches et al., 2022], aug. Lag. studied in [Guo and Deng, 2022]

Generic MPCC

min
x ∈ Rn

f (x)

s.t. g(x) = 0,

h(x) ≥ 0,

0 ≤ x1 ⊥ x2 ≥ 0.

Introduce s ≥ 0 with h(x)− s = 0. For fixed multipliers λ, ν and penalty parameter β > 0,
define

Lβ(x , s;λ, ν) = f (x)− λ⊤g(x)− ν⊤(h(x)− s) +
β

2

(︁
∥g(x)∥22 + ∥h(x)− s∥22

)︁
.

The augmented-Lagrangian subproblem is a bound-constrained MPCC:

min
x,s

Lβ(x , s;λ, ν) s.t. s ≥ 0, 0 ≤ x1 ⊥ x2 ≥ 0.

Under suitable assumptions, and penalty paremter updates, a sequence of solutions of this
subproblem converges to M-stationary points [Guo and Deng, 2022].
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Bound-constrained MPCCs
The special case used by the sequential LPCC method [Kirches et al., 2022].

Bound-constrained MPCC

min
x ∈ Rn

f (x)

s.t. ℓx ≤ x0 ≤ ux ,

0 ≤ x1 ⊥ x2 ≥ 0.

x = (x0, x1, x2) ∈ Rn, x0 ∈ Rn0 , x1, x2 ∈ Rm, n = n0 + 2m.

▶ A smooth objective, simple bounds on x0, and m complementarity pairs.

▶ Subproblem in aug. Lag. methods for MPCCs.
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LPCC step and branch QP
The LPCC predicts a branch, the BQP improves the step on that branch.

LPCC(xk , ρ)

min
d ∈ Rn

∇f (xk)⊤d

s.t. ℓx ≤ xk
0 + d0 ≤ ux ,

0 ≤ xk
1 + d1 ⊥ xk

2 + d2 ≥ 0,

∥d∥∞ ≤ ρ.

BQP(xk , ρ; I1, I2)

min
p ∈ Rn

∇f (xk)⊤p + 1
2
p⊤Hkp

s.t. ℓx ≤ xk
0 + p0 ≤ ux ,

xk
1,i + p1,i = 0, i ∈ I1,

xk
2,i + p2,i ≥ 0, i ∈ I1,

xk
1,i + p1,i ≥ 0, i ∈ I2,

xk
2,i + p2,i = 0, i ∈ I2,

∥p∥∞ ≤ ρ.

Let x̄ = xk + dL be the LPCC trial point. Split its biactive set as

D1 =
{︁
i ∈ I00(x̄) | ∇x1,i f (x̄) ≥ ∇x2,i f (x̄)

}︁
, D2 = I00(x̄) \ D1,

I1 = I0+(x̄) ∪ D1, I2 = I+0(x̄) ∪ D2.
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Sequential LPCC algorithm
For the bound-constrained MPCC [Kirches et al., 2022].

Given: feasible x0, ρ̄0 > ρ > 0, and acceptance threshold η ∈ (0, 1).

For k = 0, 1, . . .:

1. Choose an inner trust-region radius ρk,0 ∈ [ρ, ρ̄k ].

2. For ℓ = 0, 1, . . .:

2.1 Solve LPCC(xk , ρk,ℓ) for a step dk,ℓ.
2.2 If d = 0 is a local minimizer of the LPCC, stop: xk is B-stationary.
2.3 Compute the ratio of actual to predicted decrease (“sufficient decrease conditions”):

r k,ℓ =
f (xk)− f (xk + dk,ℓ)

−∇f (xk)⊤dk,ℓ
.

2.4 If r k,ℓ ≥ η, accept the step:

xk+1 = xk + dk,ℓ, ρ̄k+1 = max{ρ̄k , 2ρk,ℓ},

and leave the inner loop. Otherwise set ρk,ℓ+1 = ρk,ℓ/2.

3. Optionally refine the accepted iterate with a BQP(xk , ρ; I1, I2) on the predicted branch.
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The LPCC decomposes componentwise
There are no coupling constraint between variables, we can split the the LPCC into small subproblems

LPCC(xk , ρ)

min
d ∈ Rn

∇f (xk)⊤d

s.t. ℓx ≤ xk
0 + d0 ≤ ux ,

0 ≤ xk
1 + d1 ⊥ xk

2 + d2 ≥ 0,

∥d∥∞ ≤ ρ.

One scalar LP for each x0,j

min
d0,j ∈ R

(∇x0
f (xk ))jd0,j

s.t. ℓx,j ≤ xk
0,j + d0,j ≤ ux,j ,

|d0,j | ≤ ρ.

One two-dimensional LPCC for each pair i

min
(d1,i , d2,i ) ∈ R2

(∇x1
f (xk ))id1,i + (∇x2

f (xk ))id2,i

s.t. 0 ≤ xk
1,i + d1,i ⊥ xk

2,i + d2,i ≥ 0,

|d1,i | ≤ ρ,

|d2,i | ≤ ρ.

The n0 scalar LPs have closed-form solutions:

d∗
0,j =

⎧⎪⎨⎪⎩
min{ux,j − x0,j , ρ}, (∇x0

f (x))j < 0,

max{ℓx,j − x0,j ,−ρ}, (∇x0
f (x))j > 0,

0, (∇x0
f (x))j = 0.
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Solving each two-dimensional LPCC
Check a finite set of candidate points for each complementarity pair.

A

x1,i

x2,i

B

x1,i

x2,i

C

x1,i

x2,i

D

x1,i

x2,i

Dashed box: trust region. Square: current point. Dots: candidate points.

DA
i = {(0, 0), (ρ, 0), (−x1,i , 0), (−x1,i , ρ)}, x2,i = 0, 0 ≤ x1,i ≤ ρ,

DB
i = {(0, 0), (ρ,−x2,i ), (0,−x2,i ), (0, ρ)}, x1,i = 0, 0 < x2,i ≤ ρ,

DC
i = {(0, 0), (−ρ, 0), (ρ, 0)}, x2,i = 0, x1,i > ρ,

DD
i = {(0, 0), (0,−ρ), (0, ρ)}, x1,i = 0, x2,i > ρ.

Select the candidate with the smallest linearized objective:

(d∗
1,i , d

∗
2,i ) ∈ arg min

(a,b)∈Di

(︁
(∇x1 f (x))ia+ (∇x2 f (x))ib

)︁
.
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Outline of the lecture
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A sequential LPCC method
First method to use LPCC [Leyffer and Munson, 2007], more general than previous method [Kirches et al., 2022]

1. Compute a step dk by solving

Full LPCC(xk , ρk)

min
d ∈ Rn

∇f (xk)⊤d

s.t. g(xk) +∇g(xk)⊤d = 0,

h(xk) +∇h(xk)⊤d ≥ 0,

0 ≤ xk1 + d1 ⊥ xk2 + d2 ≥ 0,

∥d∥∞≤ ρk .

2. Test the trial point xk + dk :

(xk+1, ρk+1) =

{︄
(xk + dk , 2ρk), if the step is accepted,

(xk , ρk/2), otherwise.
▶ The LPCC step resembles steepest descent. Can it be accelerated?
▶ When should we accept xk + dk? (Globalization strategy, filter trust-region for

MPCCs [Leyffer and Munson, 2007])
▶ How do we solve the nontrivial LPCC?
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Equality constrained quadratic program (EQP)

Given the LPCC step dk , and guess x̄ = xk + dk estimate the active sets:

A(x̄) = {j | hj(xk) +∇hj(x
k)⊤dk = 0},

I1(x̄) = I0+(x̄) ∪ D1,

I2(x̄) = I+0(x̄) ∪ D2,

D1 =
{︁
i ∈ I00(x̄) | ∇x1,i f (x̄) ≥ ∇x2,i f (x̄)

}︁
,D2 = I00(x̄) \ D1.

EQP(dk)

min
s∈Rn

∇f (xk)⊤s + 1
2 s

⊤Hks

s.t. g(xk) +∇g(xk)⊤s = 0,

hj(x
k) +∇hj(x

k)⊤s = 0, j ∈ A(x̄),

xk1,i + s1,i = 0, i ∈ I1(x̄),
xk2,i + s2,i = 0, i ∈ I2(x̄).

The solution sk gives the second-order step.
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Global convergence to B-stationarity

Assumptions

▶ MPCC-MFCQ holds.

▶ The iterates {xk} remain in a compact set.

▶ f , g , and h are twice continuously differentiable.

Theorem (Global convergence of SLPEC, [Leyffer and Munson, 2007])

One of the following occurs:

1. The restoration phase fails to find a feasible point.

2. d = 0 solves the LPCC, so the current point is B-stationary.

3. The method generates an infinite sequence with a B-stationary limit.
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Algorithm for computing B-stationary point of MPECs
Similar to previous two algorithms, but solves BNLPs instead of BQP/EQPs

Full LPCC(xk , ρ)

min
d∈Rn

∇f (xk)⊤d

s.t. g(xk) +∇g(xk)⊤d = 0,

h(xk) +∇h(xk)⊤d ≥ 0,

0≤xk1,i+d1,i ⊥ xk2,i+d2,i ≥0, ∀i ,
∥d∥∞ ≤ ρ,

1. Solve LPCC(xk , ρ) to determine the active set for BNLP(xk + d) – or verify
B-stationarity. Don’t use d for iterate update.

2. Solve BNLP(xk + d) for accuracy: if decrease in objective accept step, else: resolve LPCC
with smaller ρ.
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Outline of the MPECopt algorithm

Algorithm 1 Algorithm Outline

Input: x0,ρ0 ∈ [ρlb, ρub], γL ∈ (0, 1), γU > 1

1 Find a feasible point x ∈ Ω of the MPCC (1). (Phase I)
2 for k = 0, . . . do // Major loop

3 Solved the branch NLP with some partition of the index set, e.g. I1(x), I2(x)
4 Solve an LPCC to verify B-stationary or to give a better I1(x+) and I2(x+)
5 Break If B-stationary (stationary point found)

▶ Algorithm iterates over active sets (feasible NLP subproblems).

▶ Finds descend direction if not B-stationary.

▶ Alternates between LPCC and BranchNLP.
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Phase I – finding feasible points

Crossover strategy (from NLP relaxation to LPEC)

1. Use regularization or penalty based method with σk (NLP solve)

2. If ∥diag(x1)x2∥∞ < ρ0, solve LPCC(x∗(τ k), ρ0).

3. Solve BranchNLP(x∗(σk) + d), if successful, feasible point found.

4. If not, reduce σk and go to 1.

Theorem (Feasibility (informal), [Nurkanović and Leyffer, 2026])

Under suitable technical assumptions and MPCC-MFCQ, if x(σk) is close enough to a feasible
point of the MPCC, then for a sufficiently large ρ, every feasible point d of LPCC(x∗(σk), ρ0)
predicts a feasible BranchNLP.
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Scholtes’ global relaxation method
The easiest to implement and the most efficient regularization method [Scholtes, 2001].

Reg(σk)

min
x ∈ Rn

f (x)

s.t. g(x) = 0,

h(x) ≥ 0,

x1 ≥ 0,

x2 ≥ 0,

x1,ix2,i ≤ σk , i = 1, . . . ,m. x1

x 2
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Scholtes’ global relaxation method
The easiest to implement and the most efficient regularization method [Scholtes, 2001].

Reg(σk)

min
x ∈ Rn

f (x)

s.t. g(x) = 0,

h(x) ≥ 0,

x1 ≥ 0,

x2 ≥ 0,

x1,ix2,i ≤ σk , i = 1, . . . ,m. x1

x 2

Eventually BranchNLP must be feasible for feasible MPCCs ... or detect infeasibility!
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MPECopt: An algorithm for computing B-stationary points
Finite termination of all loops proven in [Nurkanović and Leyffer, 2026]

Algorithm 2 MPECopt

Input: x0,ρ0 ∈ [ρlb, ρub], γL ∈ (0, 1), γU > 1

6 Call Phase I Algorithm to find a feasible point x0 ∈ Ω
for k = 0, . . . do // Major loop

7 Possibly reset trust region radius ρk,0 ∈ [ρlb, ρub]
8 for l = 0, . . . do // Minor loop

9 Solve LPEC(xk , ρk,l) with TR-radius ρk,l for dk,l

10 if dk,l = 0 then
11 terminate // (B-stationary point found)

12 else if Active set changed then
13 Solve BranchNLP(xk + dk,l) for xk,l

if f (xk,l) < f (xk) then
14 xk+1 = xk,l ; ρk,l+1 = γUρk,l ; // step accepted

15 else ρk,l+1 = γLρk,l // reduce TR-radius

16 else ρk,l+1 = γLρk,l // reduce TR-radius
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Algorithm for computing B-stationary point of an MPCC

Assumptions

▶ MPCC-MFCQ holds.

▶ The feasible set is compact.

▶ The functions f , g , and h are twice continuously differentiable.

▶ An NLP solver with a restoration phase is available.

Theorem (Global convergence of MPECopt [Nurkanović and Leyffer, 2026])

One of the following occurs:

1. The restoration phase fails to find a feasible point.

2. A B-stationary point is found after finitely many NLP and LPCC solves.

3. The method generates an infinite sequence with a B-stationary limit point*.

*The third outcome cannot occur if all stationary points are isolated.
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LPCC as MILP

LPCC(xk , ρ) as MILP

min
d∈Rn,

y∈{0,1}m

∇f (xk)⊤d (3a)

s.t. g(xk) +∇g(xk)⊤d = 0, (3b)

h(xk) +∇h(xk)⊤d ≥ 0, (3c)

0 ≤ xk1 + d1 ≤ yM, (3d)

0 ≤ xk2 + d2 ≤ (e − y)M, (3e)

∥d∥∞ ≤ ρ. (3f)

▶ Trust region ∥d∥ ≤ ρ makes feasible
set compact.

▶ At feasible points, ρ can be arbitrarily
small – very tight relaxations.

▶ BranchNLP index sets:

I1(xk + d) = {i | yi = 0},
I2(xk + d) = {i | yi = 1}.

Proposition ([Nurkanović and Leyffer, 2026])

Let x∗ ∈ Ω be a S-stationary point of the MPCC (1). For ρ < M
2 , d = 0 is a global minimizer

of both the MILP and its relaxation with yi ∈ [0, 1].
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2 , d = 0 is a global minimizer

of both the MILP and its relaxation with yi ∈ [0, 1].
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Often no need for optimality in LPCCs

▶ Finding a feasible BranchNLP via an LPCC in Phase I – find LPCC feasible point.

▶ Finding a descent direction in Phase II – find feasible LPCC point with ∇f (xk)⊤d < 0.

▶ If point S-stationary, solving the reduced LPCC-MILP reduces to solving the root node LP.

▶ Only need optimality for verifying B-stationarity, – with small ρ: tight MILP relaxation.

▶ Special case: only bound and complementarity constraints – linear complexity
[Kirches et al., 2022].
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The MPCC is also just a MINLP

MPCC

min
x ∈ Rn

f (x) (4a)

s.t. g(x) = 0, (4b)

h(x) ≥ 0, (4c)

0 ≤ x1 ⊥ x2 ≥ 0. (4d)

Equivalent big-M MINLP

min
x∈Rn,

y∈{0,1}m

f (x) (5a)

s.t. g(x) = 0, (5b)

h(x) ≥ 0, (5c)

0 ≤ x1 ≤ My , (5d)

0 ≤ x2 ≤ M(e − y). (5e)

▶ No special considerations as for LPCCs, no obvious early terminations.

▶ M > 0 is a valid upper bound, can use individual bounds M1,i and M2,i for each x1,i and
x2,i .

▶ The resulting nonconvex MINLP can be solved with any general-purpose nonconvex
MINLP method, see Lecture 9.

48 / 59



MPECopt on macMPEC
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Experiments via github.com/nosnoc/mpecopt:
Ipopt [Wächter and Biegler, 2006]+Gurobi via CasADi [Andersson et al., 2019].
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Effort in solving LPCCs - solving LPCC to global optimality

Nodecount Phase I
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Effort in solving LPCCs - early termination of LPECs

Nodecount Phase I
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Randomly generated degenerate nonlinear MPECs
All problems violate MPEC-LICQ
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Experiments via github.com/nosnoc/mpecopt:
Ipopt [Wächter and Biegler, 2006]+Gurobi via CasADi [Andersson et al., 2019].
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Effort in solving LPCCs – solving LPCC to global optimality

Nodecount Phase I

142

3 1 1 1 3

20 21 22 23 24 25 26

Nodes

0

20

40

60

80

100

120

140

160

F
re

q
u
en

cy

Nodecount Phase II

135

1 1 4 1 2

2
0

2
1

2
2

2
3

2
4

2
5

2
6

2
7

2
8

Nodes

0

20

40

60

80

100

120

140

160

Numbers of LPs solved in LPCC-MILPs on the random nonlinear test set.

53 / 59



Effort in solving LPCCs - early termination of LPCCs

Nodecount Phase I
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Outline of the lecture

1. Overview of MPCC methods

2. Regularization and penalty methods

3. Combinatorial and active-set methods
A sequential linearization method for bound-constrained MPCCs
A sequential LPCC–EQP method
MPECopt: an algorithm for computing a B-stationary points
Sequential quadratic programming with complementarity constraints
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Refresher: the SQP method
For the lecture’s NLP convention g(x) = 0, h(x) ≥ 0, use

L(x , λ, µ) = f (x)− λ⊤g(x)− µ⊤h(x), Hk ≈ ∇2
xxL(xk , λk , µk).

Structural linearization of its KKT conditions, with ∆x = xk+1 − xk :

∇f (xk)−∇g(xk)λk+1 −∇h(xk)µk+1 + Hk∆x = 0, (6a)

g(xk) +∇g(xk)⊤∆x = 0, (6b)

0 ≤ µk+1 ⊥ h(xk) +∇h(xk)⊤∆x ≥ 0. (6c)

These are the KKT conditions of the SQP subproblem:

SQP subproblem

min
∆x ∈ Rn

∇f (xk)⊤∆x + 1
2∆x⊤Hk∆x

s.t. g(xk) +∇g(xk)⊤∆x = 0,

h(xk) +∇h(xk)⊤∆x ≥ 0.

A zero step satisfying these conditions gives an NLP KKT point at xk .
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MPCC first-order necessary optimality conditions
Alternative definition of B-stationarity

At a feasible x̄ , partition I00(x̄) into D1 ∪ D2 and set

I1 = I0+(x̄) ∪ D1, I2 = I+0(x̄) ∪ D2.

Under MPCC-LICQ, x̄ is B-stationary if and only if it satisfies the KKT conditions of every
corresponding BNLP. With

LMPCC(x , λ, µ, ν, ξ) = f (x)− λ⊤g(x)− µ⊤h(x)− ν⊤x1 − ξ⊤x2,

each branch requires multipliers such that

∇xLMPCC(x̄ , λ, µ, ν, ξ) = 0,

g(x̄) = 0,

0 ≤ µ ⊥ h(x̄) ≥ 0,

x̄1,i = 0, 0 ≤ ξi ⊥ x̄2,i ≥ 0 (i ∈ I1),
x̄2,i = 0, 0 ≤ νi ⊥ x̄1,i ≥ 0 (i ∈ I2).

Here νi is free on I1 and ξi is free on I2. Under MPCC-LICQ the branch multipliers coincide
and are unique.
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The SQPCC method
Sequential quadratic programming with complementarity constraints [Scholtes, 2004], extended convergence
theory[Nurkanović, 2026]

Model all branch QPs together by retaining complementarity in the SQP subproblem. Let

Hk ≈ ∇2
xxLMPCC(xk , λk , µk , νk , ξk).

Quadratic program with complementarity constraints (QPCC)

min
∆x ∈ Rn

∇f (xk)⊤∆x + 1
2∆x⊤Hk∆x

s.t. g(xk) +∇g(xk)⊤∆x = 0,

h(xk) +∇h(xk)⊤∆x ≥ 0,

0 ≤ xk1 +∆x1 ⊥ xk2 +∆x2 ≥ 0.

The next primal iterate is xk+1 = xk +∆xk , the QPCC supplies updated multiplier estimates.
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Outline of the lecture

1. Overview of MPCC methods

2. Regularization and penalty methods
Regularization methods
Penalty methods

3. Combinatorial and active-set methods
A sequential linearization method for bound-constrained MPCCs
A sequential LPCC–EQP method
MPECopt: an algorithm for computing a B-stationary points
Sequential quadratic programming with complementarity constraints
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Summary

▶ Regularization and penalty methods solve a sequence of standard NLP subproblems and
are relatively easy to implement.

▶ Tailored implementations such as CCOpt lead a great speed up in regularization methods.

▶ Their limit points need not be B-stationary, although this issue appears uncommon in
practice.

▶ A globally solved LPCC can certify B-stationarity when its zero step is optimal, even if
MPCC-LICQ fails.

▶ Active-set methods combine LPCC steps with branch-NLP solves. LPCCs do not need to
be solved to optimality unless we are the solution. Under suitable assumptions, they
converge to B-stationary points.

▶ LPCCs can be formulated as MILPs; a small trust region often tightens the formulation
and reduces branching.
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