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NMPC needs to solve Nonlinear Programs (NLP)

Continuous Time NMPC Problem Discretized NMPC Problem (an NLP)

T : N-1
(nglin( | / L(z,u)dt + E(z(T)) in > k=0 PL(Tk, 2k, ur) + E(2N)
x(-),u(: 0 ”
if
#(t) = F(x(t), ult)) Tp1 = O (zk, 2k, up)
0= q)?lg(xk‘a 2k Uk;)
0> h(x(t)7u(t))7 te [O7T] 0> (I)h(xkazkauk)a k= 07 s 7N_1
0>r(x(T)) 0>r(zy)
Assume smooth convex L, E. h,r. Again, smooth convex ®;, E, o, .
Nonlinear f makes problem nonconvex. Variables = (zg,...) and z = (2, ...) and
Direct methods discretize, then optimize. u = (ug,...,un_1) can be summarized in
E.g. collocation or multiple shooting. vector w € R™w .
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Nonlinear Programs (NLP) with Convex Structure

Newton-type methods generate a sequence wg, w1, ws, ... by linearizing and solving convex
subproblems. E.g., sequential convex programming (SCP) linearizes nonconvex constraints.

Summarized NLP

SCP subproblem at linearization point w;

0 J ' ,
Jmin - J(w) wi1 € arg min J(w)
st. 0= F(w) s.t. 0= Fp(w;w;)
0> H(w) 0> H(w)
Still assume smooth convex J, H. First order Taylor series:
Nonlinear ' makes problem nonconvex. Fi(w;w;) := F(w;) + g—F(wi)(w — w;)

Works extremely well for mildly nonlinear F', also in microsecond NMPC [cf. Zanelli 2021, Lekic
2020, Hausberger 2020]

But what if there is significant nonconvex structure in the NLP 7
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Nonlinear Optimal Control often used for Model Predictive Control (MPC)

One widely used nonlinear MPC package is acados [Verscheuren et al. 2021]

o ] ) Paper: https://ieeexplore.ieee.org/abstract/document/9805699
Example 1: Autonomous Driving (in Freiburg) Example 2: Quadrotor Racing (U Zurich, Scaramuzza)
Video: https://www.youtube.com/watch?v=zBVpx3bgIl6E
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Time-Optimal Online Replanning for Agile
Quadrotor Flight

Angel Romero ™, Robert Penicka ™, and Davide Scaramuzza

Abstract—1In this letter, f flying a quadro-
tor using time-optimal control policies that can be replanned online

turbances. This problem is challenging as the time-optimal trajec-
tories that consider the full quadrotor dynamics are computation-
ally expensive to generate, on the order of minutes or even hours.
We introduce a sampling-based method for efficient generation of
time-optimal paths of a point-mass model. These paths are then
tracked using a Model Predictive Contouring Control approach
that considers the full quadrotor dynamics and the single rotor
thrust limits. Our combined approach is able to run in real-time,
being the first time-optimal method that is able to adapt to changes
on-the-fly. We showcase our approach’s adaption capabilities by
flying a quadrotor at more than 60 km/h in a racing track where
gates are moving. Additionally, we show that our online replanning
approach can cope with strong disturbances caused by winds of up

to 68 km/h.
Index Te Aerial systems: Applications, integrated planning
and control, motion and path planning. Fig. 1. The proposed algorithm is able to adapt on-the-fly when encountering
unknown disturbances. In the figure we show a quadrotor platform flying at
speeds of more than 60 kmv/h. Thanks to our online replanning method, the
SUPPLEMENTARY MATERIAL ﬁ;‘:?:b;:“ adapt to wind disturbances of up to 68 knvh while flying as fast as

Video of the experiments: htps://youtu.be/zBVpx3bgl6E

A. Implementation Details

In order to deploy our MPCC controller, (4) needs to be solved
in real-time. To this end, we have implemented our optimization
problem using acados [24] as a code generation tool, in contrast
to [6], where its previous version, ACADO [25] was used. It is
important to note that for consistency, the optimization problem
that is solved online is written in (4) and is exactly the same as
in [6]. The main benefit of using acados is that it provides an
interface to HPIPM (High Performance Interior Point Method)
solver [26]. HPIPM solves optimization problems using BLAS-
FEO [27], a linear algebra library specifically designed for

Latest acados development:
differentiable nonlinear MPC via adjoint approach [Frey et al. 2026, Neurips]
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Dynamic Optimization Problem in NMPC

N-—1
111%111511%12e ; i(@ u;)  +  E(an)
subject to 0 @ = 0,
riv1 — filzi,zi,uy)) = 0, i=0,...,N—1
g,(ay ziou;)) = 0, i=0,...,N—1
hi(xi, zi,u;) < 0, 1=0,...,N—1
r(xy) < 0.

Structured parametric Nonlinear Program
Initial Value 7z, usually not known beforehand (“online data” in MPC)

Discrete time dynamics often come from ODE/DAE simulation, in direct multiple
shooting method [Bock and Plitt, 1984]



Dynamic Optimization Problem in NMPC

N—-1
minimize Z Li(xi, zi,ui) +  E(zn)
r, 2, U 0
subject to 0 @ = 0,
Zl?i+1—f,j(17iq21'.ui) = O? Z:Oq...?l\f—l
gi(zi ziu;) = 0, i1=0,...,N—1
hi(xi, zi,u;) < 0, 1=0,...,N—1
r (ZLN) < 0.
Summarize as .
minimize ¢(w)
weR™?
subject to g(w) + A@ 0
w € ()

with convex ¢ ind 0



Nonlinear MPC = parametric Nonlinear Programming

Solution manifold is piecewise differentiable (kinks at active set changes)

NLP sensitivity

™~

Critical regions are non-polyhedral

L0

How to deal with a 2
sequence of large
parameter changes? 1

NLP Pathfollowing




Sequential Convex Programming (SCP)
and Real-Time lteration (RTI)

minimize
weR™

¢(w)

subject to g(w) + MZg =10

w € )

—

minimize o(w)

subject to  g(wg) + g'(wk) (w — wg) + M - (To)k+1 =0
w € ()

Repeat each sampling instant k two steps:

Step 1: Linearize nonlinear constraints at W > obtain convex problem (right).
(numerical integrations, nonlinear function and derivative evaluations)

Step 2: Obtain new value of parameter - 1d solve convex problem to
obtain new iterate

Wk41

(Zo)k

. + .
ladratic prograrm solution)

[D., Bock, Schloeder, Findeisen, Nagy, Allgower, JPC, 2002]
[Zavala, Anitescu, SICON, 2010]
[Tran Dinh, Savorgnan, D., SIOPT, 2013]



minimize o(w)

Real-Time Iteration subject to g(w) + Mg = 0

w € )

A approximationby -
linearisation (at 1) .~ 3

exact solution
manifold

-
-
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-
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-
-
-
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-
-
-

.
~—o
e
-~
S

“kink” at active set change —

Tangential prediction even across active set changes
Can divide computations in “preparation” and “feedback phase” [D. 2001]



Real-Time Iterations [PhD Diehl 2001, Heidelberg]

1) Keep states in problem - use direct multiple shooting (1]
2) Exploit convexity via Generalized Gauss-Newton 2]

3) Use tangential predictors for short feedback delay s
4) Iterate while problem changes (Real-Time Iterations) (4]
5) Auto-generate custom solvers in plain-C [5,6,7] (no malioc)

[1] Bock & PIlitt, IFAC WC, 1984

[2] Bock 1983

[3] Bock, D. et al, 1999

[4] D. et al., 2002 / 2005

[5] Mattingley & Boyd, 2009

[6] Houska et al.: Automatica, 2011

[7] Verschueren et al.: Math.Prog. C, 2022

M. Diehl 12



Also see MPC textbook, Ch. 8 on “Numerical Optimal Control”
(2nd edition, fourth printing, 618 pages, Nob Hill 2022)

M. Diehl 13



Computations in one Real-Time lteration (RTI)
NLP

N-1
minimize Z Li(zi,zi,wi)  +  E(an)
X, 2, U

’ i=0
subject to 20 = 0,
Tit1 — filzi, zi,ui)) = 0, i=0,...,N—1
gi(zi,zi,u;) = 0, i=0,...,N—1
hi(xi, zi,u;) < 0, 1=0,...,] N —1 . . . .
ry) < 0. 1) Linearize constraints: Integration

& sensitivities
Sparse Quadratic Program (QP)

N—1
minimize Z Lycaqp,i(zi, u;) + Eqp (zn)
T, U o

subject t @ = 0, -
PHbJEek 10 0 o i 2) Solve sparse QP either
l’i_|_1—Ci—Ai.Tj,—Bin = 0, LZO,...,N —1, . .
hit Howt Hui < 0. i=0.. N-—1 - via condensing, or
¥ +Rey < 0. |:> - via a Riccati type algorithm, or

- via a combination of both
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N-1
minimize Z Li(zi,zi,wi)  +  E(an)
X, 2, U

’ i=0
subject to 20 = 0,
Tit1 — filzi, zi,ui)) = 0, i=0,...,N—1
gi(zi,zi,u;) = 0, i=0,...,N—1
hi(xi, zi,u;) < 0, 1=0,...,] N —1 . . . .
ry) < 0. 1) Linearize constraints: Integration

& sensitivities
Sparse Quadratic Program (QP)

N—1
minimize Z Lycaqp,i(zi, u;) + Eqp (zn)
T, U o

subject t @ = 0, -
PHbJEek 10 0 o i 2) Solve sparse QP either
l’i_|_1—Ci—Ai.Tj,—Bin = 0, LZO,...,N —1, . .
Bt Hews+ Hus < 0. i=0,... N1, - via condensing, or
¥ +Rey < 0. |:> - via a Riccati type algorithm, or

- via a combination of both



OCP-QP Progress 2012-2016

- partial condensing (proposed by Daniel Axehill, Linkdping) combines
advantages of condensing and Riccati recursion and further boost performance
of HPMPC (by G. Frison, DTU/Freiburg)

Worst case CPU time in closed-loop

——qpOASES CN?3

120+ ——FORCES

qpOASES CN?

| | |—e—qpDUNES

00 —o—HPMPC
HPMPC Bj;

96% reduction
for N=100

Gianluca Frison

-0

20 40 60 80 100
Prediction horizon N



minimize o(w)

Real-Time lteration Contraction subject to g(w) + Mo = 0
w €

Regard primal dual iterates 2z = (wg, \k)

and exact solutions ZZ olving the full nonconvex problem for (g—;o)k

Iterations are driven by parameter changes AZox = (T0)kt1 — (To)k

We can establish a contraction estimate for the primal dual errors:

lzkr1 =25l < (erteallze—2g ) [l2a =24 | + (catcal| AZol]) |AZo k|

Contraction rate depends on bounds on nonlinearity, Jacobian error, and on strong
regularity constant.

Contraction rate is independent of active set changes.
[Tran Dinh, Savorgnan, Diehl, SIOPT, 2013]
[Zanelli, Tran Dinh, Diehl, Automatica, 2021]



Computations in one Real-Time lteration

NLP
minimize Z Li(zi, zi,us)  + E(an)
T, Z,U i=0
subject to ro@ = 0,
Tit1 — filzi, zi,ui)) = 0, i=0,...,N—1
giws,ziws) = 0, =0, N =1 1) Linearize constraints: Integration
helen zow) <0, =0, N -1 & sensitivities
r(zy) < O.
Sparse QP

milalirgize Z Licagr.i(zi;ui)  +  Eqp (¥n)

subject t : = 0,
PHbJEek 10 o | 2) Condense sparse QP
Ti+1 — € —Aﬂ?i —Biui = 0, (2 *0....,1\7— 1
iil,i—}—glfl'a‘/i—{—ﬁglui < 0, Z—O....,A‘Y—l
r + Rxny < 0.

Condensed small QP

3) Solve condensed QP

mini&nize fcondQP,i(ﬂl_?o,u)

subject to 7+ R“f R'w < 0. :>




Computations in one Real-Time lter

Can prepare without knowing
“Preparation phase”

x(

1) Linearize constraints: Integration
& sensitivities

NLP
N—1
m:irzl,lizn,lbze ; Li(zi, zi,ui)  +  Ef(an)
subject to 20 @ = 0,
vip1 — filxi, zi,w) = 0, i=0,...,N—1,
gi(zi,zi,u;)) = 0, i=0,....,N—1,
hi(zi, zi,u;)) < 0, i=0,...,N—1
rzy) < 0.
Sparse QP
N—1
minimize ; Licaqp.i(wiui)  +  Eqp (zn)
subject to 20 = 0,
Tig1—¢ —Axi—Biu; = 0, 1=0,...,N—1,
hi+Hfo;+H'u; < 0, i=0,...,N—1,
" + Rey < 0.

2) Condense sparse QP

Condensed small QP

fcondQP,i (1_70, U)

7+ R“f R'u < 0.

minimize
U

subject to

3) Solve condensed QP

—



Computations in one Real-Time lteration

NLP
N-—1
inimize L'i Ly Ziy Us + E TN
mgg?hze ; ( ) (zn)
subject to 20 @ = 0,

:l?i+1—f11([[‘,;,zi,ui) = O, 1= ...‘,N—l
gi(wi,ziu;)) = 0, i=0,...,N—1
hi(zi, zi,u;)) < 0, i=0,...,N—1

rzy) < 0.
Sparse QP
N—1
migirﬁize Z LredQP.i(l’i, u;) + Eqp (xn)
2 i=0
subject to 20 = 0,
ZI?i+1—Ci—Ai1?i—Biui = 0, 1= y .,N—l,
lfzi—&—I:I;lf:rti—e—I:IZ‘ui < 0, 71=0,...,N—1,
" + Rey < 0.
Condensed small QP
minimize  JfeondQP.i(Zo, u)
U
subject to F+ R‘” R'w < 0.

1) Linearize constraints: Integration
& sensitivities

2) Condense sparse QP

“Feedback phase”
3) Solve condensed QP



Nonlinear Model Predictive Control of Furuta Pendulum with acados

(by Prof. Dr. Jorg Fischer, HS Offenburg, on an embedded Cortex-M7 platform, in Feb 2026)

ntroller board

Pendulum iver (PWM)

Motor

NMPC parameters
» Control cycletime:  12ms
» uController board: (STM32 NUCLEO-H745ZI) b Integrator: Explicit RKA with 4 steps
» Prototyping-Board by STMicroelectronics b Prediction horizon: 200 ms
» Dual-core MCU:
b Cortex:M7 (480 MHz) » Control Intervals: 10
» Control constraints: & =+10V
» Cortex-M4 (240 MHz) u=—10V
> 1LMBRAM » State constraints: None
» 2MBFlash » NLP-solver: SQP - RTI
» On-board ST-LINK for programming and debugging (with separate preparation
» Widely used STM32Cube ecosystem &feedback phases)
» Costs ~ 30 EUR » QP-solver: Full condensing HPIPM

v

Hessian: Exact with regularization (Mirror)




Experimental Validation of the Benefit of Separating Preparation and Feedback

Phase (on Furuta pendulum, by J. Fischer)

Swing-up with / without seperate preparation & feedback phases

6 N
» Control cycle time: P1 ig 4+ seperated phases e ———
ra L {annennans ingle ph & -
12 ms g single p ‘a‘bse | |
: 0 1 5 6
» RTI preparation phase: )
9ms...10ms w1 m
rad/s 0 a7 : i
» RTIfeedback phase: 20 1‘ , - , . .
500 ps ... 1,5 ms =
: P2 in (1)_
» Time from sensor read rad b \
g -3 1 ! Rt = —
t105motorv20[tage applied: 0 1 ) 3 A a 5
5mMs...2ms
woy in 201
rad/s O
-20 !
» Short measurement 0 1
. . 10 \
p.ropagann time uin
gives robustness \%
-10 l




*** Advanced-Step Real-Time lteration (AS-RTI) ***

[Nurkanovic et al. 2020]

N-—-1
IIlj[}liInlilze Z Li(wi,zi,ui)  + E(zn)
biect to w @) = o 1) Linearize constraints:
Fiot— fileosou) = 0, i=0,.N-1, Integration & sensitivities
gi(.??i,”i,lli) = 0, 7‘:0“”’_]\771
hi(zi, zi,u;) < 0, i=0,...,N—1
r(zy) < 0.
Sparse QP

2) Condense sparse QP

N1
minimize E Licaqpi(zi,ui))  +  Eqp (xn)
r,u 3
) -0

’subje(tt tg T = 0,
Ti41 — Cf — A,‘,Cl?j — B,ul = 0, 1=0,..., N -1
fzi+Hfzpi+Hi“ui < 0, i=0,..., N -1
¥ + Rey < 0.
Condensed small QP (feedback) 3) Solve condensed QP for

current state

mini&nize feondqp,i(Zo, u)

subiect t F 4+ R™ R'uw < 0. i
subject to '“ " > 4) Solve condensed QP again
Condensed small QP (predicted state) for predicted next state, for

Feondayp.i(To, 1) NLP initialisation

+R"@o) R"u < 0.

minimize
U

=l

subject to




Overview

Optimization with Complementarity Constraints: Embracing the Nonconvex
Finite Elements with Switch Detection (FESD)
Time Freezing for State Dependent Jumps

Three Step Decomposition for Discrete Actuators

NMPC with jumps and discrete actuators Moritz Diehl 10



Non-Smooth Dynamics (NSD) - Informal Classification

Regard ordinary differential equation (ODE) with non-smooth right hand side (RHS).
Distinguish three cases:

NSD1: non-differentiable RHS, e.g. & =1+ |z

NSD2: state dependent (”internal”) switch of RHS, e.g. & = 2 — sign(z)

(similar but different: external switch by discrete actuator)

.~ . - NSD3: state dependent jump, e.g. z(ty+) =3+ x(t_)

NMPC with jumps and discrete actuators Moritz Diehl



NSD2 Systems - State Dependent Switches

Regard discontinuous right hand side, piecewise smooth on disjoint open regions R; C R"=

Discontinuous ODE (NSD2)

i: fi(x,’u,), lfLU € Ri,
ie{l,...,m}

Numerical aims:
1. exactly detect switching times

2. obtain exact sensitivities across regions

NMPC with jumps and discrete actuators Moritz Diehl 12



NSD2 Systems - State Dependent Switches

Regard discontinuous right hand side, piecewise smooth on disjoint open regions R; C R"=

Discontinuous ODE (NSD2)

i: fi(x,’u,), lf.fU € Ri,
ie{l,...,m}

Numerical aims:
1. exactly detect switching times

2. obtain exact sensitivities across regions

3. appropriately treat evolution on boundaries
(sliding mode — Filippov convexification)

NMPC with jumps and discrete actuators Moritz Diehl 12




Filippov Convexification

Dynamics not yet well-defined on region boundaries OR;. ldea by A.F. Filippov (1923-2006):
replace ODE by differential inclusion, using convex combination of neighboring vector fields.

Filippov Differential Inclusion

GZZO, z:l,...m,
0;=0, fz¢ R |

» for interior points z € R; nothing changes: Fp(z,u) = {fi(x,u)}

> Provides meaningful generalization on region boundaries.
E.g. on R1 N Ry both #; and 65 can be nonzero

NMPC with jumps and discrete actuators Moritz Diehl 13



How to compute convex multipliers 67

Assume sets R; given by [cf. Stewart, 1990]

R, = {z € R"|g;(z) < minj; g;(x) }

Linear program (LP) Representation

T = Z fi(z,u) 07 with
i=1

m

0 ' ()6,
€ arg min ;g () 6;
S.t. Z 97, =1 92 [} < g2 02 g2 < g1 92 91 = 92
—il ~ ”
0> 0. 0, 01 61

NMPC with jumps and discrete actuators Moritz Diehl 14



From Filippov to dynamic complementarity systems

Using the KKT conditions of the parametric LP

LP representation

Dynamic Complementarity System (DCS)

T = F(x,u) 0"
= F(x,u)0 (1a)
with 0" € argmin z)' 0
remin g(o) 0= g(x) — A — ep (1b)
st. 0<46 0<6LA>0 (1c)
1=e'6 l1=¢'0 (1d)

» 1 € R and A € R™ are Lagrange multipliers
F(z,u) = [fiz,u), ..., fm(z,w)] € R™ ™ » (1c) & min{h, A} = 0 € R™

9(x) =[g1(x),...,gm(z)]" €R™ » Together, (1b), (1c), (1d) determine the
e=[1,1,...,1T eR™ (2m + 1) variables 6, A, i uniquely

NMPC with jumps and discrete actuators Moritz Diehl 15




Conventional Discretization by Implicit Runge Kutta (IRK) Method

Continuous time DCS Discrete time IRK-DCS equation

513(0) = Zo, 20,0 = L0, Tk+1,0= Tk, T hZZzl bnvk‘,n
o(t) = v(t) Tk =Tko+h>, 1 GinVkn
v(t) = F(x(t),u(t)) 0(t) Vi = F(xk j, uk ;) Ok
0=g(x(t)) — A(t) — epu(t) 0=9(@k,;) = Ae,j — €hin,;
0 < O(t) L A(£) >0 0 < By L Ay 20
1=e'0(t), te[0,T] l=e¢'0y;, j=1,....,s, k=0,...,N—1

Notation: zj , € R"*, 0, € R™ etc. with:
» k€{0,1,..., N} - index of integration step;  step length h:=T/N
> j,n € {0,1,...,s} - index of intermediate IRK stage / collocation point

> a;n and b, - Butcher tableau entries of Implicit Runge Kutta method

NMPC with jumps and discrete actuators Moritz Diehl 16



Conventional Collocation - lllustrative Example

Regard example with 2 € R? and Solve with IRK Radau 1A method of order 7,
constants a, k,c > 0: s=4, N=5 T=0.5, h=0.1.

i {fl(a:), x1 >0,

fa(x), 1 <O.
X9 X2
fi(z) = , fo(z) =
—a —kx1 — cxo _
gl(x) = — 1,
g2(x) = 11
To=1[0.5,0]"

Moritz Diehl

NMPC with jumps and discrete actuators



Conventional Collocation - lllustrative Example

Zoom in

0 0.1 0.2 0.3 0.4 0.5 026 0.28 0.3 032 034 036 038 0.4 0.42
t t

High integration accuracy of 7th order IRK method is lost in fourth time step.
Reason: we try to approximate a non-smooth function by a (smooth) polynomial.

Question: could we ensure that switches happen only at element boundaries?
— Finite Elements with Switch Detection (FESD)

NMPC with jumps and discrete actuators Moritz Diehl 18




Finite Elements with Switch Detection (FESD)

PhD work of A. Nurkanovic, to be submitted

FESD is a novel DCS discretization method based on three ideas:
» make stepsizes h; free, ensure Ziv:_ol hi =T [cf. Baumrucker & Biegler 2009]
» allow switches only at element boundaries, enforce via cross-complementarities

» remove spurious degrees of freedom via step equilibration

SE R B e
Ar i : i u(® ! p 4l : i : x,zt; I
o I o2(®) I I "
= Sast | | :::;‘x; A = s : : 7779%&5»} s Time
8 d | | | Switching Tnlnc 5 ! ! | witching | ime
2L 1 I 2 I | I
I I I | | | I
| I I | | I | I
251 | I I | 1 2.5 | I | |
I I | | | I | |
N I / | I I I
- [ | — 1 3 | | 1 1
Ll . . l s k { . A l
conventional variable stepsizes and FESD discretization
discretization cross-complementarities with step equilibration
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Conventional DCS and FESD discretization without step equilibration

Conventional discretization FESD discretization without step equilibration

zoo = &y, h=T/N 200 =0, >opg b =T
Th+1,0 = Tho + LD 0 1 bnUk.n Th41,0 = Tho + M Doy —1 bnUkm
Bl = B A 10Dy, @i Ui Thj = Tho + Pk Dor—1 GjnVkn
Vk,j = F(@k 5, uk 5) Ok vg,; = F(Zk, 5, Uk,j) Ok, ;
0=g(xr,j) — Akj — elik,j 0= g(zk,j1) — Ak,jr — elik,jr
0<0k; LAy;=0 0< 0k L A\gj» >0 (cross-complementarities)
1=e'b; 1=c'0y,;
fory=1,...,s for 7=1,...,s and k£=0,...,N—1
and k=0,...,N —1 and j'=0,1,...,s
» NN extra variables (hg,...,hny_1) restricted by one extra equality

» additional multipliers Ay o, (i, 0 are uniquely determined

NMPC with jumps and discrete actuators Moritz Diehl 20



Conventional DCS and FESD discretization

Conventional discretization FESD discretization

Zoo =&y, h=T/N 200 = T0, Y peg bk =T
Tht1,0 = Tho + R 1 bnVkn Tht1,0 = ko + hie D1 bnVk
Tk,j = Tk,0 + D 22:1 AjnVk,n Tkj = Tk,0 + Pk Zizl AjnVkn
Vk,; = F(Tg,5, Uk,j) Or, 5 vk,; = F (x5, u,j) Ok, j
0 = g(zk,j) — Ak,j — elir,j 0= g(xk,jr) — Ak,jo — ek,
0<6k; LA,;>0 0< 6 ; L Apjs >0 (cross-complementarities)
l=¢c'0y,; l=ec'0,;
0=v(Ok, Ok +1, \rs Ar41) - (hay —higr 1)
forj=1,...,s for j=1,...,s and k=0,...,N—1
and £k=0,...,N —1 and j'=0,1,...,s and kK =0,...,N—2
» N extra FESD variables (hg,...,hny_1) now locally uniquely determined by N constraints

» "Nurkanovic's indicator function” v(0x, 0k 41, Ak, Akr+1) only zero if a switch occurs

NMPC with jumps and discrete actuators Moritz Diehl 21



Multipliers in Conventional and FESD Discretization

Conventional Collocation: FESD Discretization:

[ T T T T -
1 | I |

|
— |
= 05F I I I e
Az
| | |
| | | |
| | | |
0 1 1 1 1 I
0 0.1 0.2 0.3 0.4 0.5
t
1 1 i i 1 | ] T T " 1 ]
| | | | I I I
[ | | | — | | | —
—2
— | | | | | | | —t
=05 | | | | | Tos I I I | 4
| | | | | | | | |
| | | | | I I I |
0 | | | | | | | | |
I I I L 1 0 1 1 ‘ 1 T ]
0 01 02 03 04 05 0 0.1 02 03 04 05
t t

FESD's cross-complementarities exploit the fact that the multiplier A;(¢) is continuous in time.
On boundary, \;(tx) must be zero if 6;(t) > 0 for any ¢t € [t;x_1,tx11] on the adjacent intervals.
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Numerical simulation example: unstable switched oscillator

Regard an unstable non-smooth oscillator 2 //’\\ f
_ Az, c(x) <0 i / /\\ \
x(t) = ’ ’ 08 (
Q {Agx, c(x) > 0, ¢ o AR ()

N |
with ok ~ |

1 w 1 —w R ‘ ‘ | ‘

Al — ) A2 = , 2 -1 -7(5)1 1 2

—w w 1

clx) =a2+22 -1, w=2m, 2(0)=[e" ' 0]"
For ¢t € [0,2], we have

z(2) =1[e0]".

151

2 I I I I I I I I I
0 0.2 04 06 08 1 1.2 1.4 1.6 1.8 2
t
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FESD recovers high integration order for switched systems

Conventional Collocation: FESD Discretization:

100 F " D
—©— Implicit Euler
—&— IRK Radau 3
IRK Radau 5
—©— IRK Radau 7
—6— IRK Radau 9
( \(
. 108 f D
a a
S S
—6— Implicit Euler
0 —6— IRK Radau 3 o
10710 | IRK Radau 5 | 7 10710 | ;
—6— IRK Radau 7
—&—IRK Radau 9
1 1 1 1
102 108 102 108
M

M
Integration error E(T') at time T = 2 vs. total number M = s N of collocation points, for

different Radau I[IA methods.

FESD discretization delivers versatile MPCC formulation with high integration order

24

NMPC with jumps and discrete actuators Moritz Diehl



Regard the following OCP

4
min / w(t) Tu(t)dt
0ut) Jo

s.t. z(0) =(2,1),

&(t) € —sign(z(t)) +u(t), t € [0,4],

—2ey < u(t) < 2eq, t €[0,4],
z(4) = (—-1,—-0.5).

1.5
|
05 /
g 0
0.5 /
1
1.5 L s L
-2 1.5 -1 0.5 0 0.5 1 1.5 2

NMPC with jumps and discrete actuators

Moritz Diehl
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True switches

z1(t)
(1)
1 1 1 1 1 1
0.5 1 1.5 2 25 3.5
t
uy ()
uy(t
1 1 1 1 1
0.5 1 1.5 2 25 3.5
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e
N

Step size over time:

potentially playing with integration errors.
Moritz Diehl
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Optimizer varies step size randomly
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Nurkanovic's indicator function over time:
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Nurkanovic's indicator function over time:
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Overview

Optimization with Complementarity Constraints: Embracing the Nonconvex
Finite Elements with Switch Detection (FESD)
Time Freezing for State Dependent Jumps

Three Step Decomposition for Discrete Actuators
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Non-Smooth Dynamics (NSD) - Informal Classification

Regard ordinary differential equation (ODE) with non-smooth right hand side (RHS).
Distinguish three cases:

NSD1: non-differentiable RHS, e.g. & =1+ |z

NSD2: state dependent ("internal”) switch of RHS, e.g. & = 2 — sign(x)

(similar but different: external switch by discrete actuator)

NSD3: state dependent jump, e.g. x(ty) =3+ z(t_)

' 2 7 A A A
= Lo — — LA — <A
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NSD3 State Jump Example: Bouncing Ball

Bouncing ball with state z = (y, v): Phase plot of bouncing ball trajectory:
muv = —mg, if y >0
51
v(tT) = —-0.9v(t7), ifyt—)=0andv(t”) <0 .|
sl
Time plot of bouncing ball trajectory: gl 0
oL
° N == ot ¢
— 4L
€ 2
§ 0 3 CE(tf)
4+
5 : : : : : : : : : ot
"0 02 04 06 08 1 12 14 16 18 2 1.5 -1 -0.5 0 0.5 1
t q!/

Question: could we transform NSD3 systems into (easier) NSD2 systems?

NMPC with jumps and discrete actuators Moritz Diehl 30




Three ideas:

1. mimic state jump by auxiliary dynamic system & = (x) on prohibited region

2. introduce a clock state t(7) that stops counting when the auxiliary system is active

3. adapt speed of time, g—i = s with s > 1, and impose terminal constraint t(7) =T

NMPC with jumps and discrete actuators Moritz Diehl 31




The time-freezing reformulation

Augmented state (z,t) € R"™! evolves in

numerical time 7. A
nonsmooth, of NSD2

p
S [
d |z

ugmented system is
type:

f(x)

) ], if c¢(z)>0

» During normal times, system and clock

state evolve with

» Auxiliary system
jump while time

NMPC with jumps and discrete actuators

adapted speed s > 1.

9 — o(x) mimics state
is frozen, g—t = 0.
T

Moritz Diehl
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Time-freezing for bouncing ball example

12 T T
10F . E
4 =S
} O
=
8t ]
£
g 6 ) 7 [numerical time]
z
‘&‘ T T T T T
= 4r 7 10-\ B
g, ]
2r Virtual time =
=
10k y(®) | ]
0 1 1 ,U(t)
B S . . 10 15 0 2 4 6 8 10 12
7 [numerical time] t [physical time]
Evolution of physical time (clock state)
during augmented system simulation We can recover the true solution by plotting
(s=1). x(1) vs. t(7) and disregarding " frozen pieces” .
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A Tracking NMPC Example with Time-Freezing and FESD

Regard bouncing ball in two dimensions driven by bounded force: ¢ = u

1 e TS
// \\
7 N\
4 \
05 ¢ A "
/ \
/ \
I
of |
\ I
\ /
¥\ /
05 . //
N /
\\\ -
At ~—_ -
15 -1 05 0 0.5 1 15

» augmented state
= (¢, 4,t) ER®
» m = 9 regions (8 with auxiliary
dynamics for state jumps)

NMPC with jumps and discrete actuators

min

z(.)u(.),s(.),

0(.),A0)m()

S.t.

Qref (7_) =

Moritz Diehl

/0 (4 — 4ret(1)) T (q — duet(7)) s(7) dr

x(0) = xo,

m

0=g(z (T))
0<A(r) L0(r) =0,
L=e'0(r),
lu(m)]12 < Upax:

1 <5(7) < Smax, T € [0,T].

A(T) — p(7)e,

(Rcos(wt(r)), Rsin(wt(1))).
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Results with slowly moving reference

For w = m, tracking is easy: no jumps occur in optimal solution.

» Regard time horizon of two periods

q(t)

» N = 25 equidistant control intervals

» use FESD with Nggsp = 3 finite elements
with Radau 3 on each control interval

» each FESD interval has one constant ¥
control u and one speed of time s

» MPCC solved via /,, penalty
reformulation and homotopy

u(t)

» For homotopy convergence: in total 4
NLPs solved with IPOPT via CasADi

States and controls in physical time.
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Results with slowly moving reference - Movie

For w = m, tracking is easy: no jumps occur in optimal solution.

0.5 / N i

05 =

a4+ e =

-1.5 -1 -0.5 0 0.5 1 1.5
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Results with fast reference

For w = 27, tracking is only possible if ball bounces against walls.

q(t)

vy ()
vy(7) i 5F

_ 20 L | e _ 20 |_|_|_|_|;
X ok e < ok () :
[l uy(t)
-20 5 _20 E 1 1 1 1 1 1 1 T H/u(t).H ]
0 of2 0?4 0?6 ofs 1| 1.|2 1.I4 1.|6 1.8 2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
States and controls in numerical time. States and controls in physical time time.
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Results with fast reference - Movie

For w = 27, tracking is only possible if ball bounces against walls.

05 / AR B / )
/ 05| / : 4
] \
f
1 \
)
“In I ! T J !
I f o | | 4
| |
l
)
\
05 . -
05| : il
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Homotopy: first iteration vs converged solution

Geometric trajectory

2 T T T T T T T T T 2 T T T T T T T T T
15¢ 1 15¢ 1
A |
1r 1 1r 1
05 N 05 N
S 0f 4 > 7 S 0f = T 7
-0.5 N -0.5 N
10 < 1 1 1
[ ]
157 1 157 il
2 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1 1 1 1
2.5 2 1.5 1 0.5 0 0.5 1 1.5 2 25 -2.5 -2 1.5 -1 0.5 0 0.5 1 1.5 2 25
After the first homotopy iteration The solution trajectory after convergence
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Hopping Robot - move with minimal effort from start to end position

Homotopy initialized with start position everywhere. Optimizer finds creative soluton. Not with FESD vyet.

0 -

-0.5 0 0.5 1l 1L15) 2

NMPC with jumps and discrete actuators Moritz Diehl 41



Optimal drone control:
liftting a mass on a tether with ground contacts

Open-loop OCP,t=0.00 s

1.5

0.5
e

" A X
-0.5 -

1.5

0.5 " 0.5

1.5 A"
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Optimal Control of Collaborative Manipulation

t=0.00s

1.5

™0

0.5

-1.5 -1 -0.5

1.5




Real-World Application: Assembly Robots at Siemens in Munich (NSD3 4

Christian Dietz
(MSc Mathematics)
industrial PhD
student at University
of Freiburg,
supervised by Armin
Nurkanovic,
Sebastian Albrecht,
and MD




Dream: Use Optimal Control to Move Robot to Desired End Position
(simulated solution of optimal control problem, L2-control penalty)




Dream: Use Optimal Control to Move Robot to Desired End Position
(experiment)




Dream: Use Optimal Control to Move Robot to Desired End Position
(experiment)




|dea: robustify motions by optimizing several reference trajectories
simultaneously




Robust Optimal Control Solution (5 scenarios)
(simulation)




Robust Optimal Control Solution (5 scenarios)
(experiment)




Open Loop Robustified Fan Assembly (by C. Dietz at Siemens)




Overview

Optimization with Complementarity Constraints: Embracing the Nonconvex
Finite Elements with Switch Detection (FESD)

Time Freezing for State Dependent Jumps

Three Step Decomposition for Discrete Actuators
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Mixed Integer Optimal Control Problem with Binary Inputs b(t)

Formulated in outer convexified form. Can equivalently be formulated with complementarity constraints.

T

minimize L(z,u,b,s) dt + M (x(T 2a
| minimize / (@..b,5) di + M (2(T)) (22
subject to x(0) = Zg (2b)

dz : =
E :izzlbi'fi(a?,u,C), ?:Zlbz(t) = 1, (2C)
bi(t) € {0,1} | < 0<bi(t) LA =bi(t)=0] fori=1,...m, (2d)
—3—|—r1§r(x,u,b,c) < 7ry+s, for t € [O,T] (2e)
( 4 additional combinatorial constraints) (2f)

x(t): states, u(t): continuous controls, b(t): binary controls, s(t): slack variables

c(t): time-varying parameters, f: system dynamics, r < r < r,: path constraints

Discretize to obtain MINLP. Global solution usually prohibitive (cf. Ruth Misener’s plenary).
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Three step decomposition for fast approximate MIOCP solution

Combinatorial Integral Approximation (CIA)!

1. Solve relaxed NLP with b(t) € [0, 1]™ to obtain relaxed solution b*(t) for ¢t € [0, T].
2. Solve minimum distance problem to find binary trajectory b**(-) closest to b*(-).
3. Solve an NLP where the binary controls are fixed to b**(¢), to adjust z(-) and wu(-).

Distance function in Step 2 is the " CIA distance” which measures the maximum of the integral
of the difference of the trajectories. Fast tailored solvers for this special problem —an MILP —
exist, e.g. in the python package pycombina [Biirger 2019].

]'S. Sager, M. Jung, and C. Kirches: Combinatorial Integral Approximation, Mathematical Methods of Operations Research, vol. 73, no. 3, pp. 363-380, 2011.
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NMPC for a solar thermal test plant

at Karlsruhe University of Applied Sciences, with two discrete actuators

Vacuum tube collectors (roof)
Recooling unit (roof) Ambient sensors (roof)

NMPC with jumps and discrete actuators Moritz Diehl 46



Control-oriented modeling

Schematic depiction of the system model

A .
m
Cz—its,l le
Tie
Tits,?

Recooling
tower
o=
I Tvtsc Tvtsc,s
Primary

I\ solar circuit RT heat
‘ Ppsc exchanger
Tshx,psc ------------ . b

& : fc
| | | »~ ThtS 1 <>_> N 4_@
T o NN
T 0,hts,m i,hts,m IS \ ---- N
shx,ssc Thiso Mac ht \\\ \\ Mac,lt
” I\/I'ELCIH ]
Secondary \\\ M 1t
solar circuit & &

T, i 3 \ N\ T. 1

- Thtsﬂlhts : ac,ht N ac,lt

Msse p Mo hts,b M hts,b ch,lt

s HT storage Adsorption cooling machine

Nonlinear switched system ODE model with n, = 20, ny, = 2, n, = 5, and n. = 4,

NMPC with jumps and discrete actuators

ﬂt&nlts

LT storage

differentiable in all arguments within the domain of interest

Moritz Diehl
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Cooling

load
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Numerical results: Three Step CIA Decomposition

Step 1: Solution MINLP binaries relaxed Step 2: Solution CIA Step 3: Solution MINLP binaries fixed
1004 100 4
_ — Tipsc _ — Tipsc
e e
a 50 a 504
£ £
e S
0 v v v v 0 v v v v
1007 —— Thta Tht,4 1004 The.1 Tht,a
g 801 O o+
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404 404
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‘; 15 T T T T ‘; 15
g 10 YT T IR IR I NI R T T I T I I T I I I T I T I I I I IS .ﬂ_) 10
54 v v v v 54 v v v v
=101 bacm [bre -~ 107 bacm
S —— brc IS) —— br
14 T T T T 2
§ 0.51 Lod g 0.5
21O — o §
0.0 - - - - =) : e 0.0 - -
@ 0.54]
3 .
1.04 2 : 1.01
= —— Vppsc g : = —— Vppsc
s — Ve 004l : : s Ve
2 0.5 0 5 10 20 v 0.5
j"g Time (h) E
2 2
0.0 T 0.0 de T T T
_104{— _. 1.0
— —
S S Mo, s,
2 0.54 2 0.5 =
] ® LIS
n —— Pmpsc n —— Pmpsc T Pam
0.0 T u T T 0.0 T T T T
0 5 10 15 20 0 5 10 15 20
Time (h) Time (h)

(25 CPU sec) (0.02 CPU sec) (18 CPU sec)
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Experimental Results from Aug 1st, 2019

35 7
31 A
27 1
23 1
19 1

Temp. (°C)

15
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Temp. (°C)
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90 1
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Temp. (°C)

50
40

amb

- prsc -
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r 1.25

- 1.00
- 0.75
- 0.50
- 0.25
- 0.00

- Tfpsc - Tvtsc

vppSC

Pmpsc

- 1.0
- 0.8
- 0.6
- 0.4
r 0.2
— 0.0

- Tht.s,l - Thts,Z - Thts,S

Thts,4

- 1.0
0.8
- 0.6
0.4
-0.2
0.0

Wil

Sol. irrad. (kW /m?)

Oper. level ([0,1])

Oper. level ([0,1])

Every 2 minutes, a new nonlinear mixed integer optimal control problem is
solved, using a parallel real-time algorithm based on CasADi, IPOPT [Wachter
and Biegler 2006], and Pycombina [Burger et al, 2019], an implementation of
the combinatorial integral approximation (CIA) method [Sager 2009].
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Experimental Results from Aug 1st, 2019
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Every 2 minutes, a new nonlinear mixed integer optimal control problem is
solved, using a parallel real-time algorithm based on CasADi, IPOPT [Wachter

and Biegler 2006], and Pycombina [Burger et al, 2019], an implementation of
the combinatorial integral approximation (CIA) method [Sager 2009].
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Alternative to CIA Decomposition: Gauss-Newton based MIQP

[Biirger et al., Automatica, 2023]

» Derive convex Gauss-Newton-type approximation of original | _ /

= JInee(y)
MINLP from linearization at relaxed MINLP solution. o) i)
: : : : : : s | 7 Jexyyh ) -

» Solution of resulting MIQP can yield improved integer solution =< FEE e

in terms of objective and feasibility of the original MINLP. 1\\ I
> MIQP is equivalent to minimization of a distance function that 0f5

is a first order accurate approximation of the true objective. v

Original MINLP GN-MIQP from linearization at (z*, y*)

.1 I3 2 .1 x k(12 %%
ril,l;l 5 ” 1(-73,y)||2+f2(33,y) Ig;llyn 5 ||F1,L(5U>?J;33 » Y )||2+f2,L(xay;x Y )
s.t. g(z,y) <0 s.t. gr(z,y;2%,y") <0

h(z,y) =0 hy(x,y;2%,y") =0

y € L™ y € L™



Numerical results: Three Step GN-MIQP Decomposition

NMPC with jumps an

Step 1: Solution MINLP binaries relaxed

Step 2: Solution GN-MIQP

Step 3: Solution MINLP binaries fixed

1004 1004 1004
. —— Ttpsc . —— Ttpsc . —— Tfpsc
9 9 9
4 504 4 504 g 50
£ £ £
& & &
0 T T T T 0 T T T T 0 T T T T
1007 —— Tiea The 4 1007 — The1 Tht,4 1007 — The1 Tht,a
9 804 9 804 O 80
a a a
£ 60 £ 60 £ 604
© e e
401 40 40 4
25 25 25
[ — T — T
%) 20 It,1 k) 20 It,1 &) 20 It,1
g 15 g 15 g 15
£ £ £
© 10 © 10 © 10
5+ T T T T 5+ T T T T 5 T T T T
5107 b 75 10 b 75 0] bacm
=) — by =) — by o — by
= > >
g 0.5 A § 0.5 A § 0.5
il il 8
0w 2] 2]
0.0 T T T T 0.0 T T T T 0.0 T T
- 101 Ve = 101 Ve = 10 Vomse
S — Vpssc S — Vpssc S — Vpssc
g 0.54 § 0.54 § 0.51
il 8 8
n 2] wn
0.0 T T T T 0.0 T T T T 0.0 T T T T
1.04— 1.04 B nr—- — 1.01
= ) el Uy =
2 o 1) )
%05- Msse §05- } §05- )
T Minso T Minso T s
0 — Pmpsc Mac.e [ — Pmpsc Macrt ) — Pmpsc Pracnt
0.0 T T T T 0.0 T T T T 0.0 T T T T
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Time (h) Time (h) Time (h)

(25 CPU sec)

screte actuators

(130 CPU sec)

Moritz Diehl

(15 CPU sec)




Comparison of CIA and GN-MIQP Solution

O,
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GN-MIQP delivers significant feasibility improvements, at the expense of increased computational cost.
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Conclusions

» Mathematical Programs with Complementarity Constraints (MPCC) are a powerful tool to
formulate and solve nonsmooth and nonconvex optimization problems.

» Finite Elements with Switch Detection (FESD) allow highly accurate simulation and
optimal control for switched systems of level NSD2.

» Time-Freezing allows us to transform systems with state jumps of level NSD3 to the easier
level NSD2 (which can be treated with FESD).

» NMPC with discrete actuators can efficiently be addressed by a three-step decomposition
method. In Step 2, either a cheap MILP or a more accurate MIQP can be solved.
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Thank you very much for your attention!




