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Motivating Problem

Buffer control problem

Minimize E{u2}, subject to dx = udt + dw

x ∈ Ω ⊂ R (state), u ∈ R (control), w ∈ R (noise)

Ω = { x | 0 ≤ x ≤ 1 } (state constraints)
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Motivating Problem
Solution

Optimal control policy is known exactly. (Paper I)

(re-scaled) trigonometric tangent function,

u∗(x) = −a tan(bx + c)

u

x

Optimal control actuation proportional to noise variance.

Noise free case: u∗(x) = 0

Noise must be accounted for!

A noise free model cannot be used for optimal control in this case.
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The Hamilton-Jacobi-Bellman equation

−∂V
∂t

= min
u

{
l(x) + (∇V )(f + Gu) + uTQu +

1

2
tr
[
(∇T∇V )GWGT

]}
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In one dimension (Paper I)

∇V = κ∇ZZ

⇒ linear eigenvalue problem
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In n dimensions (Paper III)

V = −2κ logZ

⇒ linear eigenvalue problem
when control cost is uTQu

with Q = κW−1
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More generally (Paper V)

∇V = (∇Z)K
Z

does not require Q = κW−1

Caution!

Not every vector field is a gradient.
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Finally (Paper VI)

Optimization under the Fokker Planck equation.
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Fokker-Planck

The Fokker-Planck equation:

∂ρ
∂t = ∇ · J

where J is the “probability current”

J = −ρf + 1
2∇

T (W ρ)
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Fokker-Planck vs. Hamilton-Jacobi-Bellman

We can use optimization under the Fokker-Planck equation
equation to deduce the Hamilton-Jacobi-Bellman equation.

Example, minimize:
∫

Ω ρl(x , u, t)dx

HJB is independent of the probability density ρ
. . . = minu[l(x , u, t) +∇xV (x , t) · f (x , u, t)] + . . .

FP has every term proportional to ρ
. . . = minu ρ(x , t)[l(x , u, t) +∇xV (x , t) · f (x , u, t)] + . . .

HJB “forgets” about the ρ = 0 solution!

The HJB equation is ill-behaved close to state constraints, because
it has been scaled by 1/ρ.
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Future Work

Specialized solvers for this problem structure

Adaptive meshes, radial-basis functions or neural networks.

Exploring only the parts of the state-space with “nonzero”
probability density
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