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Elementary questions — minimize or maximize?

max, F(w) = - minw(—F(@))

— F(w)
— —F(w)

Value

Minimize or maximize?

maxy,ecrn F(w) = — ming,ern —F(w)
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Elementary questions — minimize or maximize?

max, F(w) = - minw(—F(@))

— F(w)
— —F(w)

Value

Minimize or maximize?

maxy,ecrn F(w) = — ming,ern —F(w)

Without loss of generality — we will only minimize!
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Elementary questions — constrained vs. unconstrained optimization

Constrained vs. unconstrained

» In unconstrained optimization we search in R, VF (w) = 0 is necessary for optimality.

» In constrained optimization we search in {2 C R", we need more elaborate necessary
conditions.

» Constraints come from dynamics, actuator limits, model limits, design requirements,

safety, ...
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What is an optimization problem?

Minimize (or maximize) an objective function F'(w) depending on decision variables w subject
to equality and/or inequality constrains
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What is an optimization problem?

Minimize (or maximize) an objective function F'(w) depending on decision variables w subject
to equality and/or inequality constrains

An optimization problem .
Terminology

min F(w) (1a) » w: decision variable
w > F: objective/cost function
st G(w)=0 (1b) » (G, H: equality and inequality constraint
H(w) =0 (1c) functions

» Optimization is a powerful tool used in all quantitative sciences
» Only in few special cases a closed form solution exist
» Use an iterative algorithm to find solution

» The optimization problem may be parametric, and all functions depend on a fixed
parameter p (e.g. MPC & RL)
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Basic definitions: the feasible set

Definition

The feasible set of the optimization problem (1) is defined as
Q={weR"|Gw)=0,H(w) > 0}. A point we Q isis called a feasible point.

w2

—w? —wiH1>0 /

The feasible set is the intersection of the two grey areas (halfspace and circle)
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Basic definitions: local and global minimizer

70 T T T T T L

F(w)

60 ®  Local minimum
@®  Global minimum

D efl n It | on ol Neighborhood of w*

» A point w* € Q) is called a local minimizer of wl
the NLP (1) if there exists an open ball B, (w*) ‘

with € > 0, such that for all w € B.(w*) N it SR
holds that F'(w) > F(w*). 20 | o
> A point w* € 2 is called a global minimizer of 1o \/
the NLP (1) if for all w € € it holds that Jo\
F(w) > F(w*). N
-10-3 -I2 -1 0 1 é 3 4 5
The value F(w*) at a local/global minimizer w* is w

called local/global minimum.

MPC and RL - Lecture 02: Numerical Optimization A. Nurkanovié 6



Convex sets

D
0 AN

A set Q is said to be convex if for any wy, w2 and any 6 € [0, 1] it holds w; + (1 — O)ws € 2
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Convex functions

» A function F is convex if for every
wy,we € R™ and 6 € [0, 1] it holds that

F(0w1+(1—9)w2) < 9F(w1)+(1—0)F(w2)

F(w)

» F'is concave if and only if —F is convex
» F'is convex if and only if the epigraph

OF (wy) + (1 — 0)F (ws)

epiF’ = {(w,t) € R™T | F(w) <t}

is a convex set

A. Nurkanovié

(ws, F(ws))

F(6w; + (1 — 0)w,)
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Convex optimization problems

A convex optimization problem

An optimization problem is convex if the

mui}n F(w) objective function F' is convex and the
st. G(w)=0 feasible set € is convex.
H(w) >0

» Every locally optimal solution is global

> First-order conditions are necessary and sufficient (we come back to this)
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Convex optimization problems

A convex optimization problem
An optimization problem is convex if the

min F(w) objective function F' is convex and the

w
st. G(w) = feasible set € is convex.

H(w) >
» Every locally optimal solution is global
» First-order conditions are necessary and sufficient (we come back to this)

R. T. Rockafellar, SIAM Review, 1993

"...in fact, the great watershed in optimization isn't between linearity and nonlinearity, but
convexity and nonconvexity.”
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Nonconvex problem with lots of minima

Nonconvex objective F'(w)
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Mixed-integer optimization — discrete search space
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Mixed-integer optimization — discrete search space

MPC and RL - Lecture 02: Numerical Optimization A. Nurkanovié 11



Outline of the lecture

Some classifications of optimization problems
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Some classifications of optimization problems

Optimization problems can be:
> unconstrained (€2 = R™) or constrained (2 C R™)
convex or nonconvex
linear or nonlinear

>

>

» differentiable or nonsmooth
> continuous or (mixed-)integer
>

finite or infinite dimensional
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Some classifications of optimization problems

Optimization problems can be:
> unconstrained (€2 = R™) or constrained (2 C R™)
convex or nonconvex
linear or nonlinear

>

>

» differentiable or nonsmooth
> continuous or (mixed-)integer
>

finite or infinite dimensional

Yurii Nesterov, Lectures on Convex Optimization, 2018.

”

. the main fact, which should be known to any person dealing with optimization models, is
that in general, optimization problems are unsolvable.”
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Class 1: Linear Programming (LP)

Linear program

min g w
w
st. Aw—b=0
Cw—-—d>0

» Convex optimization problem

> 1947: simplex method by Dantzig, 1984: polynomial time interior-point method by
Karmarkar

» If not unbounded, the solution is always at edge or vertex of the feasible set
» Today very mature and reliable
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Class 2: Quadratic Programming (QP)

Quadratic program

1
min —w'Quw +¢'w
w2
st. Aw—-5b=0
Cw—-—d>0

» Depending on @, can be convex and nonconvex
» Solved online in linear model predictive control
» Many good solvers: HPIPM, qpOASES, DAQP, Gurobi, 0SQP, 00QP, quadprog, ...

» Subsproblems in nonlinear optimization
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Class 3: Nonlinear Program (NLP)

Nonlinear programming problem

V\
min F(w)

w

st. G(w)
H(w)

3 )

» Can be convex and nonconvex

Y

» Solved with iterative Newton-type algorithms

» Solved in nonlinear model predictive control

MPC and RL - Lecture 02: Numerical Optimization
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Class 4: Mathematical Programs with Complementarity Constraints

Twz

MPCC |

min  F(w)
)

Wo,W1,W2

s.t.

w = [wg ,w] ,we |, wy L wy e w wy =0 .

o

» More difficult than standard nonlinear programming since standard constraint
qualifications fail to holds

» Feasible set is inherently nonsmooth and nonconvex

» Powerful modeling concept

» Requires specialized theory and algorithms, cf. NOMICC26 summer school!
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Class 5: Mixed-Integer Nonlinear Programs (MINLP)

MINLP

min _ F(w)
wo ERP 1wy €79
st. Gw)=0 .
H(w) >0

w=[w],w]]T,n=p+q

» Combinatorial problem, feasible set is finite

» Branch and bound, brunch and cut methods

» Requires solution of many relaxed continuous convex or nonconvex problems, cf.
NOMICC26 summer school!
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Class 6: Continuous-time Optimal Control Problems

Continuous-time Optimal Control
Problem

Decision variables z(-) and u(-) in
infinite dimensional function space

Infinitely many constraints (¢ € [0,77])

Smooth ordinary differential equation
(ODE) i(t) = fo(x(t), u(t))
More generally, dynamic models can be
based on
> Differential Algebraic Equations (DAE)
> Partial Differential Equations (PDE)
»> Nonsmooth ODE
» Stochastic ODE/PDE

OCP can be convex or nonconvex

All or some components of u(t) may
take integer values (mixed-integer OCP)
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Direct optimal control methods formulate Nonlinear Programs (NLP)

Continuous-time OCP

Jmin - fy Le((), u(®) dt + B((T))

st. x(0) = o

Direct methods like direct collocation,
multiple shooting. First discretize, then
optimize.
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Direct optimal control methods formulate Nonlinear Programs (NLP)

Continuous-time OCP Discrete-time OCP (an NLP)

m(r.r)l,iil(i) fOTLc(x(t),u(t)) dt + E(z(T)) 12151 SNt Uy, u) + E(zy)
s.t. z(0) = Zo s.t. xo = Zo
i(t)= fe(z(t),u(t)) Tp1 = f(og, up)
0> h(z(t),u(t)), t € [0,T] 0> h(zk,ux), k=0,...,N-1
0> r(z(T)) 0>r(zN)

Direct methods like direct collocation,
multiple shooting. First discretize, then
optimize.
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Nonlinear MPC solves Nonlinear Programs (NLP)

Discrete time NMPC Problem (an NLP)

Try1 = f(2k, ur)
0> h(zg,ur), k=0,...,N—1
0>r(zn)
Variables = = (zo,...,zy) and
u = (ug,...,un—1) can be summarized in

vector w = (x,u) € R™.

MPC and RL - Lecture 02: Numerical Optimization A. Nurkanovié 20



Nonlinear MPC solves Nonlinear Programs (NLP)

Discrete time NMPC Problem (an NLP)

Try1 = f(2k, ur)
0> h(zg,ur), k=0,...,N—1
0>r(zn)
Variables = = (zo,...,zy) and
u = (ug,...,un—1) can be summarized in

vector w = (x,u) € R™.

Nonlinear Program
(NLP)
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Outline of the lecture

Optimality conditions for unconstrained optimization
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Algebraic characterization of unconstrained local optima

Consider the unconstrained problem: mingere  F(w)

First-Order Necessary Condition of Optimality (FONC)

w” local optimum = VF(w*) =0, w* stationary point

Second-Order Necessary Condition of Optimality (SONC)

w* local optimum = V2F(w*) =0
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Algebraic characterization of unconstrained local optima

Consider the unconstrained problem: mingere  F(w)

First-Order Necessary Condition of Optimality (FONC)

w” local optimum = VF(w*) =0, w* stationary point

Second-Order Necessary Condition of Optimality (SONC)

w* local optimum = V2F(w*) =0

Second-Order Sufficient Conditions of Optimality (SOSC)

VF(w*)=0and V2F(w*) =0 = w* strict local minimum

VF(w*) =0and V2F(w*) <0 = w" strict local maximum

No conclusion can be drawn in the case V2F (w*) is indefinite!
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Type of stationary points

Saddle point

Minimum

F(w)

5 5

-5 wy

w2 -5

A stationary point can be a minimum, maximum or a saddle point

A. Nurkanovié
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Optimality conditions — unconstrained

» Necessary conditions: find a candidate 0

3

point (or to exclude points) [

» Sufficient conditions: verify optimality >
of a candidate point

-100

100
50

B
S
> 0

50+

-2 0 2 4

-2 0 2 4

-2 0 2 4
w
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Optimality conditions — unconstrained

— 100 +
S 50
= !
0 S~ ®
-2 0 2 4
» Necessary conditions: find a candidate —~ 100 [
point (or to exclude points) 3 5l
» Sufficient conditions: verify optimality > o —————m
of a candidate point -50 2 0 5 4
» A minimizer must satisfy SONC, but 100
does not have to satisfy SOSC )
NE 50
>
-2 0 2 4
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Newton's method illustration for solving F'(w) =

0

Linearization of F' at linearization point @
equals
First order Taylor series at w

equals

Fr,(w;w) := F(w) + %(ﬁ)) (w — )

(for continuously differentiable ' : R™ — R™)

F(w)

Iteration 0
T

L
-0.5

L
0.5
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Newton’s method illustration for solving F'(w) =0

Iteration 1
T

Linearization of F' at linearization point @ —v="Fw

equals
First order Taylor series at w

equals

F(w)

Fi(w;w) := F(0) + Vo F (@) T (w — w)

(for continuously differentiable ' : R™ — R™)

MPC and RL - Lecture 02: Numerical Optimization A. Nurkanovié 24



Newton’s method illustration for solving F'(w) =0

Iteration 2
T

Linearization of F' at linearization point @

equals

First order Taylor series at w

F(w)

equals

Fi(w;w) := F(0) + Vo F (@) T (w — w)

(for continuously differentiable ' : R™ — R™)

24

A. Nurkanovié
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Newton’s method illustration for solving F'(w) =0
Iteration 3
Linearization of F' at linearization point @ —y = F(w)
—y =F") + VF(")(w —w")

equals
First order Taylor series at w

equals

Fi(w;w) := F(0) + Vo F (@) T (w — w)

(for continuously differentiable ' : R™ — R™)

F(w)

L
-0.5

L
15

L
25
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Newton's method for unconstrained optimization

We want to solve min,egrw F'(w) with F': R™ — R twice continuously differentiable.

Iterative Algorithm

An “iterative algorithm” generates a sequence wg, w1, ws, ... of so called “iterates” with
wg — w*.

We look for stationary points therefore we regard the equation
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Newton's method for unconstrained optimization

We want to solve min,egrw F'(w) with F': R™ — R twice continuously differentiable.

Iterative Algorithm
An “iterative algorithm” generates a sequence wg, w1, ws, ... of so called “iterates” with
wg — w*.

We look for stationary points therefore we regard the equation

VF(w*) =0.

Idea: linearize the nonlinear equation at wy to compute w41 = wy + Aw

VF(wg) + %(VF(’LU]C)) Aw=0

V2F (wg)
—(V2F(wy)) 'V F(wy) = Aw

Aw is called the “Newton-step”, V2F(wy) the Hessian.

25
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An Alternative View on the Newton's Method for Optimization

The Newton's method can be obtained by a quadratic objective function, i.e. a second order
Taylor approximation

Let my the quadratic model with objective F'
1
my(wy, + Aw) = F(wy) + VEF(wy) " Aw + iAwTVQF(wk)Aw
~ F(w, + Aw)

We obtain Awy by
Awy, = arg rgin mg(wi + Aw)

which translates to solving the equation
Vm(wy + Aw) = VF(wy,) + V2F (wy,) Awy, = 0

Awy = —(V2F(wy,)) "' VF (wy)

Same formula but different interpretation!
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Outline of the lecture

Optimality conditions for constrained optimization
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First-order necessary conditions for equality constrained optimization

Nonlinear Program (NLP)

in F'
s )

st. G(w) =0

Lagrangian function: L(w,\) = F(w) — AT G(w)
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First-order necessary conditions for equality constrained optimization

Nonlinear Program (NLP) Definition (LICQ)

i F(w) A point w satisfies Linear Independence
s.t. G(w) = 0 Constraint (gucflifﬁation (LICQ) if
VG (w) = % is full column rank.

Lagrangian function: L(w,\) = F(w) — AT G(w)
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First-order necessary conditions for equality constrained optimization

Nonlinear Program (NLP) _
Definition (LICQ)
i F(w) A point w satisfies Linear Independence
s.t. G(w) = 0 Constraint (gucallf|$at|on (LICQ) if
VG (w) = % is full column rank.

Lagrangian function: L(w,\) = F(w) — AT G(w)

First-order necessary conditions (in convex case also sufficient)

Let F,G in Ct. If w* is a (local) minimizer, and w* satisfies LICQ, then there is a unique

vector \ such that:
dual feasibility

I
<
=
g-)(-
|
<
2
é*
=
I
(an]

Vo L(w*, A*)

ViL(w*, ") = G(w*) =0 primal feasibility

28

MPC and RL - Lecture 02: Numerical Optimization A. Nurkanovié



The Karush-Kuhn-Tucker (KKT) conditions

The “gradient equals zero” for constrained optimization.

Nonlinear Program (NLP)

in F'
s )

MPC and RL - Lecture 02: Numerical Optimization A. Nurkanovié
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The Karush-Kuhn-Tucker (KKT) conditions

The “gradient equals zero” for constrained optimization.

Nonlinear Program (NLP) Definition (LICQ)
min F(w) A point w satisfies LICQ if
weR™
s.t. G(w) =0 [VG(w), VHa(w)]
H(w) >0 is full column rank.
L(w, A\, p) = F(w) — AT G(w) — pu" H(w) Active set A(w) = {i | Hi(w) = 0}
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The Karush-Kuhn-Tucker (KKT) conditions

The “gradient equals zero” for constrained optimization.

Nonlinear Program (NLP) Definition (LICQ)
min F(w) A point w satisfies LICQ if
weR™
s.t. G(w) =0 [VG(w), VHa(w)]
H(w) >0 is full column rank.
L(w, A ) = F(w) = ATG(w) — u" H(w) Active set A(w) = {i | H;(w) =0}

Let F, G, H be C'. If w* is a (local) minimizer and satisfies LICQ, then there are unique
vectors \* and p* such that (w*, \*, u*) satisfies:

Vil (w* X u*) =0, up* >0, dual feasibility
G(w*)=0, H((w*)>0 primal feasibility
iy Hy(w*) =0, Vi complementary slackness

MPC and RL - Lecture 02: Numerical Optimization A. Nurkanovié 29



The complementary slackness condition

» complementarity conditions

0<upu*L Hw*)>0 25+

» same as min(p*, H(w*)) =0

» zero level set of min is an L-shaped set

15

i

05

-0.5

0.5

H;(w)

25
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The complementary slackness condition

» complementarity conditions
0<upu*L Hw*)>0 25+
» same as min(p*, H(w*)) =0

» zero level set of min is an L-shaped set

15
Cases: =
> H;(w*) > 0 then pf =0, and H;(w) is
inactive 05y
or \ 4
-0.5 — :
0 0.5 1 15 2 25 3
Hi(w)
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The complementary slackness condition

» complementarity conditions
0<upu*L Hw*)>0 25+
» same as min(p*, H(w*)) =0

» zero level set of min is an L-shaped set

15
Cases: = L
> H;(w*) > 0 then pf =0, and H;(w) is
inactive i
» uf >0 and H;y(w) = 0 then H;(w) is ot
strictly active
0 05 1 15 2 25 3
H;i(w)
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The complementary slackness condition

» complementarity conditions

0<upu*L Hw*)>0 251
> same as min(p*, H(w*)) =0 2l
» zero level set of min is an L-shaped set .
Cases: = A
> H;(w*) > 0 then pf =0, and H;(w) is
inactive i
» uf >0 and H;y(w) = 0 then H;(w) is ot
strictly active
» 1 =0 and H;(w) = 0 then then H;(w) is % 0s : s 2 28 3

weakly active Hi(w)
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Some intuition for the KKT conditions E

4
3
min F(w)
weR™ 2

st. Hw) >0

H

wa
o

1l }
-2
-3
-4
-4 2 0 2 4
wy

Animation inspired by Lecture 2 of the Winter School on Numerical Optimal Control
with Differential Algebraic Equations by S. Gros and M. Diehl, Freiburg, 2016
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Some intuition for the KKT conditions

4
3
min F(w)
weR™ 2

st. Hw) >0
» —VF is the gravity

Animation inspired by Lecture 2 of the Winter School on Numerical Optimal Control
with Differential Algebraic Equations by S. Gros and M. Diehl, Freiburg, 2016
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Some intuition for the KKT conditions

4
3
min F(w)
weR? 2
st. Hw) >0 .

» —VF is the gravity

Animation inspired by Lecture 2 of the Winter School on Numerical Optimal Control
with Differential Algebraic Equations by S. Gros and M. Diehl, Freiburg, 2016

MPC and RL - Lecture 02: Numerical Optimization A. Nurkanovié 31



Some intuition for the KKT conditions

s L)

st. Hw) >0
» —VF is the gravity
» uVH is the force of the fence. Sign >0
means the fence can only "push” the ball

Animation inspired by Lecture 2 of the Winter School on Numerical Optimal Control
with Differential Algebraic Equations by S. Gros and M. Diehl, Freiburg, 2016
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Some intuition for the KKT conditions

s L)

st. Hw) >0
» —VF is the gravity
» uVH is the force of the fence. Sign >0
means the fence can only "push” the ball

» VH gives the direction of the force and p
adjusts the magnitude.

Animation inspired by Lecture 2 of the Winter School on Numerical Optimal Control
with Differential Algebraic Equations by S. Gros and M. Diehl, Freiburg, 2016
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Some intuition for the KKT conditions

s L)

st. Hw) >0
» —VF is the gravity
» uVH is the force of the fence. Sign >0
means the fence can only "push” the ball

» VH gives the direction of the force and p
adjusts the magnitude.

> active constraint: H (w) =0, p >0

Animation inspired by Lecture 2 of the Winter School on Numerical Optimal Control
with Differential Algebraic Equations by S. Gros and M. Diehl, Freiburg, 2016
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Some intuition for the KKT conditions

sl £

st. Hw) >0
» —VF is the gravity
» uVH is the force of the fence. Sign >0
means the fence can only "push” the ball

» VH gives the direction of the force and p
adjusts the magnitude.

> active constraint: H (w) =0, p >0

» weakly active constraint:

H (w) =0, p =0 the ball touches the
fence but no force is needed

w2
o

7

0000/

Yy

-4 2 0 2 4

Balance of the forces: "

VL(w,p) =VF(w)— VHw)u=0

Animation inspired by Lecture 2 of the Winter School on Numerical Optimal Control
with Differential Algebraic Equations by S. Gros and M. Diehl, Freiburg, 2016
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Some intuition for the KKT conditions

sl £

st. Hw) >0
» —VF is the gravity
» uVH is the force of the fence. Sign >0
means the fence can only "push” the ball

» VH gives the direction of the force and p
adjusts the magnitude.

> active constraint: H (w) =0, p >0

» weakly active constraint:

H (w) =0, p =0 the ball touches the Balance of the forces: !
fence but no force is needed
> inactive constraint: H (w) >0, u=0 VL(w,p) = VF(w) = VH(w)p =0

Animation inspired by Lecture 2 of the Winter School on Numerical Optimal Control
with Differential Algebraic Equations by S. Gros and M. Diehl, Freiburg, 2016
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Outline of the lecture

Optimization algorithms for constrained optimization
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General Nonlinear Program (NLP)

In direct methods, we have to solve the discretized optimal control problem, which is a
Nonlinear Program (NLP)

General Nonlinear Program (NLP)

5
£
IVl
o

weR”

min F(w) s.t. { G(w)

We first treat the case without inequality constraints

NLP only with equality constraints

min F(w) st. Gw) = 0

weR™
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Lagrange function and optimality conditions

Lagrange function
L(w,\) = F(w) — A" G(w)

For an optimal solution w* there exist multipliers A* such that

Nonlinear root-finding problem

VeLl(w*,A*) = 0
Gw*) = 0
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Newton's method on optimality conditions

Use Newton's method to solve:

Vo l(w X)) = 0
Gw*) = 0 7

Given an iterate (w”, \¥), the linearization reads as:

VL (wh, AF)
(k) +VWG(wP) T Aw

Due to VL(w"*, \F) = VF(w¥) — VG (w*)\F, this is equivalent to:

Vo F(wk) +V2 LWk N)Aw  —V,G(wF)AT

F
G(w*)  +V,Gw*) " Aw

with the shorthand AT = M\F + A\

+V2 L(wF, N Aw  —V,,G(wF) AN

MPC and RL - Lecture 02: Numerical Optimization A. Nurkanovié
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Newton Step = Quadratic Program

Conditions
Vo F(wk) +V2 LWk )Aw —V,Gw*)A\T = 0
G(wk)  +V,Gw*) T Aw =0
are the KKT optimality conditions of a quadratic program (QP), namely:

Quadratic program

min  VF(w") T Aw + 1Aw—'—AkAw
AweRn? 2

s.t. G(w*) + VGw*F)TAw = 0,

with AF = V2 £(w*, \F)
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Newton's method

The full step Newton’s Method iterates by solving in each iteration the QP

Quadratic program in Sequential Quadratic Programming (SQP)

1
min ~ VF(w®)TAw + AwT A*Aw
AwER™ 2

s.t. G(w*) + VG(w®)TAw = 0,
with A% = V2 L(wk, \F)
This obtains as solution the step Aw" and the new multiplier A, = A% + AA*

wktl = wk 4+ Awk
AFL = AR+ AN = \Ep

This is the “full step, exact Hessian SQP method for equality constrained optimization”.
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NLP with inequality constraints

Regard again NLP with both, equality and inequality constraints:

NLP with equality and inequality constraints

min F(w) s.t. {

weR™

=
£
v
=
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Optimality conditions with inequalities

Theorem (Karush-Kuhn-Tucker (KKT) conditions)

Let F, G, H be C'. If w* is a (local) minimizer and satisfies LICQ, then there are unique
vectors \* and p* such that (w*, \*, pu*) satisfies:

<
g
D
S
U
>
*
=
N
I
(an)}

> Last tree complementarity conditions make the KKT conditions nonsmooth
» This system cannot be solved by plain Newton’s method. But we can use SQP...
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Sequential Quadratic Programming (SQP)

By Linearizing all functions within the KKT Conditions, and setting At = A\¥ + A\ and
ut = p* + Ap, we obtain the KKT conditions of a Quadratic Program (QP)

QP with inequality constraints

min  VF(w)TAw + 1AwTAkAw
AweR? 2
st.  Gwr) 4+ VGw*)TAw =0

H(w*) + VH(w"®) " Aw >0

with A% = V2 L(wk, Nk, uF)
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Sequential Quadratic Programming (SQP)

By Linearizing all functions within the KKT Conditions, and setting At = A\¥ + A\ and
ut = p* + Ap, we obtain the KKT conditions of a Quadratic Program (QP)

QP with inequality constraints

min  VF(w)TAw + 1AwTAkAw
AweR? 2
st.  Gwr) 4+ VGw*)TAw =0

H(w*) + VH(w"®) " Aw >0
with A% = V2 L(wk, Nk, uF)

> QP solution: Aw*, Aap, ,ugp
> full step: wht! = wh 4+ Awk, N = XEL, b = pdy

» nonsmooth complementarity conditions resolved at QP level
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Interior-point methods

NLP with inequalites

e

st. H(w) >0

KKT conditions

VF(w)— VH(w)u=0
0<pul Hw)>0

» Main difficulty: nonsmoothness of
complementarity conditions

—0< i L Hy(w) >0

‘ ‘ ‘ ‘ ‘
05 1 15 2 25 3
H;(w)
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Barrier problem in interior-point method

NLP with inequalites

min  F(w) E
weER™ =
B
¥

st. H(w)>0

0+
Idea: put inequality constraint into objective \
Barrier problem al . . . .
0o 05 1 5 2 25 3
Hi(w)
7log(H;(w)) approximates:

min F(w) =73 log(H;(w)) = Fy(w)
=1

x(Hi(w)) = {oo if H(w) < 0
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Barrier problem in interior-point method

5 7=05
NLP with inequalites
2+
min  F(w) E
weR™ = .
st. H(w)>0 E
(.
|
. . . . . . O [
Idea: put inequality constraint into objective \

Barrier problem al . . . . .
0 0.5 1 1.5 2 2.5 3

Hi(w)
m 7log(H;(w)) approximates:
in F = log(H; = F,
min F(w) T; og(H;(w)) (w)

x(Hi(w)) = {oo if H(w) < 0
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Barrier problem in interior-point method

5 7 =0.25
NLP with inequalites
2L
min  F(w) 3
weR™ =
SR
st. H(w)>0 &
(.
|
. . . . . . O>
Idea: put inequality constraint into objective e
Barrier problem al . . . . .
0o 05 1 5 2 25 3
Hi(w)

m 7log(H;(w)) approximates:
min F(w) — TZlog(HZ—(w)) = F(w)
i=1

weR?

0 iffﬂ(w)}zo

x(Hi(w)) = {oo if H(w) < 0
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Barrier problem in interior-point method

, T=0.125
NLP with inequalites
2L
min  F(w) E
weR™ = .
st H(w) >0 ®
j K
|
. . . . . . 0 [
Idea: put inequality constraint into objective

Barrier problem al . . . . .
0 0.5 1 1.5 2 2.5 3

Hi(w)
m 7log(H;(w)) approximates:
in F = log(H; = F,
min F(w) T; og(H;(w)) (w)

x(Hi(w)) = {oo if H(w) < 0
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Barrier problem in interior-point method

, T = 0.0625
NLP with inequalites
2L
min  F(w) E
weR™ = .
st. H(w)>0 E
(.
|
. . . . . . O [
Idea: put inequality constraint into objective

Barrier problem al . . . . .
0 0.5 1 1.5 2 2.5 3

Hi(w)
m 7log(H;(w)) approximates:
in F = log(H; = F,
min F(w) T; og(H;(w)) (w)

x(Hi(w)) = {oo if H(w) < 0
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Barrier problem in interior-point method

; T =0.03125
NLP with inequalites
2L
min  F(w) E
weR™ = .
st. H(w)>0 E
(.
|
. . . . . . O [
Idea: put inequality constraint into objective

Barrier problem al . . . . .
0 0.5 1 1.5 2 2.5 3

Hi(w)
m 7log(H;(w)) approximates:
in F = log(H; = F,
min F(w) T; og(H;(w)) (w)

x(Hi(w)) = {oo if H(w) < 0
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Example barrier problem

Example NLP

min  0.5w? — 2w
weER

s.t. —1<w<1

Barrier problem

min 0.5w? — 2 — 7log(w + 1) — 7log(1 — w)
wER?

15

Objective
[

o
o
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Example barrier problem

Example NLP

min  0.5w? — 2w
weER
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min 0.5w? — 2 — 7log(w + 1) — 7log(1 — w)
wER?

15

Objective
[

o
o
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Example barrier problem

Example NLP

min  0.5w? — 2w
weER

s.t. —1<w<1

Barrier problem

min 0.5w? — 2 — 7log(w + 1) — 7log(1 — w)
wER?

15

Objective
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o
o
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Example barrier problem

Example NLP

min  0.5w? — 2w
weER

s.t. —1<w<1

Barrier problem

min 0.5w? — 2 — 7log(w + 1) — 7log(1 — w)
wER?

15

Objective
[

o
o
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Example barrier problem

Example NLP

min  0.5w? — 2w
weER

s.t. —1<w<1

Barrier problem

min 0.5w? — 2 — 7log(w + 1) — 7log(1 — w)
wER?

15

Objective
[

o
o
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Example barrier problem

Example NLP

min  0.5w? — 2w
weER

s.t. —1<w<1

Barrier problem

min 0.5w? — 2 — 7log(w + 1) — 7log(1 — w)
wER?

15

Objective
[

o
o

—F(w)
— Fr(w)|]
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Example barrier problem

Example NLP

min  0.5w? — 2w
weER

s.t. —1<w<1

Barrier problem

min 0.5w? — 2 — 7log(w + 1) — 7log(1 — w)
wER?

15

Objective
[

o
o

—F(w)
— Fr(w)|]
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Primal-dual interior-point method

Barrier problem

m
min F(w) =7 ; log(H;(w)) =: Fr(w) 3
25
KKT conditions (VF,(w) = 0) 2t
m o 15
VF(w) — TZZ_; ) VH;(w) =0 <
Introduce variable u; = m *
|
T os 1 15 2 25 3

H;(w)
VF(w)—VH(w)p=0

Hi(w)p; =7
(H;(w) > 0, p; > 0)
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Primal-dual interior-point method

Barrier problem

min F(w) — 7 Z log(H;(w)) =: Fr(w)

weR™

KKT conditions (VE,(w) = 0)

Introduce variable 11; = 77y

Smoothed KKT conditions

VF(w)— VH(w)u=0
Hi(w)p; =
(H;(w) > 0, p; > 0)

Hi

—0 <y L Hi(w) >0

250 —Hi(w)pi =7 1

oL
15F 7 =0.100

e
05

ol
0.5 L I

0 05 1 15 2 25
H;(w)
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Primal-dual interior-point method

Barrier problem

m
u{%}é}z F(w) — T;log(Hi(w)) = F,(w) 2:7 :OHS(:):ET(W) . 7
KKT conditions (VF,(w) = 0) 2t
moy 15t 7=0.010
VF(w) — TZZ_; ) VH;(w) =0 |
Introduce variable 11; = 77y al L
|
T 0s 1 15 2 25 s

H;(w)
VF(w)—VH(w)p=0

Hi(w)p; =7
(H;(w) > 0, p; > 0)
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Primal-dual interior-point method

Barrier problem

min F(w) — 7 Z log(H;(w)) =: Fr(w)

weR™

KKT conditions (VE,(w) = 0)

Introduce variable 11; = 77y

Smoothed KKT conditions

VF(w)— VH(w)u=0
Hi(w)p; =
(H;(w) > 0, p; > 0)

Hi

251

15

05

-05 —

—0<p; L Hi(w) >0
— Hi(w)pi =1 1

7 =0.001
05 1 15 25
H;(w)
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Primal-dual interior-point method

Nonlinear programming problem

min  F(w)
weER™
SER™H
st.  G(w)=0,
H(w)—s=0,
s>0
Smoothed KKT conditions
VwL(w, A, 1)
_ G(w) _
RT(’U}, S, )‘7/1/) - H(’LU) — 5 =0
diag(s)u — 71
(s, >0)

Solve approximately with Newton's method
for fixed 7

R (w,s,\,pt) + VR (w, s, \, 1) Az =0
with z = (w, s, A, i)

Line-serach
Find a € (0,1)

Wt = w* + aAw
sFtl = ¢k 4 aAs
AL = AP+ aAX
GF = ik oA
such that s¥+1 > 0, uf+1 >0

and reduce 7...

MPC and RL - Lecture 02: Numerical Optimization A. Nurkanovié

45



Summary

Optimization problems come in many variants (LP, QP, NLP, MPCC, MINLP, OCP, ....)

Each problem class be addressed with suitable software.

>
>
» Lagrangian function, convexity, and KKT conditions are important concepts.
» For convex problems KKT conditions sufficient for global optimality.

>

Newton-type optimization for NLP solves the nonsmooth KKT conditions via Sequential
Quadratic Programming (SQP) or via the Interior-Point Method.

» NLP solvers need to evaluate first and second order derivatives (e.g. via CasADi).
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