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Policy Gradient Methods

I Up to this point, we represented a model or a value function by some parameterized
function approximator and extracted the policy implicitly

I Now, we are going to talk about Policy Gradient Methods: methods which consider a
parameterized policy

πθ(a | s) = Pr{At = a | St = s,θt = θ},

with parameters θ

I Policy Gradient Methods are able to represent stochastic policies and scale naturally to
very large or continuous action spaces
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Policy Gradient Methods

I Remember, we consider a parameterized policy

πθ(a | s) = Pr{At = a | St = s,θt = θ},

with parameters θ

I We update these parameters based on the gradient of some performance measure J (θ)
that we want to maximize, i.e. via gradient ascent:

θt+1 = θt + α∇̂J (θt),

where ∇̂J (θt) ∈ Rd is a stochastic estimate whose expectation approximates the gradient
of the performance measure w.r.t. θt

MPC and RL – Lecture 5: Actor-Critic Methods J. Boedecker, University of Freiburg 4



Policy Gradient Theorem

Policy Objective Functions:
I We consider episodic problems where we define performance as: J (θ) = V πθ (S0)

Policy Gradient Theorem
For any differentiable policy π(a|s,θ) and any of the above policy objective functions, the
policy gradient is:

∇θJ (θ) = Eπ[∇θ log πθ(A | S)Qπθ (S ,A)]

Reminder: V πθ =
∑

a πθ(a|s)Qπθ (s, a)
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Policy Gradient Theorem
Proof (episodic case):

∇θVπθ (s) = ∇θ

[∑
a

πθ(a | s)Qπθ (s, a)
]
, for all s ∈ S

=
∑

a
[∇θπθ(a | s)Qπθ (s, a) + πθ(a | s)∇θQπθ (s, a)] (product rule of calculus)

=
∑

a

∇θπθ(a | s)Qπθ (s, a) + πθ(a | s)∇θ

∑
s′,r

P(s′, r | s, a)
(
r + Vπθ (s′)

)
=

∑
a

[
∇θπθ(a | s)Qπθ (s, a) + πθ(a | s)

∑
s′

P(s′ | s, a)∇θVπθ (s′)
]

=
∑

a

[
∇θπθ(a | s)Qπθ (s, a) + πθ(a | s)

∑
s′

P(s′ | s, a)
∑
a′

[∇θπθ(a′ | s′)Qπθ (s′, a′)+

πθ(a′ | s′)
∑
s′′

P(s′′ | s′, a′)∇θVπθ (s′′)]
]

=
∑
x∈S

∞∑
k=0

Pr(s → x, k, πθ)
∑

a
∇θπθ(a | x)Qπθ (x, a)
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Policy Gradient Theorem
Proof (episodic case):

∇θJ (θ) = ∇θV πθ (s0)

=
∑

s

( ∞∑
k=0

Pr (s0 → s, k, πθ)

)∑
a
∇θπθ(a|s)Qπθ (s, a)

=
∑

s
η(s)

∑
a
∇θπθ(a|s)Qπθ (s, a)

=
∑

s′
η (s′)

∑
s

η(s)∑
s′ η (s′)

∑
a
∇θπθ(a|s)Qπθ (s, a)

=
∑

s′
η (s′)

∑
s

ρπ(s)
∑

a
∇θπθ(a|s)Qπθ (s, a)

∝
∑

s
ρπ(s)

∑
a
∇θπθ(a|s)Qπθ (s, a)

( Q.E.D. )
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Score Function

I Likelihood ratios exploit the following identity:

We want the
expectation of this︷ ︸︸ ︷
∇θπθ(a | s) = πθ(a | s)

∇θπθ(a | s)
πθ(a | s)

= πθ(a | s)∇θ log πθ(a | s)︸ ︷︷ ︸
Easy to take the expectation

because we can sample from π!

I ∇θ log πθ(a | s) is called the score function
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Score Function: Example

Consider a Gaussian policy, where the mean is a linear combination of state features:
πθ(a | s) ∼ N (s>θ, σ2), i.e.

πθ(a | s) =
1√

2πσ2
exp(−1

2
(s>θ − a)2

σ2 )

Exercise (5min)
Derive the score function.
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Score Function: Example

Consider a Gaussian policy, where the mean is a linear combination of state features:
πθ(a | s) ∼ N (s>θ, σ2), i.e.

πθ(a | s) =
1√

2πσ2
exp(−1

2
(s>θ − a)2

σ2 )

Solution
The log yields

log πθ(a | s) = −
1
2
log(2πσ2)− 1

2σ2 (s
>θ − a)2

and the gradient

∇θ log πθ(a | s) = −
1

2σ2 (s
>θ − a)2s =

(a − s>θ)s
σ2 .
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REINFORCE

I REINFORCE: Monte Carlo Policy Gradient
I Builds upon Monte Carlo returns as an unbiased sample of Qπ

I However, therefore REINFORCE can suffer from high variance
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REINFORCE
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Variance Reduction with Baselines
I Vanilla REINFORCE provides unbiased estimates of the gradient ∇J (θ), but it can suffer

from high variance
I Goal: reduce variance while remaining unbiased
I Observation: we can generalize the policy gradient theorem by including an arbitrary

action-independent baseline b(s), i.e.

∇θJ (θ) ∝
∑

s
ρπ(s)

∑
a
(Qπ(s, a)− b(s))∇θπθ(a | s)

=
∑

s
ρπ(s)

∑a
Qπ(s, a)∇θπθ(a | s)− b(s)∇θ

∑
a

πθ(a | s)︸ ︷︷ ︸
=0


=
∑

s
ρπ(s)

∑
a

Qπ(s, a)∇θπθ(a | s)

I Baselines can reduce the variance of gradient estimates significantly!
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Variance Reduction with Baselines

I A constant value can be used as a baseline
I The state-value function can be used as a baseline

Question
Is the Q-function a valid baseline?

Question
Assume an approximation of the state-value function as a baseline. Is REINFORCE then
biased?
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REINFORCE with Baselines

Indeed, an estimate of the state value function, v̂(St,w), is a very reasonable choice for b(s):
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Actor-Critic Methods

I Methods that learn approximations to both policy and value functions are called
actor-critic methods
actor: learned policy
critic: learned value function (usually a state-value function)

Question
Is REINFORCE-with-baseline considered as an actor-critic method?
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Actor-Critic Methods

I REINFORCE-with-baseline is unbiased, but tends to learn slowly and has high variance
I To gain from advantages of TD methods we use actor-critic methods with a bootstrapping

critic

One-step actor-critic methods
Replace the full return of REINFORCE with one-step return as follows:

θt+1 = θt + α (Gt:t+1 − v̂(St,w))
∇π(At | St,θt)

π(At | St,θt)

= θt + α (Rt+1 + γv̂(St+1,w)− v̂(St,w))
∇π(At | St,θt)

π(At | St,θt)

= θt + αδt
∇π(At | St,θt)

π(At | St,θt)
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Actor-Critic Methods
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Proximal Policy Optimization

I Motivation: how can we take the biggest possible improvement step on a policy using the
data we currently have, without stepping so far that we accidentally cause performance
collapse?

I We collect data with πθold

I And we want to optimize some objective to get a new policy πθ

I In PPO, we ignore the change in state distribution and optimize a surrogate objective:

Jold(θ) = ES∼ρ
πθold ,A∼πθ

[Aπθold (S ,A)]

= E(S,A)∼πθold

[
πθ

πθold

Aπθold (S ,A)

]
I Improvement Theory: η(πθ) ≥ Jold(θ)− c ·maxs DKL(πθold ||πθ)

I If we keep the KL-divergence between our old and new policies small, optimizing the
surrogate is close to optmizing η(πθ)!
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Proximal Policy Optimization

I Adaptive Penalty Surrogate Objective:

E(S,A)∼πθold

[
πθ

πθold

Aπθold (S ,A)− β DKL(πθold ||πθ)

]
I Clipped Surrogate Objective:

E(S,A)∼πθold

[
min

(
πθ

πθold

Aπθold (S ,A), clip( πθ

πθold

, 1− ε, 1 + ε)Aπθold (S ,A)

)]
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Proximal Policy Optimization

credits: https://spinningup.openai.com/en/latest/algorithms/ppo.html
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Deep Deterministic Policy Gradient

I DDPG is an actor-critic method (Continuous DQN)
I Recall the DQN-target: Yj = Rj + γmaxa Qw−(Sj+1, a)
I In case of continuous actions, the maximization step is not trivial
I Therefore, we approximate deterministic actor µ representing the argmaxa Qw(Sj+1, a) by

a neural network and update its parameters following the

Deterministic Policy Gradient Theorem

∇θJ (θ) = Eµ

[
∇θµθ(S)∇aQw(S , a)|a=µ(S)

]
.

I Exploration by adding Gaussian noise to the output of µ
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Deep Deterministic Policy Gradient

I The Q-function is fitted to the adapted TD-target:

Yj = Rj + γQw−(Sj+1, µθ−(Sj+1))

I The parameters of the target networks of the actor θ− and the critic w− are then adjusted
with a soft update

w− ← (1− τ)w− + τw and θ− ← (1− τ)θ− + τθ

with τ ∈ (0, 1]
I DDPG is very popular and builds the basis for more SOTA actor-critic algorithms
I However, it can be quite unstable and sensitive to its hyperparameters
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Deep Deterministic Policy Gradient

Algorithm 1: DDPG
Initialize replay memory D to capacity N
Initialize critic Q and actor µ with random weights
for episode i = 1, ..,M do

for t = 1, ..,T do
select action At = µ(st ,θ) + ε, where ε ∼ N (0, σ)
Store transition (St ,At ,St+1,Rt) in D
Sample minibatch of transitions (Sj ,Aj ,Rj ,Sj+1) from D

Set yj =

{
Rj if Sj+1 is terminal
Rj + γ Q(Sj+1, µ(Sj+1,θ−),w−) else

Update the parameters of Q according to the TD-error
Update the parameters of µ according to:

∇θJ ≈
1
N

∑
j

∇aQw(Sj , a)|a=µ(Sj)∇θµθ(Sj)

Adjust the parameters of the target networks via a soft update
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Soft Actor-Critic

I Soft Actor-Critic: entropy-regularized value-learning
I The policy is trained to maximize a trade-off between expected return and entropy

(H (p) = Ex∼p[− log p(x)]), a measure of randomness in the policy:

π∗ = argmax
π

Eπ

[ ∞∑
t=0

Rt+1 + αH (π(·|St = st))

]

I The value functions are then defined as:

V π(s) = Eπ[

∞∑
t=0

Rt+1 + αH (π(· | St = st))|S0 = s,A0 = a]

Qπ(s, a) = Eπ[

∞∑
t=0

Rt+1 + α

∞∑
t=1

γtH (π(· | St = st))|S0 = s,A0 = a]

I And their relation as: V π(s) = Eπ[Qπ(s, a)] + αH (π(· | St = s))
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Soft Actor-Critic

I The corresponding Bellman equation for Qπ is

Qπ(st, at) = Eπ

[
Rt+1 + γ

(
Qπ(St+1,At+1) + αH (π(· | St+1))

)]
= Eπ[Rt+1 + γV π(St+1)].

I Loss for the Q-networks:

L (wi,D) = E
(S,A,R,S′)∼D

[(
Qwi (S ,A)− y (R,S ′)

)2
]

where the target is:

y (r , s′) = r + γ

(
min
j=1,2

Qw−
j

(
s′, Ã′

)
− α log πθ

(
Ã′ | s′

))
, Ã′ ∼ πθ (· | s′)
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Soft Actor-Critic
I We want to find a policy which maximizes expected future return and expected future

entropy, i.e. which maximizes V π(s):

V π(s) = EA∼π(·|s) [Qπ(s,A)] + αH (π(· | s))
= EA∼π(·|s) [Qπ(s,A)− α log π(A | s)]

I To optimize the policy despite the sampling of actions, we make use of the
reparameterization trick:

Ãθ(s, ξ) = tanh (µθ(s) + σθ(s)� ξ) , ξ ∼ N (0, I )

I We can thus rewrite the expectation from above as:

EA∼πθ
[Qπθ (s,A)− α log πθ(A | s)] = Eξ∼N (0,I)

[
Qπθ

(
s, Ãθ(s, ξ)

)
− α log πθ

(
Ãθ(s, ξ) | s

)]
I Final policy loss is then:

max
θ

Es,ξ

[
min
j=1,2

Qw−
j

(
s, Ãθ(s, ξ)

)
− α log πθ

(
Ãθ(s, ξ) | s

)]
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Soft Actor-Critic

credits: https://spinningup.openai.com/en/latest/algorithms/sac.html
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Soft Actor-Critic

I Performance comparison from (Haarnoja et al., 2018):Soft Actor-Critic
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Figure 1. Training curves on continuous control benchmarks. Soft actor-critic (yellow) performs consistently across all tasks and
outperforming both on-policy and off-policy methods in the most challenging tasks.

for all hyperparameter). Using off-policy data from a replay
buffer is feasible because both value estimators and the pol-
icy can be trained entirely on off-policy data. The algorithm
is agnostic to the parameterization of the policy, as long as
it can be evaluated for any arbitrary state-action tuple.

5. Experiments
The goal of our experimental evaluation is to understand
how the sample complexity and stability of our method
compares with prior off-policy and on-policy deep rein-
forcement learning algorithms. We compare our method
to prior techniques on a range of challenging continuous
control tasks from the OpenAI gym benchmark suite (Brock-
man et al., 2016) and also on the rllab implementation of
the Humanoid task (Duan et al., 2016). Although the easier
tasks can be solved by a wide range of different algorithms,
the more complex benchmarks, such as the 21-dimensional
Humanoid (rllab), are exceptionally difficult to solve with
off-policy algorithms (Duan et al., 2016). The stability of
the algorithm also plays a large role in performance: eas-
ier tasks make it more practical to tune hyperparameters
to achieve good results, while the already narrow basins of
effective hyperparameters become prohibitively small for
the more sensitive algorithms on the hardest benchmarks,
leading to poor performance (Gu et al., 2016).

We compare our method to deep deterministic policy gra-
dient (DDPG) (Lillicrap et al., 2015), an algorithm that
is regarded as one of the more efficient off-policy deep
RL methods (Duan et al., 2016); proximal policy optimiza-
tion (PPO) (Schulman et al., 2017b), a stable and effective
on-policy policy gradient algorithm; and soft Q-learning
(SQL) (Haarnoja et al., 2017), a recent off-policy algorithm
for learning maximum entropy policies. Our SQL imple-
mentation also includes two Q-functions, which we found
to improve its performance in most environments. We addi-
tionally compare to twin delayed deep deterministic policy
gradient algorithm (TD3) (Fujimoto et al., 2018), using
the author-provided implementation. This is an extension
to DDPG, proposed concurrently to our method, that first
applied the double Q-learning trick to continuous control
along with other improvements. We have included trust re-
gion path consistency learning (Trust-PCL) (Nachum et al.,
2017b) and two other variants of SAC in Appendix E. We
turned off the exploration noise for evaluation for DDPG
and PPO. For maximum entropy algorithms, which do not
explicitly inject exploration noise, we either evaluated with
the exploration noise (SQL) or use the mean action (SAC).
The source code of our SAC implementation1 and videos2

are available online.
1github.com/haarnoja/sac
2sites.google.com/view/soft-actor-critic
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Summary by Learning Goals

Having heard this lecture, you can now. . .
I understand policy gradient methods and derive the policy gradient theorem
I design and implement actor-critic methods that combine policy and value function learning
I apply state-of-the-art algorithms (PPO, DDPG, SAC) to continuous control problems

If you want to get an even more detailed overview about the current SOTA, you can have a
look at Stable Baselines3, which is a good start for training your own RL agents:

https://github.com/DLR-RM/stable-baselines3
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