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Basics of Applied Mathematics (BAM) Part II: Optimization
Prof. Dr. Moritz Diehl
Léo Simpson

Albert-Ludwigs-Universität Freiburg
Mathematical institute

Winter semester 25/26

Homework 10: Stochastic gradient descent

Hand in: 06.01.2026 (Tuesday)
Please follow the submission instructions from the webpage of the course.

Correction: tutorial session on 08.01.2026 (Thursday)

These exercises involve some knowledge in probability theory. Please have a look at the formulas given at the end
of this document to help you solving the exercises.

Exercise 1: The randomized Kaczmarz method (12 points + 2 bonus points)

In this exercise, we consider the following linear regression problem:

min
x∈Rn

1

2N

N∑
i=1

(
yi − a⊤i x

)2
. (1)

We assume that the model perfectly fits the data, i.e., there exists x⋆ such that yi = a⊤i x
⋆ for all i = 1, . . . , N .

Furthermore, we assume that the vectors ai are such that, for some constants L and µ > 0:

1

N

N∑
i=1

aia
⊤
i ≽µIn, and for i = 1, . . . , N, ∥ai∥2 ≤ L. (2)

We perform the stochastic incremental gradient method on the problem (1) with a fixed step-size α = 1/L.

1. Show that the objective function in (1) is L-smooth and µ-strongly convex.

2. Express the update rule of the stochastic incremental gradient method for solving (1), i.e. express xk+1 as a
function of xk, and the randomly selected index ik at iteration k.

3. Show that the following equation holds:

xk+1 − x⋆ =Mik(xk − x⋆),

where Mi is a matrix that you need to determine, and ik is the randomly selected index at iteration k.

4. Show the following equality for expected value of the squared norm of the error:

E
[
∥xk+1 − x⋆∥2

]
= E

[
(xk − x⋆)⊤P (xk − x⋆)

]
,

for a positive semi-definite matrix P≽0 that you need to determine.

5. Show that P≼(1− µ
L)In.

6. Conclude that for this problem, the stochastic incremental gradient method converges linearly in expectation.
More precisely, show that the following inequality holds:

E
[
∥xk − x⋆∥2

]
≤

(
1− µ

L

)k
∥x0 − x⋆∥2 .

Bonus question (2 points) :

Which rate would you obtain if you had used the full-batch gradient descent method instead, for the same step-size
α = 1/L?

Compare the number of iterations needed for the two methods to reach a given accuracy ε > 0 in expected value,
i.e., such that E

[
∥xk − x⋆∥2

]
≤ ε ∥x0 − x⋆∥2. Also compare the number of vector-vector products needed for both

methods to reach the same accuracy.
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Exercise 2: Stochastic linear regression (10 points)

In this exercise, we consider the following stochastic linear regression problem:

min
x∈Rn

1

2
E
[
(y − a⊤x)2

]
, (3)

where the random variable (a, y) ∈ Rn × R are generated according to the following model:

y = a⊤x⋆ + e, (4)

a ∼ N (0, σ2aIn), e ∼ N (0, σ2e), (5)

where x⋆ ∈ Rn is the unknown parameter vector we want to estimate, and σa, σe > 0 are known constants. Also
note that the random variables a and e are independent.

We perform the stochastic gradient descent method on the problem (3), where at each iteration k, we sample a new
independent realization of the random variable (ak, yk) that follows the same distribution as (a, y). Like before, we
choose a constant step-size α > 0.

1. What is the solution of the optimization problem (3)?

2. Express xk+1 as a function of xk, ak, x⋆ and ek.

3. Express the update rule for the expected squared error, i.e. express E
[
∥xk+1 − x⋆∥2

]
as a function of

E
[
∥xk − x⋆∥2

]
.

4. Assume that the step-size is chosen such that α < 2
(n+2)σ2

a
. What is the limit of E

[
∥xk − x⋆∥2

]
as k goes to

infinity?

Hint: Find a fixed point of the update rule derived in the previous question, and subtract it from the equation.

5. How should one choose the step-size α to achieve lim
k→+∞

E
[
∥xk − x⋆∥2

]
≤ ε?

Exercise 3: Gradient descent on a random direction (10 points)

In this exercise, we aim to minimize an L-smooth function f(·) by computing, at each iteration, only the directional
derivative along a random direction.

More precisely, at each iteration, we pick a random direction pk ∼ N (0, In), and compute the directional derivative
of f at the point xk along the direction pk, i.e.:

βk := lim
ε→0

f(xk + εpk)− f(xk)

ε
. (6)

Then, we update the variable xk as follows:

xk+1 = xk −
βk

L ∥pk∥2
pk. (7)

The goal of this exercise is to analyze the convergence of this method.

1. Express βk as a function of ∇f(xk) and pk.

2. Show the following inequality:

f(xk+1) ≤ f(xk)−
1

2L

(
βk
∥pk∥

)2

. (8)
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3. Show the following inequality for the expected value of f(xk+1):

E [f(xk+1)] ≤ E [f(xk)]−
1

2Ln
E
[
∥∇f(xk)∥2

]
. (9)

4. Assume that f is µ-strongly convex and denote by x⋆ its unique minimizer. Show the following inequality:

E [f(xk+1)− f(x⋆)] ≤
(
1− µ

Ln

)
E [f(xk)− f(x⋆)] . (10)

Hint: Prove that for a µ-strongly convex function, the following inequality holds for all x:

∥∇f(x)∥2 ≥ 2µ(f(x)− f(x⋆)).

5. Conclude the following inequality:

E
[
∥xk − x⋆∥2

]
≤ L

µ

(
1− µ

Ln

)k
∥x0 − x⋆∥2 . (11)

Programming tasks (4 bonus points)

Open the jupyter notebook programming exercise5.ipynb, and fill in the missing parts of the code.

If you are struggling with downloading Jupyter notebook, you can also use it online via

https://jupyter.org/try-jupyter/lab.

A couple of probability formulas you might find useful

Let r ∈ Rn be a random variable, following a Gaussian distribution with zero mean and covariance matrix σ2In,
i.e., r ∼ N (0, σ2In), then:

E [r] = 0, E
[
rr⊤

]
= σ2In, E

[
∥r∥2

]
= nσ2,

E
[
∥r∥2 rr⊤

]
= σ4(n+ 2)In, E

[
rr⊤

∥r∥2

]
=

1

n
In.

Furthermore, if r and s are independent random variables, then for any functions ϕ : Rn → R and ψ : Rm → R:

E [ϕ(r)ψ(s)] = E [ϕ(r)]E [ψ(s)] .

https://jupyter.org/try-jupyter/lab

