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LQR problem assumptions

Assumptions:
e (A, B) stabilizable and (A, Q) detectable
e @>0,R>0
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Multi-stage LQR problem

N-1
. 1 1
min V(xp,u) = 5 (i @x + uj Rug) + EX;VPfo
k=0
subject to
Xk+1 =Ax,+Bu, k=0,1,..., N—1
where u = (ug, u1,...,un—1) is the input sequence

MPC approach: Since backward DP is intractable with input constraints,
solve for the entire input sequence in one shot
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Model solution for entire sequence

The linear model gives us the complete state trajectory:

X1 A B 0

0 up
X0 A2 AB B 0 u
= : XO+ : : :
XN AN AN-1B  AN-2p B| |un_1
S~—— ~~
A B

Compactly: x = Axg + Bu
where x = (x1,X2,...,Xn)
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Objective function formulation

The objective function becomes

1
V(xo,u) = 5 (xQx0 + X' Ox + u'Ru)

where

Q=diag([Q Q@ ... Py]) e RNmMn
R=diag([R R ... R]) eRNmxNm

Minmax MPC 5/



Eliminating the state sequence

Substitute x = Axp + B u into the objective

Vs, u) = %xé(Q + AQA)x0 + U (B'OA) + %u’(B’QB + R)u

This is quadratic in u with B'QB+ R = 0
Therefore, solution to min, V exists and is unique
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Multi-stage LQR solution

u*(x0) = Kxo (optimal input sequence is linear in xp)
1
V*(x0) = Exél'lxo (optimal cost is quadratic in x)
with

K=—-(BQOB+R)*BQA  (optimal gain matrix)
N=Q+AQA- AQBB'OB+R) BQA

The first control action is:

ug(x0) = Koxo where Ko=1[ln 0 --- 0]K
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DAR problem assumptions

Assumptions:
e (A, B) stabilizable and (A, Q) detectable
e @>0,R>0
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Multi-stage DAR problem

N—1
1 1
muln max V(xo, u, w) Z kuxk + uf(Ruk) + EX,/VPfXN
k:O
subject to
Xk+1:AXk—|-BUk—|-GWk k=0,1,..., N—-1
where u = (ug, u1,...,uny—1) and w = (wo, w1, ..., wy—_1) are the input

and disturbance sequences

Key challenge: Unlike LQR, we should not solve directly for u because
the minmax problem requires feedback to achieve reasonable performance
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Control parameterization for DAR

Key insight: Parameterize the control with feedback
ug = RXk + vk

where

o K: feedback gain (chosen as infinite horizon DAR gain for xo = 0 or
optimization variable)

@ vj: auxiliary control variable (optimization variable)
The DAR problem becomes
min max V/(xg, v, w)

v w

where v = (v, v, ..., vy_1) and ux = Kxi + v
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Model solution with control parameterization

With vy = Kxi + vk and Ax = A+ BK, the system becomes

Xk+1 = Akxk + Bvg + Gw

The complete state trajectory

x =Akxo + Bv + Gw X = (X1,X2,...,XN)

where
[Ax B 0
4 Af< 5 AxB B
K: . - .
' N-1 N—2
_A% Ay B A °B
i 0 .0
; Ak G G - 0
ANTIG ARG - G
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Objective function formulation

The control sequence: u = Kixg + Kox + v

_ 0 0 0 --- 0
g K 0 0 -~ 0
K= Ko=10 K 0 - 0
0 0 0 K 0

Combined matrices
Ay =K1+ KAk B, =KoB+1 G, =KyG

Stacked form x = Axy + Bv + Gw

o -
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Eliminating the state and control sequences

Define the weighting matrix

D =diag(Q,Q,R) Q=diag(@,Q,...,Pr) R =diag(R,R,...

The objective function becomes
1, 5 2
V(xo, v,w) = 5 ‘Axo + Bv + Qw‘ﬁ
This is quadratic in (v, w)
1[v] v v] 1,5
V(xo, v, w) = > M |, d+ EXO(‘:XO
where

/TR R/ R/
M= [B D5 B D?] d— [l?’,] Bl &— ADA

Minmax MPC I8 15



Two disturbance paradigms

The optimization problem

min max V(xg, v, w)
v w

Two different disturbance paradigms
1. Signal-bounded disturbances

N—1
w3 = Z |wi> < o (single constraint)
k=0

2. Stage-bounded disturbances
wil?<ax k=0,1,...,N—1 (multiple constraints)

This leads to two different optimization approaches with different
Lagrange multiplier structures
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Signal-bounded DAR problem

Define the Lagrange multiplier A > 0 and Lagrangian function

A
L(xo,v,w,\) = V(xo, v, w) — E(W/W —a)

The constrained problem becomes

min min max L(xp, v, w, \)
A v w

This is quadratic in (v, w):

1
L(xp,v,w,\) = = [

/
v 1,5 1
> :| + |:W:| d + §X05X0 —+ 5)\(){

where o _
() = B'DB  BDG
~|G'DB G'DG — Al
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Signal-bounded DAR scalar minimization
Solve min, max,, L(xp, v, w, \) to obtain saddle point (v*(\), w*()\)),
which requires:
B'DB =0 convex in v (1)
Q’ﬁé — Al =<0 concave in w (2)

From Theorem 9 (minmax fundamentals lecture) the remaining
optimization is

min L(x, v*(A), w*(1),A) st. G'DG — A =<0
The optimal \*(xp, «v) solves
1 1
min <x6|'|()\)x0 + )\a>
A>|G"DG| \2 2
where

o omis = [BDB BDG 1T [B
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Signal-bounded DAR solutions

From Theorem 9
v*(xo, @) = Ky (A" (x0, @)) X0 (optimal auxiliary control)
V*(x0, ) = %x(’)l'l()\*(x(], a))xo + %)\a (optimal cost)

with optimal auxiliary gain

5= 5 515 T 3
B B'DB B'DG B 5 1
ICV(X()v(Y) - [I 0] [g,ﬁg g,ﬁg — A*(Xo,oé)/:| |:g/_ bA
and cost
5= 5 51 T rear
2 =15 = [BDB B'DG Bl 51
N0,0) =& - AD[E 0] [G’ﬁé GG - A*(XO,a)/] 9’] A

The first control action is
uy(x0) = Kxo + vy (x0) = Ko(A* (X0, ))x0
where Ko(\) =K+ [Im 0 -+ 0] Ku(x0,)
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Stage-bounded DAR problem

Define A = (Ao, A1,..., Any—1) and Lagrangian function

~An-1
2

_o
2

The constrained problem becomes

L(xo, v, w, A) = V(xo, v, w)—22(|wol*~ag)— - (wn-1*—an-1)

min min max L(xp, v, w, \)

This is quadratic in (v, w)
L( A=Y /I\/I(/\()\)) I 1) o B + 2
Xo, V, W, — 5 w . w §X0 X0 5 o
where

A(A) = diag(Ao, A1, -, A1) @ = (a0, 01,...,an-1)
B'DB B'DG
MIAA) = [G’T)B Q’ﬁG—A(A)}
i MPC —r



Stage-bounded DAR vector minimization

Solve min, max,, L(xop, v, w, ) to obtain saddle point (v*(A), w*(\)),
which requires:

B'DB =0 term associated with v'v
G'DG — AN(A) =0 term associated with w'w
From Theorem 9 the remaining optimization is
min L(xo, v*(A), w*(A), A) st G'DG — MNA) <0

The optimal A*(xp, ) solves

min <;x5n(/\(>\))x0 + ;Xa) st. G DG —AA) =0

NAN) =~ AB[B G [ggg e ( A)T [g} 5.
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Stage-bounded DAR solutions

From Theorem 9
v*(xo, @) = Ky (A" (x0, @))x0 (optimal auxiliary control)
V¥ (0, ) = %X()I_I(/\()\*(Xg,a)))xo + %)\'a (optimal cost)

with optimal auxiliary gain

== 515 } /7
B B'DB B'DG B\ = 1
Ky(x0, ) = —[I 0] {g’ﬁg (3’15@_/\(/\*)} [G’_ pA
and cost
5= 5 515 T
s =15 = [BDB B'DG Bl 51
Nixo, ) =& - AD[B 7] [G’ﬁé G'DG - A(A*)] 9} A

The first control action is

ug(x0) = Kxo + v§ (x0) = Ko(A*(x0, @))x0
where Ko(A) =K+ [Im 0 -+ 0] Ky(X)
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Stage-bounded DAR: SDP to NLP conversion

The stage-bounded DAR optimization is a semidefinite program

min (; SM(A(N))x0 + ;xa> st. DG — AA) =0

Proposition 1 ((Burer, Monteiro, and Zhang, 2002; Kuntz and Rawlings, 2024)) |
Let

©:={AeR"|G'DG—AA) <0}
&, :={A | G'DG — N(A) < 0, diag[chol(G' DG — A(A\))] < €}
Let h(-) be continuous and attain its minimum on ©, then

min A(A) = lim min A(A) = inf min h(\)
Aco cl0 Aed. >0 Aed,

If a minimizer \* is strictly feasible (G DG — A(A*) < 0), then there exists ey > 0
and for all 0 < e < ¢g

min h(X) = Join h(X)

v
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Stage-bounded DAR: finite-dimensional NLP

The stage-bounded DAR problem becomes a finite-dimensional nonlinear
program

m}in <;x6|_|(/\()\))xo + ;)\’a> s.t. diag[C(N\)] <€

where C() is the Cholesky factor of G'DG — A(X)
Key insight

The matrix inequality constraint G'DG — A(A) < 0 is approximated by
scalar constraints via Cholesky; exact in the limit € | 0 or if the optimizer
is strictly feasible

This converts the semidefinite program to a standard nonlinear program
that can be solved with conventional optimization algorithms
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Summary: one-shot approaches

Objectives
LQR: min V/(xo, u)
u
Signal min max V(xo,v,w) |w|?=a
DAR: oo
XN (x0,) =arg  min__ %Xorl()\)xo+ pYe
A > |G'DG|
Stage min max V/(xp, v, w) \Wk|2 = ay
DAR: o
A (x0, 0) = arg mln —XO MA(N)x0 + 3 LN a st diaglc(\)] < e
Optimal gains
LQR: K=—(B'OB+R)"1B' QA
__ trs
B'DB B'DG B = -
Signal Kv(xo, ) =—|1 0| |5/ =5 =/ . ] |:_,:| DA
DAR: [ ] GDB GDG—-XI1| |G
_o_ __ trs
B'DB B'DG B - -
t J(x0, @) = — >0 5 2| D
o meve=l I[ER0 pad ] (2]
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Summary: DAR solution methods

Signal-bounded DAR

1 1
min <x6|'|(/\)x0 + )\a>
\>|6"D5| \2 2

Stage-bounded DAR (SDP)

. (1 1 -
min <2X6|_|(/\)X0 + 2Xa> st. G

Stage-bounded DAR (Cholesky NLP)

m/\in (;X(’JI_I(/\)XO + ;Xa> s.t. diag[C(N\)] < e

Minmax MPC I



Summary: control-constrained DAR solution methods

V(xo) enforces u € U robustly for all admissible disturbances
V(xo) :=={v | (xk,ux) € XxU,Vk € {0,1,...,N —1},Vw € W}

After maxing over w we obtain
Signal-bounded DAR

_,_min V(x(0); v, A)
A>|G"DG|, veV(xo)

Stage-bounded DAR (Cholesky NLP)

N lsgi‘?(xo) V(x(0); v,A(A)) s.t. diag[C(A)] <€
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Signal-bounded DAR with control bounds

Evaluating the value function using Theorem 10

) 1,5 - 2 > 1
AeR,mJgRNm 2 |Bv+ AXO‘Z(A) +bolg + 5)\&
¥(\) =D +DG(G'DG — \)'G'D
st A > g’@g|

where @i(v) = A,xo + Byv and d = /diag(G,G’,) € RN™
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Stage-bounded DAR with control bounds

. 1 5 T2 2 1,
,\eRNn,“yeRNm E}Bv+¢4xo‘z(/\)+|xo\g+§)\a
S(A(N\)) =D + DG (G'DG — A(\)'G

/

D

s.t. diag[chol(G'DG — A(A))] < e

N—-1
a(v)+ > Vard<u
k=0

N-1
E(V) — Z \ O dk > u
k=0

where dy = | /diag(G,xF,, &) € RN™ for k € {0,1,...,N — 1}
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Example: RMPC vs dynamic programming

xT=13x+u+w wy = sin(2mk/10) u>-—1

—— RMPC
x 01 DP
N \
1 —— RMPC
Uk DP

Wi 0‘
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Nonlinear MPC

Vu(x) = Jmin V(x; u)

where

T
L

V(x,u) = 0(x(k), u(k)) + V¢ (x(N))
0
subject to xT = f(x,u,0), wvelU, x(N)eX¢

e Feedback law: x(x) = u*(0; x)

@ Domain: X is the set of feasible initial conditions

>
Il

o Closed-loop dynamics:
xT = fy(x, w) := f(x, k(x), w)
The closed-loop trajectory is denoted by ¢(k; x, wi), where
wi = (w(0),w(l),...,w(k — 1))
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Nonlinear robust MPC (RMPC)

Vo(x) = mi 1%
N(X) uer?/ll’rgx) wn;%)’(’\’ (X’ * W)
where
N-1
V(x,u,w) = K(X(k), u(k)) + V¢ (X(N))
k=0

subject to xT = f(x,u,w), wvelU, x(N)eXf weW
e Feedback law: x"(x) = u*(0; x)
@ Domain: X" is the set of feasible initial conditions
o Closed-loop dynamics:

xT = fy(x,w) :== f(x, k" (x), w)
The closed-loop trajectory is denoted by ¢(k; x, wi), where
wi = (w(0),w(l),...,w(k — 1))
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Robust positive invariance

Once a state enters this set X, it can never escape it, regardless of what
disturbances occur

Robust positive invariance

A set X C R" is robustly positively invariant (RPI) for

xT =fy(x,w), wew,

if x € X implies that fy(x,w) € X for all w € W

Minmax MPC W



Asymptotic stability

The system state converges to zero with a guaranteed decay rate

Asymptotic stability

The origin of the nominal system x* = f(x,0) is asymptotically stable
(AS) if there exists a function 8 € KL such that

(ki x)] < B(Ix], k)

for all x € X and all k > 0, where ¢(k; x) denotes the closed-loop state at
time k with w =0
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Robust asymptotic stability

The system converges toward zero within a bound proportional to the size
of disturbances

Robust asymptotic stability

The origin of x™ = fy(x, w), w € W is robustly asymptotically stable
(RAS) in the RPI set X if there exist functions 5 € KL and v € K such
that

o0k x, wi)l < B(1xI, k) +5(llwill)

for all x € X, all k >0, and all disturbance sequences w; € WX, where
[will == max{|w(0)|,...,|w(k —1)[}
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Robust asymptotic stability in the worst-case sense

The system converges toward zero within a bound set by the uniform
disturbance bound ry
Robust asymptotic stability in the worst-case sense

The origin of x* = fy(x, w), w € W is robustly asymptotically stable in
the worst-case sense (RASiW) on an RPI set X if there exist functions

B € KL and v € K such that, for all x € X, all k > 0, and all disturbance
sequences wy € Wk,

lp(k; x, wi)| < B(Ix], k) +~(rw)

where ryy := sup,, cw ||w||
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Robustness with respect to stage cost: /-RASIW

The system’s performance cost converges within a bound set by ry

Robustness with respect to stage cost: /-RASIW

The closed-loop system x* = f(x, w), w € W satisfies -RASIW on an
RPI set X if there exist 5§ € KL, v € K such that, for all x € X, all kK > 0,
and all wy, € Wk,

E(Qﬁ(k:X, wy), w(p(k; x, Wk))> < B(Ix, k) +~(rw)

where ryy := sup,,cw ||w||
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Asymptotic stability properties

’ —o—  |é(kix,0)], AS ‘ —o—  |6(kix, wy)|, RAS

x| I\
e
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Asymptotic stability properties: ||[wg|| — O

[will —0

’ — |o(k; x,0)|, AS ’ —— |p(k; x, wi)|, RAS

|x| x|

) < B(Ix], k) + (lwl)

x| ]!
<

Minmax MPC 505



MPC stability

Theorem 2 (Nominal MPC)

For every p > 0, there exists § > 0 such that for the set
W C {w € RP: ||w|| < 8}, the system x* = f(x,k(x),w), w € W, and
the set S := {x € R": VJ(x) < p} N X we have that:

@ S is RPI (Allan, Bates, Risbeck, and Rawlings, 2017)
@ The origin is RAS in S (Allan et al., 2017)

© The origin is RASIW in §

@Q The system is (-RASIW in S
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RMPC stability

Theorem 3 (RMPC)

For the system x* = f(x,k"(x),w), w € W, we have that:
Q@ X" is RPI
@ The origin is RASIW in X"
© The system is (-RASIW in X"

Note: RMPC cannot handle arbitrarily large disturbances due to terminal
constraints

Minmax MPC Y



Liquid level control (McAllister and Rawlings, 2022)

Uy

1 0

. (I+w)z +w
R
T2 0
Uy
-1 g

d

%:—(1+W)x1+u1—w

e

p» =(14+w)xy—wm+w

Disturbance: w = £0.3

Stage cost:  {(x,u) = x'Qx + u'Ru, Q = diag([0.1,20]), R = diag([0.1,0.1])

Discrete time implementation:
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Liquid level control example

MPC
O_,,,
Xi
-1 : :
0 1 2 3
k
RMPC
0
Xj \\
-1 : : :
0 1 2 3
k
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Liquid level control example

—— RMPC --%- MPC
<
+ 0.5 1
S | - A—-—-mmT T Fo—mmmm Hm—mmmm
=00 | |
0 1 5 3 1
k
—— RMPC --%- MPC
? ——————
21 P— —
S L
=00 05 10 15 20 25 3.0
k
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