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Conceptual RMPC Problem

1. Objective
N-—-1
minimize U(xk, uk,dx) + Vi(zn) 2. Constraints
> k=0
subject to: Tr+1 = f(Thk, Uk, di),|T0 = Tinit
0> g(zp,up. dp). 3. Performance
0> gf(xN):
kel0,N —1] 4. Stability

» Uncertainty entering in dynamics, constraints and cost

Process Automation Systems (PAS)



Two perspectives on the robust OCP

Open-loop min-max robust OCP (as in single shooting)

N-1

» Uncertainty gets

. _ i convoluted
T e ;} Huls, ), ue) + Vil w) through system
. function over
s.t. max h(Zp(u,w),ur) <0, k=0,...,N—1 : :
e M k(y b multiple time
max  r(Zn(u,w)) <0 steps
> Set-based
EE—— robust OCP
min Y £(Ke,m() + LX) decouples the
Xm() k= propagation
s.t. Xo = {Zo}, 4 He[pful to
Xpy1 = F(Xg, m(+)), k=0,...,N—1, reduce
0> h(zy,mx ("), Vor €Xp, k=0,...,N—1, complexity
OZT(xN); Vry € Xy.
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Agenda

* Propagating reachable sets through nonlinear systems
» General description
« Simplifications/ Favorable Cases

* Monotonicity as favorable case
* Generalizing from there on

 When in doubt, try neural networks



Whatis a reachable set”

e Consider systems
& = fo(x(t), u(t), w(t)) i1 = fa(Tr, wk, wg)
« Consider fixed time discretization for continuous systems

* Given an initial set Xy and some inputs uj.x—1;, the reachable set
X attimetir spans all the states, the system can reach

X = {w(tk,U[o:k—1]7w[ozk—1]7a?o)W$0 € Xova[O:k:—l] € Wk}

* Are important for verification and robust predictions

Process Automation Systems (PAS) 5



Tube-based model predictive control

* Reachable sets span the tube
 Linear system, additive uncertainty
- Tube dynamics independent

from nominal trajectory —
Lo, TN
. 31 L
Z() x\

* More unfavorable cases N
require online computation Lz )
of tubes or reachable sets

a3
z3 °




Computing exact reachable sets

 Exact reachability can be undecidable 1"/
« Consider nonlinear system Zk+1 = T 4+ ¢, ©o =0, Ve € [-2,0.25]
* Given ¢ and v,

verifying 3k : y =z is hard

* Fun fact: the set of all complex
c for whichzg remains small
s the Mandelbrot set

* [1] N. Fijalkow, J. Quaknine, A. Pouly, J. Sousa-Pinto, and J. Worrell, “On the decidability of reachability in linear time-invariant
systems,” in Proceedings of the 22nd ACM International Conference on Hybrid Systems: Computation and Control, in HSCC *19.
New York, NY, USA: Association for Computing Machinery, Apr. 2019, pp. 77-86. doi: :


https://doi.org/10.1145/3302504.3311796

Approximations of reachable sets via scenarios

* In the linear case, outer approximation via scenario tree
» Consider all vertices of uncertainty set W as branches

X1 Xz
« Reachable set encompassed by convex hull of all scenarios
* Number of scenarios grows exponentially
« No guarantees in the nonlinear case for non-discrete W
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Support function tor general shapes .

C
5] E S[x](c)

 —

* Introduced by Villanueval
* General convex set, utilizes support function
VC - Rn, S [X] = maX{cTw‘w c X} .

* Always points to the most outward pointx € X in direction c

. N lon
setinclusio S[X(0)] (c) > max c'xy, Ve e R"™

[1] M. E. Villanueva, B. Houska, and B. Chachuat, “Unified framework for the propagation of continuous-time enclosures for parametric
nonlinear ODEs,” J Glob Optim, vol. 62, no. 3, pp. 575-613, Jul. 2015, doi:


https://doi.org/10.1007/s10898-014-0235-6

Generalized differential inequalities (GDIs)

» Support function Ve € R", S[X] := max{cTz|x € X'}

* The set X(t,u)describes the evolution of a convex over-
approximation of the reachable set via S [X(¢,u)] (¢), Ve € R™ if:

JL SO (€) > max eTag =0 ¢
S [X(t,u)] (c) > max cTfe(w,u,w) >0

-  zeX(t),ete=S[X(t,u)](c),weW
Initial set Change of

X(0) boundary of Maximum change of system
X(t,u) at the furthest point wrt. C

* Then X(t,u) C X(t,u)

M. E. Villanueva, B. Houska, and B. Chachuat, “Unified framework for the propagation of continuous-time enclosures for parametric
nonlinear ODEs,” J Glob Optim, vol. 62, no. 3, pp. 575-613, Jul. 2015, doi:
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https://doi.org/10.1007/s10898-014-0235-6

Generalized difference inequalities - Discrete

* The sequence of sets X, describes a convex over-
approximation of the reachable sets via

> T R"=
S [Xgt1(ug)] (¢) > peox C fa(x,ug, w) , Ve e

S [Xg] (¢) > max cTx, Ve € R™
xc X

* The border of Xi4+1 must be larger than the maximum next
state starting from Xg in every direction

e Then X, C X,

[1] M. E. Villanueva, B. Houska, and B. Chachuat, “Unified framework for the propagation of continuous-time enclosures for parametric
nonlinear ODEs,” J Glob Optim, vol. 62, no. 3, pp. 575-613, Jul. 2015, doi:


https://doi.org/10.1007/s10898-014-0235-6

Challenges of GDIs in predictive control

mEXk,wEW

/ Max operator leads \ / Open-loop - Inequality must hold\
to bilevel propagation of in all directions'ec € R”
optimization problem uncertainty * Infinite dimensional

» Difficult to solve in * Optimizing over constraint
gradient based policies changes * Maximization in

\ frameworks / \ dynamics / \ support function /

* Find special cases for which complexity can be reduced

Process Automation Systems (PAS) 12



Fixed parameterizations of reachable sets

« Convex parameterizations
 Intervals/Rectangles X" = {z|z™" < x < ™™} -

* Only 2n, parameters
« Canonlyrepresentscaling and translation

« Polytopes XY ={x e R"|Vz < o}

* Generalizing rectangles ’
« Arbitrary number of faces

« Zonotopes X" = {x ¢ R™|a” < Vx <a'}

» Polytopes with parallel faces .
« Ellipsoids X™ = {zcenterk + QFvv € R" 1 vTw < 1}

e How can reachable sets then be calculated?

Process Automation Systems (PAS)
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w

Differential and Difference Inequalties =

24 H S[X](c)

 To obtain the difference inequality for intervals, use!' -
S XM (e) = %CT(wmin + ™) + %abs(c)T(mmaX — ™) =

» Discrete case: Difference inequality for every state i

-3

T < ~min Ja.i(§, up, w) Tyl > _max Ja,i(§, up, w)
Ee[m}é’]ll]’mglax]’wew Ee[mg-ll]'l,m;:l?lx]’wew

e Continuous case: Differential inequality

-max >

< mi Fei u, w) z; o mas fei(§ u, w)
‘Se[wnnn’wrnax]wew ge[mmln,mmdx ,’UJEW

* [n the continuous case only growth of the border considered

[1] M. E. Villanueva, B. Houska, and B. Chachuat, “Unified framework for the propagation of continuous-time enclosures for
parametric nonlinear ODEs,” J Glob Optim, vol. 62, no. 3, pp. 575-613, Jul. 2015, doi: :
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https://doi.org/10.1007/s10898-014-0235-6

Interval reachable sets

e Simple set xM = {glz™® < z < 2™} ot T
* Reachable set overapproximated by

mm(tk,u[Ok 1 Xlnt W) < w(tk,u[o;k_l] ’w[o:k—l]7390)

< 33max(tkau[0:k—1] le W)vvw[o:k—l] S Wk,V:co S X(I)nt

With &Xx € X3™ and X, C Xt

i HOW tO Obtalﬂ mmin(tka U[O:k—l]axénta W) y max(tk7 [O:k—l]?X(]f)nt7 W) rP

Process Automation Systems (PAS) 15



Monotonicity tor difference inequalities

e Just consider discrete case i1 = fa(xk, ug, wy)

* The system is monotone in states « € X and uncertaintyw € W
ifforx > x

fa(@,u,w) > fa(x,u,w), YVueclU, VweW,
and for w > w

fd(mvuvﬁ]) Zfd(ﬁﬂ,u,’d)), Vu e U, Vo € X,
* Monotonicity can be shown by signs of Jacobian
« All elements positive for discrete system
» Off-diagonal positive for continuous system
* Temperature control, epidemic models, double integrator

D. Angeliund E. D. Sontag, ,Monotone control systems”, /EEE Trans. Automat. Contr., Bd. 48,
Nr. 10, S. 1684-1698, Okt. 2003, doi: .


https://doi.org/10.1109/TAC.2003.817920

Monotonicity tor difference inequalities

* The system is monotone in states = € X and uncertaintyw € W
if forx > x

fa(x,u,w) > fq(x,u,w), VuecU, VweW,

and for w > w
falz,u,w) > fa(z,u,w), VYucU, Vx c X,

» Solution to difference inequality is trivial forw € W = [w™", w™]

Ty 2 -max fa.:(& up, w) = fqi(xcp ™ ug, w™™)
£€[m}€nln,m§€nax],wew
Tt < min fai(& up,w) = fa (2™, ug, w™")

e [mﬁfin,mfa}‘] ,dweEW



Monotonicity Is iImportant — General sets

« We have the sets Xk and Ye withXx C Y andP andW with P C W
* Note that Sp [Xi] (¢) < Sw [Yk] (¢), Ve € R™

e Then Sp[Xit1](e) < Sw[Yrt1](c), Ve € R™ 3 @9
* Because of the max operator, a larger set

can only lead to an increase in

S K1 (ur)] (¢) = pepax cT fa(z, ug, w)

e The notion of monotonicity is intertwined with the description
of reachable sets

Process Automation Systems (PAS) 18
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< l;syste ms

s . Process

For discrete systems

Can be easily extended for
continuous systems

Follows [Heinlein,
Subramanian, Molnar, and
Lucia, ,,Robust MPC
approaches for monotone
systems”]
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Reachable set propagation

* Monotonicity solves two of the three challenges in GDI
* Interval sets can be calculated by evaluating the system function

* No bilevel problem
* No over-approximation error

 Directly applicable for open-loop robust MPC

+ + +) ! 1

+_
x = f(xo, up,w") Ty = flz] u,w




Open-loop robust monotone MPC approach

: +
L Hun J(z o;N]’u[OrN—l])
L. N U[0: N —1]

—

Two uncertainty
scenarios: wrand w™

s.t . xy = @,
Ty = [y, uk,w’),
T =[xy, up, w™),
zpw] X
up € U,
N, zN] C Xy,

For box constraints no
conservatism due to
INtervals

One input for all
uncertainty realizations



Problem with open-loop predictions

« Assume the system xr11 = T + wi + Wy , with wy € [-1,1]
* Regardless of chosen input ug, reachable sets will blow up
« MPC is no open-loop method - Feedback

e Include the information from the next
measurement in the prediction (Recourse)

» Possible feedback policy here
U = — Lk

» Feedback policy changes dynamics
« Monotonicity may be lost u = —1.1x
« May lead to tightening of input constraints



Dynamics preserving feedback policy

Inspired by multi-stage MPC
Reachable set after 1 time step

Scenarios based on state after
uncertainty realization

Division of the reachable set
-> Multiple subsets
Positioning of partition a
degree of freedom

For each subset individual
INput

Each subset is spanned by
two points [x7 7, x57]

3+
9.51
4+
X
U3 ug !
x4— ° xl
1 1+ ' 2+
X1 X1
1 - 2
U Uq
1._ ._
X1 x5




Multiple time steps

» Scenario tree possible: Dividing the propagation of each subset
* Exponential growth of scenarios with prediction horizon
* Or continue with open-loop prediction after few steps

e |dea:

« Bound the propagation
of all the subsets |

 Divide the bounding
rectangle as before

 Plecewise constant
feedback policy

Process Automation Systems (PAS) 24



Dividing and bounding

* In each time step start with the reachble set
* Divide into subregions

* Propagate subregions 2t A
« Maximum realization Z/uz/ N
« Minimum realization 4, " ;‘{*wcx x5
« Bound the propagations 2w
— Reachable set for the next y
time step




ow are partitions implemented?

f—\ Uy Lo
R o Partitions
k,2 : _ : .
; 21|71 . defined by
: oo -
L, |1 3 e linear
Lk L Iy : . .
- L inequality and
k=20 k=1 ul 1 " Ty k=2 .
! equality
o L o o constraints
ack_z = iEk’_2 xkg = a:kg ask_l = ack_l ackg = wk;,
:1:;1;5 = miﬁ $]1€+1 = 37;?;71 :cij = mij mig = xi;,

3+ __ 4+ s+ — 4+ s+
Tpy =Ty T, > @ x> x, Vs €S



Closed-loop robust monotone MPC approach

* us number of subregions each min J (i tel® qllrel

time step Bk uE L VsES 0:N] 2 ¥o:N—1)
. . st

* Defines the bounding of the 5.8 Ty = o,
propagation m’,;”fl > flay" up, wt),

. h(x[ sl —) orders the division Tip1 < fl@p ug,wo),
ofsubregmns [z} 2T C X,

» Recursive feasibility and up < U,
constraint satisfaction [zy @iy T] S Xy,
proven for box constraints up = ug,

h(wLLNS]:I:) S 07

M. Heinlein, S. Subramanian, M. Molnar, and S. Lucia, “Robust MPC approaches for monotone systems*,” in 2022 |IEEE
61st Conf. Decis. and Control (CDC), Dec. 2022, pp. 2354-2360. doi:


10.1109/CDC51059.2022.9992502

Robust control invariant sets

» Recursive feasibility needs robust control invariant set (RCIS)

* A set, in which the method will find an input to remain in the
set regardless of the uncertainty

Open-loop Closed-loop

4
Upcrs Upgcls

URcrs

URcrs URcrs




Calculation of robust control invariant set

* This can be formulated as an optimization problem

« V(x!*", x}7) as measure of the RCIS size (e.g. volume)

o h(x!14sl2y orders subregions M V(e 2l
« RCIS property is enforced P, Vel

t:x°t eX, VseS,
« Can be added as a > ms 5
constraint in the MPC u” €U, Vs ey,

problem for more flexibility h(m][j:“s]i) <0,

chot > f(x%F u wT) >al, VseS.



Robust control invariant set as safety filter

* For monotone systems RCI sets o
easy to calculate i N
* When in RCl set, use X x5 - -
monotonicity to check if input w | N
safe I P
* Can be implemented as -
constraint L omin (O, uf) + Uy ) + Vilah) + Vy
e Can be combined with nominal = & 7 7
or approximate MPC st: @k =,
* Use RCl input as fallback wgﬂ;{f(wiufnfi)a]ike{07---7N—1}
J. Adamek, M. Heinlein, L. Luken, and S. Lucia, mi € Xnrs, k € {1, N}
“Deterministic Safety Guarantees for Learning-Based u, €U, Vke {0,...,.N -1},
Control of Monotone Nonlinear Systems Under +

Uncertainty,” /EEE Control Systems Letters, vol. 8, pp. Ug = U -
1030-1035, 2024, doi: :


https://doi.org/10.1109/LCSYS.2024.3407635

Case study

* Temperature control in a building
* 4rooms in rectangle

e Fach room 3 states: interior wall, exterior wall, interior
temperature

* 2 inputs: heating and cooling

» Additional exchange between
adjacent rooms

Process Automation Systems (PAS)
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Building model

e Linear model

» External influences with uncertainty:
« External temperature +1 °C

» Solar radiation £25 % .-

* Internal gains in i g e
each room It I T b ATon 0.1
uncertain during s L+] —A [?ﬁ’lﬁ?ﬂ] +B{Z’jﬂ tE [gmfﬁgii\;lg] +§6u [8] (Toj = Toa) Vi € {1, 4},
work hours +30 % 2C<T, <23°C, | |

18°C < Ty < 20°C,
16°C < T3 < 18°C,
23°C < T4 < 25°C,
0 < u, < 1000W,
0 < u; < 1000W.

Process Automation Systems (PAS) 32



Comparison of approaches

» Comparison of
* Nominal MPC

| ¢ Closed—loop MPC for
Pl & monotone systems

00 ° S|mpl|f|ed approaCh
—remz 16 subregions for

0.51 —— Room 3

— e closed-loop
I approach

Temperature [°C] Power Input [W] Closed Loop Cost [W] Constraint Violation [°C]

25 F==—======o

.72 | 50000

Nom. MPC

e 4 | 50000
e ez | 25000

CL mMPC

el | 50000

§ — Var
; BN I et ~| 25000 . 0.5 m;nx > I: U I.l a p p rOaC h -~ 1 6 S
'c% 0’ 20 4o 5 20 4o °0 20 40 O 20 a0 p er soO I.U t 10N

time [h] time [h] time [h] time [h]

» Simpl. approach
~47 ms per solution

Process Automation Systems (PAS) 34



Simplitying general difference inequality

mEXk,wEW

gives tight
solution to the
inner
maximization

\ problem

K Monotonicity \

>

p

o

Partitioning based
feedback strategy leaves
dynamics unaltered
Increase in complexity with

« Computationally

the number of subregions

* What to do with non-monotone systems?

Process Automation Systems (PAS)
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Interval sets

cheap
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Beyond
monotene mixed monotonicty
syste ms

' Process Automation Systems (PAS)
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Monotonicity through state transformation

oL

* Monotonicity can be shown by signs of Jacobian = =
« All elements positive for discrete system OR
» Off-diagonal positive for continuous system o !
o oC
. . . . . + oL _
Consider the biochemical system Sign(g_z): L] o Tw
 Under a linear transformation, Tt Tl n=kLR- kO
the system is monotone aL+O) Do
5’5 = Gx = GfC(G_l'{éafu’a ’LU) 8(R8—|t- ) B G=1|0 1 1
ot 0 0 1

* Can be checked with graph consistency LR
v =k ((L+C)=C)(R+C)—C) — koC

C. Kallies, M. Schliemann, R. Findeisen, S. Lucia, and E. Bullinger, “Monotonicity of Kinetic Proofreading,” /FAC-PapersOnLine,
vol. 49, pp. 306-311, Dec. 2016, doi: :


https://doi.org/10.1016/j.ifacol.2016.12.144

Finding solutions to difference inequalities

« Can we solve the inner optimization problem in advance”?

ziy; < _min Jai(§, ug, w) T 2> _max fa,i(§ uk, w)
ge[mﬁlllljmgla‘x]’wew Ee[mgllrl,m}élflx]’wew

* Assume continuity and w e w = [w™™, w™]
* Mixed monotonicity: There exists a decomposition function

d; (mglax’ wmax’ w, m}fnin’ wmin) > ‘ma}.( w fd,i (6: Uk, p) d; (.'L‘E]in, ’U.Jmin, wp,, TP wmax) < | min fd,i (ﬁ, g, p)

celop ap] pe  geapnape]pew

* Decomposes systems into increasing and decreasing
components

S. Coogan, “Mixed Monotonicity for Reachability and Safety in Dynamical Systems,” in 59th /EEE Conference on Decision and
Control, Jeju, Korea (South): IEEE, Dec. 2020, pp. 5074-5085. doi: :


https://doi.org/10.1109/CDC42340.2020.9304391

Mixed monotone robust MPC

min

: : 0:N] > Yo:N=1]
m[U:N]’uEU:N—l]’VSES
* Similar to monotone MPC
i st:xit =x ,
* Instead of system function T ————
.2 . x5 > d(x], w up, @, w™)
decomposition function o i et
| . . N mkﬂgd(mk ,w™ ug xy " w™),
» Consideration of feedback with partition [z, 2] C X,
policy uj €U,
) A [aﬁv_,wﬁfﬂ C Xy,
» Recursive feasibility can be shown wl
* Terminal set also possible by h(x, ") < 0,
adding constraint ub = 02 = ud =yl o2 ¥ ot
f;\ $2+ _
M. Heinlein, S. Subramanian, and S. Lucia, "Robust Model . Zo Ty 1 .
Predictive Control Exploiting Monotonicity Properties,” /EEE ;2 ! TH x4
[ransactions on Automatic Control, vol. 70, no. 9, pp. 6260-6267, E Ty 1 3T
Sep. 2025, doi: : l ' - 5 Tq
Tk1 7 Ty
T
k=0 k=1 ul Ly k=2


https://doi.org/10.1109/TAC.2025.3558137

Avalilability of decomposition functions

* Mostly rephrases the problem of difference inequalities
» For linear systems xk+1 = Az, + Buy + Ewy,
d&,w,u,&,w)=AT2+ A E+Bu+E"w+ E w A" = max{A,0}

» Combining this with linear state transformations gives =~ 4 =mini4.0
“Low complexity tube-based MPC” [1]

« Works similarly for bounded Jacobians
* Interval arithmetics can also be used [ 2]
* Introduces over-approximation errors

[1] B. Kouvaritakis and M. Cannon, Model Predictive Control. in Advanced Textbooks in Control and Signal Processing. Cham: Springer International Publishing,
2016, doi: .

[2] T. Alamo, D. Limon, E. F. Camacho, and J. M. Bravo, “Robust MPC of constrained nonlinear systems based on interval arithmetic,” /EEE Proc. Control Therory and
Appl.,vol. 152, no. 3, pp. 325-332, May 2005, doi: .


10.1007/978-3-319-24853-0
https://doi.org/10.1049/ip-cta:20040480

ow to handle constraints

 Forinterval sets, box constraints are trivial
 For linear constraints, use Farkas Lemma

Lemma 1 (Farkas Lemma). Let X;={x : F;x < b;},i = 1,2, be non-empty
subsets of R"=. Then X; C Xo if and only if there exists a nonnegative matriz
H > 0 satisfying

HF, = F,
Hb; < by.

* Precompute H to avoid nonlinearity ki =arg min 17k subject to A" Fy and h > 0

heRl’LFl

* For nonlinear constraint g(zx, ug, wi) <0, decomposition needed

eW('m;_')mlgauk) > max g(f‘,uk,’w)

gexint wew

Process Automation Systems (PAS) 471
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Case Study

Reachable sets via

decomposition function &
mixed monotonicity

Eari

1, = K1, €xp —

r2,i = k2,i €xXp —

Rgas(Tr + 273.15)

Eaz

Rgas(Tr.i + 273.15)

Nonlinear & non-monotone CSTR-Cascade

. . - 2
Minimize “cR,max _CR”QR = lleslg,

Partition policy for feedback

CA,iCB,i

2
CAi

Scalable in states & uncertainties (k; AHg)

— >
e/ ~z ‘
A+B-R
A+A - S >
N Y, =~
| i
. Vout UA,; —
€A = (caim1 —cayi) —rii—2ry; + —
7 V; 7 Ji i i ‘/z )
. ‘./out Up. i
CB,i = (cBi—1 —cCBi) — 714+ —,
7 V; 1 i i V;
. Vout
CR,i = ‘D/U (cri—1 —CRi) + 71,
f

. Vow
CS,i = (cs,i—1 — €s,i) + 72,4,

Vi
: Vout AHp
Tri =——(Tri-1 — Tr:) — 1. a

Vi PCp

AHps ; kA
— T2 =+ (T —Tr,i)-
PCp pcpVi

43



Comparison of closed loop and open loop

. . . for PCL Closed-loop cost ~ Comp. time |s]
R T p  Hs 10T OL CL OL CL

'PJ,:,‘.J_‘:‘E PN_d Py © Px e

l S - 32 149% 129% .70 36.40

3 |15 12 16 161%  114% 1635  111.45

5 25 20 4 142% 122%  42.776  72.38

» Values averaged over 50 closed-loop simulations

 Closed loop cost (CLC) compared to MPC with correct parameters
 For 5 reactors, partitioning three times in ¢g 4

» Rigorous robustness guarantees

M. Heinlein, S. Subramanian, and S. Lucia, “Robust Model Predictive Control Exploiting Monotonicity Properties,” /EEE Transactions
on Automatic Control,vol. 70, no. 9, pp. 6260-6267, Sep. 2025, doi: 10.1109/TAC.2025.3558137/.
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Simulation for b reactors

L

N

Rob. MPC:

L

N

Rob. MPC:

Nom. MPC

cg [mol m—3]

1.0 +
0.8 -
0.6 -
0.4
0.2 1
0.0

1.2 1
1.0
0.8
0.6
0.4
0.2
0.0

1.2
1.0 1
0.8 1
0.6 1
0.4
0.2 1

0.0

o -

time [h]

cs [mol m—3]

0.12
0.10 ~
0.08 -
0.06
0.04
0.02 A
0.00 ~

0.12 ~
0.10 A
0.08 A
0.06 -
0.04 -
0.02 ~
0.00 ~

0.12 ~
0.10 A
0.08 -
0.06 -
0.04
0.02 ~

0.00 A

o

time [h]

75

20 1

Temperatures [°C]

R ————

0 25 50 75
time [h]

Feeding [mol h—1]

1.50
1.25 ~
1.00
0.75
0.50
0.25
0.00 -

Ua
—— g

1.50 A
1.25 A
1.00
0.75 A
0.50
0.25
0.00 -

1.50
1.254
1.00 A
0.75 A
0.50
0.25 -

0.00

il
Il

=i

time [h]

Closed Loop Cost [-]

500 A

400

300 +

200 -

100

500

400

300 -

200 A

100 -

500 -

400 ~

300

200 -

100 -

o -

time [h]
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General difference inequality — non-monotone

mEXk,wEW

/So lution to max over\ /Partltlomng based\ * Interval sets \

approximated feedback strategy « Computationally cheap
« Mixed leaves dynamics « Cannot capture
monotonicity unaltered rotation through
* Interval * |ncreasein dynamics
arithmetics complexity with the
* Introduces number of \ J
overapproximation subregions

error for non-
Kmonotone systems / \ /




I\/Iore than -

loring more complex

shapes to avoid the

re Ctangles wrapping effect
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The wrapping effect

* Interval sets capture monotone dynamics well

* They cannot represent rotation (non-monotonicity)
* This leads to conservativeness due to over-approximation

* The error accumulates over multiple time steps

° “e r m ed A Initial shape G[-1,1]"2 . One-step reachable set . Two-step reachable sets
G: = |nitial set True Reachable set f=—— True Reachable set
1 . b} 34|l 1.00, 0.00] 3 = = Bounding polytope 3 A = = Bounding polytope
[ 0.00, 1.40] | I
wrapping effect” i ] :
[
- - 1- 1 ' | 17 | '
* Best orientation ] o] | o] 1 |
" 1 ]
4 _1 4 | 14
depends on B Mo : o |
. 24 -2 Eecccaes -2 !
: I |
dynamics I . =1 I N
-4 T -4 T T -4
—4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2
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—dgy reachable sets in the linear case

* Rotated sets may capture the dynamics better

Tk Step k=0 Tk Step k=1 Ty Step k=2

e /ZO0NOtOpes X = {x e R™|a” <Gz <a'}
e G € R™*™ Wi|th Ng > Ny __.
* Linear transformed intervals 3 9

» Generalized by polytopes XP°Y = {2 € R™ V& < 4} Viwwsn =g G|+ s
* It ng =Nz and linear systems-> “Low complexity tube-base MPC”

* Polytopes propagated for linear systems with Farkas Lemma
-> “General complexity tube-based MPC”

HFl — F2 F =V, from Va, < ag
' H>0 el
Hbl S b2. F,=VA, fromV x4 <app1 e VAz, < apy1 — Bug
—— —_———
Axp+Buy bo

B. Kouvaritakis and M. Cannon, Model Predictive Control. in Advanced Textbooks in Control and Signal Processing. Cham: Springer International
Publishing, 2016, doi: 10.1007/978-3-319-24853-0.



Solving zonotopic difference inequality

e Difference inclusion

O{];+1’g' S min Gf?;(mvuk‘uw)a
o, <Gz<a; ,weW

+ .
Qpyq > max G fi(x,ur, w)
a, <Gz<a, ,weW

* For bounded Jacobian or with a lot of analytical effort
Decomposition:

d@,i(agaagauk) > max Gfi(:naukaw))
o <Gz<a) ,weW
diy (o s oy ug) < min Gfi(x, up, w)

o gG’:nSoz: ,2weWw

* Assume also decomposition for constraints

ew(a;, o, ug) > max g(x,up, w)

o SGCESO{:, weW



Feedback strategy tor zonotopic sets

* Optimizing over feedback policies complicates decomposition
* Use same partitioning strategy

Ty Ty

< @

>CA
* For zonotope both sides of partition again zonotope with same G

> Cy > €



Robust MPC with zonotopes

« Similar to previous approaches
max min J (el tel®

e arty, for subregions, oy for bound aafo?mﬂiﬁ‘fé]i’ s 0N o)

* Introducing auxiliary vanable

] st:ay =Gxg = a8+,
to ensure non-emptiness AT S gt (0t 0t ul),
e Can also be used in cost it < dylapt, o up),
_ ] ew(a?,ak ,uk) <0,
* Terminal set RCI, if replaced by o <ama g s gmaxt
arjr\}axl— < arjx\}ax—’ aNax+ > Oé%ax—}— 'u,(l) = u, a,(l) = a}
T <Gz <o,

h( Ll s ]t Oélg:ldx:*:) <0,
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Surrogate decomposition function

* For notational convenience, assume general polytope
XPolY — f e R™|Vzx < a}
* We seek surrogate model for constraints and propagation

N(Odk uk) > MaAXV e <oy, weW Vf’l(waukaw)
; — | maxvg<a, wewg(x, ug, w)

* ToDos
« Choice of V /G (zonotope to be used in RMPC)
* Data generation
* Training
* Implementation in RMPC



Case study

| Industrial polymerization reactor
2 @)
Monomer A J/’-\
heating ~T° i heating
—<— ~—D—
i = |

! EHE e - -
A RO© L
| , o o Bl
—<— : cooling |
cooling — A—~B :
|
E %D’& |

Product A
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An industrial batch polymerization reactor

9 differential states
hw = 1Mrww. F, 3 control inputs
Ma = tpwap — kRIMAR — kRomawT —a-, 9 uncertain parameters (+10%)
_ ma ¢ 1 nonlinear constraint
mp = kpima,r + prkrzmawr ;
ges
»acc : — mp
My =, V= a+me
. 1 . . es — )
TR = p—— lTTIFCp,F(TF —TR)AHpkrpimar — kxk A(Tr — Ts) — mawrcpr(TR — TEK)} , Mges = MW + A + mPE
D, ges a
le = kU exp (—
. 1 R(T; +273.15))
Is = Cp,8MS [kKA(TR —T8) = ki ATs - TM)]’ (kr1(1-10) +l':;U2U)a
. 1 , . _— E,
B = ——L st (T — i)+ ki AT - )], e = ke g
p, 9
. 1 . AHp (k1 (1 =U) + kp2U),
Tog = ———— lmAWTCp,W(TR — Tgk) — a(Tex — Tawt) + kramamawT } ; L Mwhkws + makas + mpkps
p,RTTLAWT ges K = Mges y
Tawr = lmAWT,KWCp,W(TEVT — Tawr) — o(TawT — TEK)] (Cp,WMAWT, KW )- MAR = ma — w,
ges
» Tight temperature constraints o
. . . . Tadiabat = i ma + Tgr.
* Maximization of product in batch MgenCrR

S. Lucia, J. A. E. Andersson, H. Brandt, M. Diehl, und S. Engell, ,Handling uncertainty in economic nonlinear model
predictive control: A comparative case study”, J. Process Control, Bd. 24, Nr. 8, S. 1247-1259, Aug. 2014, doi:
10.1016/].jprocont.2014.05.008.
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Choice of the orientation of the zonotope

* Heuristic approach because of nonlinearity

« Sampling reachable
sets from multiple
iInitial states

* Halfplanes from
2D projections

—ocus on T and my

Keep axis aligned
nalfspaces for easy
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Prediction capability — Zonotope vs Interval sets

y | » Neural
| networks with 1
Yy _ layer and 120
wl A neurons
| | » Open-loop
- poredictions for
P — constant input
Z 0 ﬁ » Zonotopes
15w | tighter bounds
A » Small violations
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Implementation on closed loop

5000 |

—— Closed-loop approach

4000

E 3000
=

g 2000

1000 ¢

5000 F-
1000 F
3000 |
=
£ 2000 |

1000 ¢

Prediction intervah

Prediction intervall

= Open-loop approadh

366 F

364 |

Ty [K]

362 |

360 F;

366

364+

Tr [K]

362

360 Eu

State NL Con
AL e IR B 30000 |-
SSOFJUUUJJJ/14J
¥ 3751 ff 1. = 20000 F
5 = Closed-loop approdch E
v-‘\/\ % 370 Prediction o
N £ 10000 -
365
___________________ m ) 0F
300 Time |h)
---------------------- 280 " ' N 30000 |
| //////
= 375 ///// = 20000 |
3 iy, 1 =
% 370 f—— Open-loop approatgh :%.
=~ Prediction € 10000 |
zﬁs—Ju__.____“h“““\\ ]
ool , , , T S
0 1 2 0 1 2 0 1 2
Time [h) Time |h] Time [h]
Metrics s =1 ps=2 pus=3
Cost [] 7752 50.00  48.50
Comp. Time [s] 2.85 9.62 22.09
Batch time [h] 2.43 1.89 1.85
Constraint Viol. [K] 0 0 0
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» Top: 2 partitions
N Tx

Bottom: no
partitions

Recourse
enables more
aggressive
feeding strategy

» Smaller batch
times
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General difference inequality — Zonotopes

et GennC)

Solution to max leamed\

with neural network
Complicates solution
No need for analytical

decomposition function

/

KPartitioningbased \

feedback strategy
leaves dynamics
unaltered

with the number of

subregions

* Increasein complexity

4

KZonotopic sets

 Lessproneto
wrapping effect

 Number of
parameters
« Handling of

\ constraints

* Increased complexity

N

4




Conclusion — Main takeaways

* Reachable sets are monotone, but not boring

* Propagation of reachable sets describable by generalized
difference/differential inequalities S[Xiii(uw)](c) > max €T fa(z, up, w)

xeXg,weW
 Tractability by convex parameterizations
* Intervals: Cheap, but conservative for non-monotone systems
« Zonotopes/Polytopes: More flexible, but more complex
 Ellipsoids: Also great option, but not covered here

* Overapproximation of inner maximization problem
« Analytical (decomposition function, monotonicity)
« Data-based

* Recourse by partitioning leaves dynamics unaltered



