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Introduction: two control paradigms

Objective Find feedback solution of disturbance attenuation regulator
(DAR) using game theory and dynamic programming

Standard LQR:
min V(x, u) xT = Ax + Bu
u

Disturbance attenuation regulator (DAR):

min max V/(x, u, w) xT =Ax+ Bu+ Gw |W|2§a

u w
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DAR: foundations & early East—West (1940s-1960s)
1957-1960: LQR foundations established

@ 1957: Bellman — dynamic programming solution
@ 1960: Kalman — first formulation and Riccati-based solution

1940s: Bulgakov laid the DAR foundations with his disturbance accumulation
problem

1960s: The DAR race begins!
@ Soviet researchers: Gadzhiev, Stikhin

@ Western researchers: Dorato & Drenick influenced by Gadzhiev's research

1946 1957 1962 1964 1968
Bulgakov Bellman Gadzhiev Dorato—Drenick Salmon
| | | | |

| | |
1960 1963 1966
Kalman Stikhin Koivuniemi

M Soviet/Eastern B Western
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Intense activity & a roadblock (Late 1960s—1970s)

@ East: Ulanov (1971); Medani¢ & Andjeli¢ (1971); Yakubovich (1975)
(Ulanov, 1971; Medani¢ and Andjeli¢, 1971; Yakubovich, 1975)

® West: Rhodes—Luenberger (1969); Kimura (1970); Bertsekas—Rhodes (1973)
(Rhodes and Luenberger, 1969; Kimura, 1970; Bertsekas and Rhodes, 1973)

Witsenhausen's early warning (1968) (Witsenhausen, 1968)

“The major feature of worst-case problems is this: a global minimum must be a

local minimum, a global saddle-point must be a local saddle-point, but a global
minimax need not be a local minimax."

(underemphasized for decades; modern rediscovery by Jin, Netrapalli, and Jordan (2020))

Consequence: progress stalled—global minmax pathology broke many
“stationary-point” approaches
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H. turn and East—West threads (1980s—today)

1980s revival (mostly West) Still missing
@ Zames (1981): proposed a frequency @ A direct DP treatment for
domain problem that happened to be bounded disturbances with
the same as the 1960s—1970s arbitrary initial conditions

time-domain problems (Zames, 1981) @ permitting closed disturbance

@ Glover-Doyle (1988), Basar (1989): sets
mapped back to time/state space

(Glover and Doyle, 1988; Basar, 1989) @ and avoiding auxiliary problems

@ But: limited linkage back to the
60s/70s East/West corpus

1990s and after

@ Didinsky—Basar (1992): partial handling of nonzero initial conditions
(Didinsky and Basar, 1992)

@ Reviews: Dorato (1987) (Dorato, 1987); Khlebnikov—Polyak—Kuntsevich
(2011) (Khlebnikov, Polyak, and Kuntsevich, 2011)

Q] O . -
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LQR problem assumptions

Assumptions:
e (A, B) stabilizable and (A, Q) detectable
e @>0,R>0
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One-stage LQR problem

min V(x, u) = (x,u) + Ve(xT) st. xT = Ax + Bu
u

with
U(x,u) = (1/2)(x'Qx + v'Ru) Ve(x) = (1/2)x'Psx

Eliminate x™ with the linear model
2 2 2
V(x,u) = (1/2)( Ix|g + lulg + [Ax + Bu\Pf)
This is quadratic in u

V(x,u) = (1/2) (U,(B/PfB + R)u + 2u'B'PrAx + |X|%?+A’PfA>

with B’P¢B + R > 0. Therefore solution to min, V exists and is unique
for all x
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One-stage LQR problem solutions

ut(x) =K x (optimal control is linear state feedback)
V*(x) = (1/2)x'Nx (optimal cost is quadratic in state)

with

K= —(B'PrB+R)'B'PrA  (optimal feedback gain)
N=Q+APA—APB(B'PsB+ R)*B'PfA (Riccati iteration)

and the closed-loop system satisfies

xT = Ax + Bu = (A+ BK)x
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DAR problem assumptions

Assumptions:
e (A, B) stabilizable and (A, Q) detectable
@ Range condition R(G) C R(B)
e @-0,R>0
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One-stage DAR problem

minmax V(x,u,w) st. xT =Ax+Bu+ Gw |w]> <a

u w

Eliminate xT with the linear model

V(x, u,w) = (1/2) (|x[g + |ulg + [Ax + Bu + Gwl[},)

This is quadratic in (u, w)

=0 o] (75747 &R [+

ul' [B
2 [W] [G’} PrA x + ‘X|é+A’PfA>

Proposition 1

Without loss of generality,

w|? < « can be replaced by |w|? =

Feedback solutions Y



Lagrangian approach

Define the Lagrange multiplier A > 0 and Lagrangian function
L(x,u,w,\) = V(x,u,w) — (\/2)(W'w — «)
The constrained problem becomes
mLEn max m/\in L(x,u, w,\)

With strong duality, we can switch to

min min max L(x, u, w, \)
A u w
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One-stage DAR problem

min min max L(x, u, w, \)
A u w

L(x, u,w,\) = (1/2)( m, [B(lg’fPBfg)F G/g?G”] m +

!/
ul |B
2 [W} [G’] PrA x + |x|é+A,PfA> + () /2

Solve min, max,,L(x, u, w,\) and obtain saddle point (u*()\), w*(\)),
which requires

B'PiB+R >0 convex in u

G'PrG—M =<0 concave in w
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One-stage DAR problem scalar minimization

Applying Theorem 9 (minmax fundamentals lecture), the remaining
optimization is

m/\in L(x,u*(\),w*(\)),\) st. G'PrG— )\ =<0
The optimal \*(x, ) solves

. 1 x X A
Lmn - (GEmes) + )

with Riccati iteration

B'P;B+R BP:G 1 [B
) = Q+APA-APr[B C] [ (B'fPfG)’ G’Pfo— /\I] [G’] PeA
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One-stage DAR problem solutions

From Theorem 9

uv(x)| _ [K(x, ) (optimal control is nonlinear)
z | | Jxa)|” (inner max dummy variable)
VA(x) = S MO, a)) (Z2) + 2 (optimal cost is nonquadratic)
X)= -\—= X, v — - | IS nonqu rati
2\ Ja AR T P E
with optimal gains
B B'PiB + R B'P:G g
Kix.a)=—1I 0] [ (B'P:GY  G'PG—N(x,a)| |c] A
B B'P/B + R B'P;G g
Hx,0)==1{0 1] [ (B'PeGY  G'PeG— N (x.a)] &) A

and the closed-loop system satisfies
xT = Ax+ Bu+ Gw = (A+ BK(x,a))x + Gw
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Summary

Objectives
LQR: min V(x, u)
u
DAR: min max V(x,u,w) |w]?>=a
u w
* _ : 1 x Y x A
Al a) = e STk 2(~/3) n(/\)(ﬁ) t2
Gains
LQR: K = —(B'PsB+R)"1B'P:A
’ ’ - ’
DAR: K(X,a):—[l o] B'PrBTR B'PrG B pea
G'PiB G'PrG — \*1 G
Riccati iteration
LQR: N=Q+APA—APB(B'PB+R)"B'PA
-1
B'P;B+R B'P:G
DAR: N(x,a) = A'PtA-A'Ps|B G
(x;0) = Q+A'Pr ”[ ] G'PrB G'PrG — \*1
Fesdback solutions
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An important number: |x| /y/«

The optimal DAR control u*(x, ) depends on x and «
@ Parameter « tells us the size of the disturbance
@ Parameter x tells us the size of the initial state

@ The ratio
X[

Ja

controls the scaling between the size of the disturbance and the size
of the initial state
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DAR solution for x =0

The optimal \*(x, ) solves

. A
e (2O )
For x =0, A*(0, ) solves

) A
min  —
A>|G'P:G| 2
Thus
:|G/PfG‘ x=0, alla>0
Feedback solutions
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Solution region X

Definition 2 (Region X) {

For a given «, X is the region of initial states x where \*(x) = |G’ P¢ G|

Proposition 3 |

For a given «, the optimal control u*(x) = Kx is linear x in the region X
B'P;B+R B'P;G ] -t [B’

K== 9 G'PiB  G'PsG — |G'PeG|I| |G

} PrA

Note: x = 0 is always contained in X}
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Solution region X

The region X} is an ellipsoid centered at the origin. Set w/w < «

X' JIx<a
B B'P;B+R B'P:G e
J==10 J|"cp8 PG —|GPG /} c'| A
101
X2 O_
_10_

T T T
— 10 0N 10
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Solution region X

Definition 4 (Region Xy;)
For a given o, Xy is the region of initial states x where \*(x) > |G'PrG]| {

Proposition 5 |

For a given «, the optimal control u*(x) = K(x)x is nonlinear x in the
region Xy

K(x)=—[1 0]

B'P;B+R B'P:G “lrp
G'PiB G'PrG —X(x)I| |G

} PrA
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Solution region X,

The region Xy is the exterior of ellipsoid X,

X' JJx>a

—10 0 10
X1
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DAR optimal control

The DAR solution is a nonlinear control

a=1
14 Ha
_ -== QR
u* ~~~~~‘~_
04 NG
-
_—
_—
_—
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DAR optimal control: o =1

Let's increase «

o =

11 Hoo

R --- LQR

* ~~"‘~~-
U O ~‘~~~
4 S~—e

~——

-~ -
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DAR optimal control: v = 2

o =

11 Hy

_ --- LQR

* ~~"‘~~-
U O ~~~~~
4 S~—e

~——

-~ -
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DAR optimal control: o = 4

o =
1 H.,
- -== LQR
* ~~“~-_
vt ~-\
. S=—e
~——
o

Feedback solutions 5 55



DAR optimal control: o = 30

‘XL a =30
1- H..
A --- LQR
U* ~~~~~‘~
O_ ~~~~‘~~
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DAR optimal control: o =1

Let's decrease o

o =

11 Hoo

R --- LQR

* ~~"‘~~-
U O ~‘~~~
4 S~—e

~——

-~ -
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DAR optimal control: @ = 0.5

‘XL a=20.5
11 H.
__ -=-= [QR
u* TTe=-s2
O_ ~~~~‘~~
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DAR optimal control: o« = 0.2

‘XL a=0.2
11 H.
= -=-= [QR
u* TTe=-Ts
O_ ~~~~‘~~
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DAR optimal control: @ =0

o =

1+ Hs

_ --- LQR

% ~~~~~~~
u O ~~~~~
- _~~~~

~_~~~

-~
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Two distu

Signal Bound Z,’-V:Bl w?<a=1

rbance paradigms

Stage Bound |wy| < ax =1

1 Ve
£ 0 /\/\/\/\/ 01
— ] o — ]
1.0+--—===——m - 40 - ///
Ng.‘ //,
x ﬂ ,/
N 05 7 20 T //’
0.0 - . | .
20 40 0 20 40
k k
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Two disturbance paradigms horizon visualization

Signal Bound M 'w? <a =1

Stage Bound |wy| < ax =1

1 e 1 femre e
: of \ o]
— 1 e e — 1 e
1.0+==g===mmmmmmmmm e 40 ///
Ng.; ,//,/
11051 201 7
0.0 - - ) .
0 20 40 0 20 40
k k
(=)
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Finite horizon DAR

Given a horizon length N, the finite horizon DAR problem is

V*(xp) := minmax minmax --- min max V(xp, u, w) weW
u wo U wi Uy_1 WN_1

where W enforces either a signal bound or stage bound disturbance
constraint
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Finite horizon DAR: signal-bounded

For k=0,1,...,.N -1
. 1/ xo ! X0 A
Y e () L2
i) 2<¢5) ol )<ﬁ> "2
min {\: A= |G MG} if |6 Mist(s1) Gl > A
)\ = >‘Z>\k+1
Akt1 if [G' M1 (Ak1) Gl < Ay

v = |G'PeG| My =P

I'Ik(/\) - Q + A’l_IkHA

B'My1B+R BTG | '[B
Mi1A

_ !/
ANa[B G (BMy1G)  G'MypaG— M| |G

Feedback solutions S ) 55



Finite horizon DAR: stage-bounded

For k=0,1,....,N—1

1 X Ak

(2.0 2 Zk
n;\Ln 2( a) K “(ﬂ) * 2
N> |GMiys G| Ny =Py

nk(Ak) == Q + A/”k+1A

BMis1B+R BTG }‘1 [B’

_A/nk+1 [B G] B/nk 1G/ G/nk 1G*)\k/ G’ rlk—l-lA
+ +
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Computation: signal-bounded

Decision variables: \ ¢ R

Minimize (final scalar solve):

20, ;<\F> (%) 3

. B/nk+1B + R B’I'IkHG
Mk(A) - G/nk+1B G/nk+1G —\/ ¢k+1 ’G I_Ik-‘rl()\)G‘
min {A: A=¢r1(A) }if drra(Aer1) > A
)\k = /\>)\k+1

Ak+1 otherwise
Subject to: Ty = Pr Ay = |G/PfG| k=N-1,...,1

_1|B
Flk()\) =Q+ A’ﬂkHA — A/nk_,_]_ [B G} Mk()\) 1 |:G,:| Me1A
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Computation: stage-bounded

Decision variables: \g,..., \y_1 € R

Minimize:

1 X0 ! X0 1N71
min — — | Mo(Mo:n— — |+ = A
min 2<\/a> o(on 1)<ﬁ) DI

Me(0) = B'My1B+R B'My1G
A= GMeaB - G'Mya1 G — Mgl
Subject to:
Oy =Pr M > |G Mep1(Mes1n-1)G| k=N-1,...,0

/!

_1|B
Me(ien—1) = @ + AMy1A— AMiia [B G Mi(M) ™t [G’} Mei1A
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Computation: signal-bounded (alternative)

Decision variables: A\ € R, Mg, ...,My_; € R™"

Minimize: ,
1 X0 X0 A
22 na 2 Z
2 <f) °<f> "2

Subject to:
My = Pr
M —GMy1G=0
My =Q+ AN 1A— AN 41[B G]Mk_l[B’ G My 1A

where
. B/nk+1B + R B’I'IkHG

Mi = G'Mgs1B  G'Myy1G — A
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Computation: stage-bounded (alternative)

Decision variables: \g,...,A\y_1 €R, Mg, ..., MNy_1 € R™"

Minimize:
1 X0 ! X0 ].N_l
—| —= | M| —= — A
(%) °<¢a>+2k§ k

Subject to:

My = Pr
Ml — GG = 0
Me = Q+ AT1A— ATt [B GIMB' G 1A

where

e — [BMks1B+R BTG
KT GMe B G'My1 G — il
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Two disturbance paradigms: DAR optimal solutions

nk(Xo, o = 1)

nk(Xo, a = 1)

Signal bound

Stage bound

-;'/_'-'/_'_____\
\\ N =20
0 10 20 0 10 20
N
0 50 100 0 50 100
k k
My =12  Myor = 0.55
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The steady-state problem

Define a steady-state signal bound problem in (1, \)
) 1 x ., x A
T GRANY] & TOAT SV
n,xgrg)nc\ <2(\/5) ( a) * 2>
subject to

BTMB+R BTG }1[3/

_ / A
=Q+ATNA=-AT[B G][(B’HG)' GnG-x| |¢

| na

Denote this steady-state solution (TT, \)
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Signal bound disturbances: LMI formulation
The steady-state signal bound DAR problem can be solved efficiently as an
LMI

Proposition 6 (Steady-state solution as an LMI)

.oX A
A,T,IFU,F 2 u 2
subject to:
P (AP —BF) 0 (PQ —F'RY
_ / P X
AP — BF P G 0 =0 CoVal . 0
0 G N 0 % %
PQ — F'R’ 0 0 / )
where

K=-FP7' N=p1

This is a convex optimization with O(n%) complexity!
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Signal bound disturbances: degenerate systems

Definition 7 (Degenerate systems) |

A system is degenerate if the infinite horizon solution (A, ) obtained from
the LMI satisfies for all x _ B
A > |GTIG]

For x contained in the region X}, the finite horizon optimal solution is on
the boundary
\* = |G'P,cG‘

Proposition 8 |

For degenerate systems, the finite horizon DAR problem does not
converge as N — oo to the steady-state solution obtained from the LMI
for states x in the region X
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Degenerate systems: numerical examples

Consider three systems

Q@ A=10 B=1 G=1 R=1 Q=1
Q@ A=05 B=1 G=1 R=1 Q=02
Q@ A=05 B=0 G=1 R=1 Q=02

System 1 is non-degenerate, system 2 is degenerate, and system 3 violates
Assumption 2, R(G) C R(B)
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Degenerate systems: Riccati recursion

) xp=0 (XL) X0 =2 (XNL)
N =50
= N = 100
z 4 ' : ‘ ' - N=150
= N = 250
-
O,
0.4 \ — -
X 02
=
0.0
0.751
= 0509
- N
= \ ~ -
= 0.251 .
0.001
0 100 200 0 100 200

k k
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Degenerate systems: X regions

y f
XL 0-
_1-\
0.5'&
XL 0.0 -
—0.5-\//

0.5

L0

—0.5+ : ,
0 25 50

N
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Signal bound disturbances: stability

The steady-state DAR solution with signal bound disturbances is
stabilizing

Proposition 9 (Infinite horizon control is stabilizing)
Any feasible LM solution yields:

@ Stabilizing feedback: p(A+ BK) < 1
@ /»-to-¢» gain bound:

I2]* < V(x0) + (A/2) l|w|’?

1 1/2 0
z = e [QO Rl/z] [ﬂ |z|? = £(x, u)

Connection to H,, control: For xg = 0, the DAR LMI and stability
results reduce to the standard H,, LMI formulation
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Monte Carlo validation: quarter-car suspension

Quarter-car suspension

mpXp = —ks(Xb — XW) — bs()'q) — )'(W) +u

My Xy = ks(Xb — Xw) + bs(Xp — Xw) — ke(xw — X)) — U

Xb = Vp
).(W = Vw
Xp body position
wo || = body velocity
" |xw| ~ |wheel position
Vi wheel velocity
u = F, = actuator force w = x, = road disturbance
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Monte Carlo validation: quarter-car suspension results

50
etter 2] =
4001 ZDQA,;‘/oBott'tcases 10 25 é
[LQR Better ] ) )
€ 70.1% of cases =) O
S s 1001 0 &
s} > £
© 200 - @ S
_ _25 €
Mean = 78.5 10 24 d_!)
0L - ' - -~ 50
—100 0 100 10 10
Overall Performance (%) Sum of Q diagonal elements
1000 -
< 100 <
8 8 500
] s
E 501 :
£ £ 0
(5] [0}
a a
% 1 5 10 15 20
R
&
bo‘\‘oo((\ \‘\@ K@o\’b %@ & System #
A
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Monte Carlo validation: CSTR

CSTR
. F
Ca=1/(Car +0Car — Ca) — koe /R Cy
. F (-AH), _¢ UA
T,= —(Te4+06Tr—T,)+ ~—Lkye E/IRTCp — ——(T, - T;
y (Tr+ 0Ty ) + )G, Koe A ,onV( i)
. q UA
Ti=—(Tein—T; T, —T;
J \/J( C,in J)+pjcpj\/1( r J)
. —q+u
Gg=—1"=
TV
Ca concentration
T, reactor temp
= Ti| jacket temp
q actual coolant flow

u = gsp = coolant flow setpoint w = [%Cﬁf} = feed disturbances

System linearized around steady-state operating point
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Monte Carlo validation: CSTR results

1000 1
£
3
5]
© 5004
Mean = 1.1
0 : :
0 50 100
Overall Performance (%)
£ 0.751
[
£ 0.50
£
$ 0251
(5] ,—l
* 0.00 T T y
Q R
]S ’&%‘\ 'ﬁQ & @& &s@q’b
6\9

102 4

100, ©

R value

10—2<

N
(6]

|
N
&

o
Performance (%)

10!

103

Sum of Q diagonal elements

Performance (%)
—
o o
; ‘

|
—
o

!
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Summary

Objectives
min V/(x, u)
u

LQR:
DAR: min max V(x,u,w) |w|]® =«
u w
* - i 1 x x A
ATl a) = A8 ST 2( (Y) nQ)(ﬁ) t3
Gains
LQR: K = —(B'P¢B+R)"1B'P:A
/ ’ - ’
DAR: K(x,0)==[1 o] BPBIR  BFG B pea
G'P¢B G'PrG — \*I G’
Riccati iteration
LQR: M= Q+APA— A'P:B(B'PrB+R) 1B P¢A
B'PtB+R B'P:G B’
PrA
G'P¢B G'PrG — \*I G’

DAR: N(x,a) = Q+A PrA—A'Ps [B G] [

For signal bound disturbances: DAR infinite horizon solution is stabilizing and obtained with an

LMI
52 / 55
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