dortmund b Ci Fakultat Bio- und
university Chemieingenieurwesen

Multi-stage robust nonlinear model predictive control
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Constraint
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Model Predictive Control
1. Measure / Estimate state
2. Solve optimization problem
- Mathematical model
- Cost function
- Constraints
3. Apply first control input
-> Take new measurements and repeat
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Mathematical formulation

N—-1

minimize Z Uz, ur) + Vi(zn)
o k=0
subject to: Thtl = f(xk, Uk), Lo = Tinit
0> g(fk, uk)a
02> gr(zn),



An example of model predictive control

Industrial polymerization reactor
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An industrial batch polymerization reactor

. : 8 differential states
Mmy = My kg

. . 1Kk paMawr My 3 control inputs
My =My p —kpiMyg —
Mges
. P1Kr2MawrMy
mp = kgimy g +
1 Mges
TgR =— [mFCp,F (T — Tg) + AHgkgimy g — kg A(Tg — Ts) — MawTCp R (Tr — TEK)]
) Cp,nges
Ts = 1/(Cp,im5)[kKA(TR —Ts) — kxA(Ts — Tyy)]
Ty = [mM,KWCpW(TAI/IN —Ty) + kg A(Ts — TM)]
CowMpy kw " AH
: . P1RRp2M My rANR
Tgx = —— |MawrCpw (Tr — Tgx) — a(Tgx — Tawr) +
Cp,rRMawT Mges
. 1 . N
Tawr = [mAWT,KWCp'W (Tawr — Tawr) — a(Tawr — TEK)]

Cp,WbZnAWT,KW
kri = koe_R_? (ky1(1 =U) + ky,U)
krz = koe ETEx (ky,(1—U) + ky,U)

[Lucia, Andersson, Brand, Diehl and Engell, Journal of Process Control, 2014]



MPC with a tracking cost function

Reactor temperature

Monomer mass

Monomer feed rate

Jacket inlet temperature

EHE inlet temperature
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Different cost functions: economic vs. tracking

Economic NMPC Tracking NMPC
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Maximize polymer production
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Model Predictive Control

Constraint
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Model Predictive Control

1. Measure / Estimate state

2.5S0lve optimization problem
- Mathematical model
- Cost function
- Constraints

3. Apply first control input
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Model Predictive Control
1. Measure / Estimate state
2.5S0lve optimization problem
- Mathematical model
- Cost function
- Constraints
3. Apply first control input
-> Take new measurements and repeat
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Model Predictive Control

Constraint
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Model Predictive Control
1. Measure / Estimate state
2.5S0lve optimization problem
- Mathematical model
- Cost function
- Constraints
3. Apply first control input
-> Take new measurements and repeat
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An example of model predictive control

Industrial polymerization reactor

@ O
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An industrial batch polymerization reactor

L. 8 differential states
my = My r

. . p1k gy MaywrMy 3 control inputs
My =My p — KpaMyp — — 2 uncertain parameters
ges
. P1kramawrmy
mp = kgimy g +
1 Mges
TR = [mFCp,F (Tp — Tg) + AHgkgimyp — kxA(Tg — Ts) — MawTCp,R (Tr — TEK)]
. Cp,nges
Ts = 1/(Cp,im5)[kKA(TR —Ts) — kxA(Ts — Tyy)]
Ty = [mM,KWCpW(TAI/IN —Ty) + kg A(Ts — TM)]
CowMpy kw " AH
: . P1RRp2M My rANR
Tgx = —— |MawrCpw (Tr — Tgx) — a(Tgx — Tawr) +
Cp,RmAWT mges
. 1 . N
Tawr = [mAWT,KWCp'W (Tawr — Tawr) — a(Tawr — TEK)]

Cp,WbZnAWT,KW
kri = koe_R_? (ky1(1 =U) + ky,U)
krz = koe ETEx (ky,(1—U) + ky,U)



Different cost functions: economic vs. tracking

Economic NMPC Tracking NMPC
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Maximize polymer production
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Model predictive control with a wrong model

Constraint

L
.
‘e
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Controly
................ u(t)
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-2 -1 0 1 2 3 4 5 0 Time
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Model Predictive Control
1. Measure / Estimate state
2.5S0lve optimization problem
- Mathematical model
- Cost function
- Constraints
3. Apply first control input
-> Take new measurements and repeat

What if the model is not exact?
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Model predictive control with a wrong model
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Model Predictive Control
1. Measure / Estimate state
2.5S0lve optimization problem
- Mathematical model
- Cost function
- Constraints
3. Apply first control input
-> Take new measurements and repeat

What if the model is not exact?
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Model predictive control with a wrong model

Constraint
x(t)
. i l I l l . —
-2 -1 0 1 2 3 4 5 ¢} Time
Control A
ok u(t)
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Model Predictive Control
1. Measure / Estimate state
2.5S0lve optimization problem
- Mathematical model
- Cost function
- Constraints
3. Apply first control input
-> Take new measurements and repeat

What if the model is not exact?
* Violation of constraints
Decreased performance

* |nstability
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Model predictive control with a wrong model
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Model Predictive Control
1. Measure / Estimate state
2.5S0lve optimization problem
- Mathematical model
- Cost function
- Constraints
3. Apply first control input
-> Take new measurements and repeat

What if the model is not exact?
* Violation of constraints
Decreased performance

* |nstability

Robust MPC
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Model predictive control with a wrong model

Standard NMPC: uncertainty + 15%
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sSources of uncertainty are everywhere

Uncertainty also appears in complex systems because of...

complexity encapsulation  faults / malicious attacks data-based models

-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50
X

[Lucia, Kogel and Findeisen, Annual reviews in Control, 2016] [Braun, Albrecht, Lucia, IEEE Tran. Aut. Control, 2022] [Fiedler and Lucia, IEEE Access 2023]
[Braun, Albrecht, Lucia, ICINCO Conference, Porto, 2022]  [Johnson Fiedler and Lucia, ADCHEM 2024]
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Robust MPC: Modeling uncertainty

Some methods differentiate between two types of uncertainty
» Additive disturbances

Tra1 = f(xr, ur) + wg, wp €W
* Parametric uncertainty

Lk+1 :f(ajkaukadk)) dk cD



Robust MPC: Mathematical formulation

N-1
minimize > g, ug, di) + Vi(zn)
> k=0
subject to: Th4+1 = f(:lik, U, dk),xo — Zinit
0 Z g(ajk,uk,dk),
0>gr(rn),
kelo,N —1]

» How to deal with the uncertainty in cost and constraints?

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025
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Robust MPC: Four main challenges

1. Which objective should be optimized?
2. Constraints should be satisfied for all possible outcomes
3. Performance should not be overly conservative

4. The closed-loop should be stable for all possible outcomes



1.Choice of objective function

't affects the performance and stability of the closed-loop

Several possibilities:
e Consider the nominal cost

N—1
minimize Z U(zg, uk,0) + Vi(zn)
u,x k:O
subject to: Tpi1 = f(xg, ug,0), 2o = Tini



.Choice of objective function

't affects the performance and stability of the closed-loop

Several possibilities:
 Consider the nominal cost
e Consider a min-max (worst-case) cost
N-—-1

minimize maxzimize g (g, uk,dr) + Vi(zn)
u,x
k=0

subject to: Tpr1 = f(xk, Uk, dk), To = Tinit



2. Constraints satisfied for all possible outcomes

Usually named robust constraint satisfaction
Problem: infinitely many constraints

minimize
u,x

subject to: Tht1 = f(a?k,uk,dk),xo = Tinit
0> g(zk, uk, di), Vdy, € D,

kel0,N —1]



2. Constraints satisfied for all possible outcomes

Usually named robust constraint satisfaction
Problem: infinitely many constraints
* Reformulate to obtain finitely many constraints

minimize
u,X
subject to: Tht1 = f(:Ek,uk, dk),fL’o = Tinit

0> maxiimize g(xk, uk, di),

Ozgf($N)7
kel0,N —1]



3. Pertormance should not be overly conservative

Traditional approach: open-loop robust MFPC
« Minimize a cost function for the worst-case uncertainty value
* The same sequence of control inputs to satisty the constraints

u = {u(0),...,u(N —1)}



3. Pertormance should not be overly conservative

Traditional approach: open-loop robust MFPC
« Minimize a cost function for the worst-case uncertainty value
« The same sequence of control inputs to satisfy the constraints
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3. Pertormance should not be overly conservative

Traditional approach: open-loop robust MFPC
« Minimize a cost function for the worst-case uncertainty value
« The same sequence of control inputs to satisfy the constraints

Control 4 State A
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3. Pertormance should not be overly conservative

Traditional approach: open-loop robust MFPC
« Minimize a cost function for the worst-case uncertainty value
« The same sequence of control inputs to satisfy the constraints

Control 4 State A

[ - s s s e s AR D S S S e e .
u

 — L L R  — T S —— S — ——
2 -1 0 1 2 3 4 5 6 TJTme -2 -1 o0 1 2 3 4 5 6 Time

(Can be) Very conservative!



3. Pertormance should not be overly conservative

Closed-loop (or feedback) robust MPC

« Minimize a cost function for the worst-case uncertainty value over a
sequence of control policies

K = {/{0('), e ooy /ﬁZN_1(’)}

/‘60(3?0) fﬁll(xl) /i2(962)

Control 4 State A

I

— — > — o
2 -1 0 1 2 3 4 5 6 Tme -2 -1 0 1 2 3 4 5 6 Tme



3. Pertormance should not be overly conservative

Compute a sequence of optimal control policies & = {so("),...,kn-1()}

minimize
K,X

subject to: Tr+1 = f(2k, kk(Tk), dk), To = Tinit



3. Pertormance should not be overly conservative

Computing general policies k = {ko(),...,kn-1(-)} is challenging:
* Infinite dimensional optimization problem

Usually restrict the structure of the policy
« Use state-affine control policies wx(z) = Kz + v
« Use uncertainty-affine control policies ux(wy) = Kwg + vy,

[Goulart, Kerrigan and Maciejowski, Automatica, 2006]

Suboptimal but tractable optimization problems
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Multi-stage stochastic programming

» Multi-stage stochastic programming is an extension of linear

programming to deal with uncertainty
[Dantzig & Infanger, 1993]

* Modeling of sequential decision-making problems via scenario
trees

* In context of MPC, first used to model minmax MPC problems
[Scokaert and Mayne, TAC 1998]



Multi-stage NMPC: Formulation

State A
: : : : : —
2 -1 0 1 2 3 4 Time
Control A
. ;
[ beeees 5._:_:_:_:_:_:,‘
e >

Prediction horizon

Decisions with the same information must be equal

* Non anticipativity constraints

[Scokaert and Mayne, TAC 1998], [Diehl, TAC, 2007]

[Bernardini and Bemporad, CDC, 2009], [De la Pena, Bemporad, Alamo, CDC 2005]

[Lucia, Finkler and Engell, Journal of Process Control, 2013][Lucia, Andersson, Brand, Diehl and Engell, Journal of Process Control, 2014]
[Krishnamoorthy & Skogestad, 2018, 2019], [Yang & Biegler, JPC, 2013], [and many others] 40



Mathematical formulation

N—1
’ k=0 i€TLsrec (k) i€ZL¢ree (N)
subject to: mgfld(i’k) = f(ac};, qu;, dz(i)), Lo = Tinit

0> g(zh,ul, d;),

0> gs(zy),
(7:7 k) S Ztree

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025 41



The importance ot a closed-loop formulation

An illustrative example [modified from Scokaert & Mayne, TAC 1998]
Thkt1 = Tk + U + dp. —1.5 <z, <1.5
dp € [-1,1] 15 <up <1.5

N =3



The importance ot a closed-loop formulation

An illustrative example [modified from Scokaert & Mayne, TAC 1998]
Thkt1 = Tk + U + dp. —1.5 <z, <1.5
dp € [-1,1] 15 <up <1.5

N =3

Consider an open-loop formulation:
o |f dy =dy =dy =1 then:
T3 =T+ ugtu +tu+1+14+41=xg+ug+u; +us+3
o If do =dy =da = —1then:
T3 =g+ ugtu tu—1—1—1=xg+ug+u; +us—3



The importance ot a closed-loop formulation

An illustrative example [modified from Scokaert & Mayne, TAC 1998]
Thkt1 = Tk + U + dp. —1.5 <z, <1.5
dp € [-1,1] 15 <up <1.5

N =3

Consider an open-loop formulation:
o |f dy =dy =dy =1 then:
T3 =T+ ugtu +tu+1+14+41=xg+ug+u; +us+3
o If do =dy =da = —1then:
T3 =g+ ugtu tu—1—1—1=xg+ug+u; +us—3

If x0 = 0, can you find a common feasible solution for all scenarios?



The importance ot a closed-loop formulation

For scenario 1

Ty = To + Uy + ujl + uy + 3

For scenario 27/

27 3 9 27
r3' = x9 +ug+uy tuy —3

Non-anticipativity constraints

1 3
Uy = Ug

Ifzo = 0, can you find a feasible solution?



Formulation as an optimization problem

How to generate a scenario tree?
* Usually consider combinations of the extreme values pi = [0.8,1.2], p2 = [45, 55]
« Example: 2 uncertainties lead to four scenarios
dy = [0.8,45] ds = [1.2,45]
dy = [0.8,55] dy = [1.2,55]

* Inthe linear case, this guarantees robust constraint satisfaction
(possible for polytopic uncertainty)

* Inthe general case, this is heuristic that very often works very well



Theoretical properties of multi-stage MPC

* Need stage cost, terminal cost, terminal set and
terminal control law that satisty usual assumptions

* The weights of the scenarios are chosen properly
* You can establish input-to-state (practical) stability

Xy Controlinvariant set




Theoretical properties of multi-stage MPC

(iii) The main part of the stability analysis of MPC schemes
is the descent property (6¢). We write the value function
of the problem with horizon N using Bellman’s optimality
principle as:

s
Vn(x§) = Y " Vn_a(f(xg, ug, ) + €(x§, up)

* Need stage cost, terminal cost, terminal set and

s
= Uxg, ug) + Y 7 Vn(f(xg, ug, d)

terminal control law that satisfy usual assumptions . = . ...
* The weights of the scenarios are chosen properly o+ o

* You can establish Input-to-state (practical) stability -xrmsso-waio
T I <Y ra=a

Grouping summations and reordering we obtain:

The inequality is true because of the boundedness property
derived in Lemma 4. Then:

r=1

I
I
| s
! : ((x},.ug)+2n’v,v(f(x;,u;.a'))5 Vi(xg) + ca, (16)
| which implies
I

ZN’VNU(X(I,.H&‘d'))—VN(Xé)S —71(IXql) + ca (17)

r=1

for all x(') € Xa(N) and for all d" € D. The inequality in (17)
shows a weighted descent in the value function over all the
possible realizations of the uncertainty. In order to prove
ISpS of the closed loop system, a decrease for any realization
is needed according to (6¢). We exploit the fact that any K-
function & and finite positive real numbers ay, a; fulfill the
following inequality: &(a; + az) < &(2ay) + £(2a,) as stated
in [4,23]. Using this inequality and Lemma 5 it follows that
for any realization of the uncertainty d € D:

K
1 f 1 1 : r 1 1 4P
, Vn(f(xg, ug, d) < ) 7 Vn(F(xg, ug, &)+ va(ld))+cs, (18)

r=1

. Xy Robust controlinvariant set  wn i = » o mo - 5

¥1,(2|d"[) + p. Then for all xy € X4(N) we have that:

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025 Wn(F(xg, o, )= Valo) = —7a(baD+ran(ldD)+catcs (19)
[Lucia, Limon and Engell, Systems and Control Letters, 2020]



Multi-stage NMPC: Four main challenges

1. Which objective should be optimized?
Weighted sum of scenarios

2. Constraints should be satisfied for all possible outcomes
Constraints on all nodes of the tree

3. Performance should not be overly conservative
Feedback via tree structure

4. The closed-loop should be stable for all possible outcomes

1S(p)S Is possible



Multi-stage NMPC: Robust horizon

Avoid the exponential growth by branching up to the robust horizon
« Afterwards, assume that uncertainty remains constant
 This is a known heuristic in stochastic programming

X wdl % uldy N
2 wld? x3 uld? x;
wd} X wd) %

wdi X wldy %

5 5

wd; 3 widi

way S utar N

Wdi Y uldl X

wai D i

wdi N wd 5

\ Prediction Horizon = 4

Y
Robust Horizon = 2



An example of model predictive control

Industrial polymerization reactor

@ O
Monomer A )/—'\

~ ™~
heating ™ A heating
—<—> - {>§ —
| 1= '

; EHE i
@ T
i - e S S
—px— cooling |
cooling > A—~B :
:
|

e S w———

Product A
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Standard NMPC: No uncertainties

Control objective:

 Minimize batch time:
« Satisfy quality and safety constraints = 110 |
 Forallvalues of the uncertainty (+-30%) 100’ g ‘
] l_% 90 —
Controller design: 0 05 1 15

 Tracking or economic cost function
* Prediction horizon of 20 steps

With a perfect model.:

)
« Constraints are always satisfied P ‘ s
 Batch time reduced for economic cost
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Simulation results for different scenarios

Standard NMPC (tracking)

— 98

0 0.5 1 1.5 2 2.5

Simulations for different values of k and 4H (+30%) |
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Simulation results for different scenarios

Standard NMPC (tracking) Standard NI\/IPC with conservative
choice of parameters

— 98

2 o4 S| ittt iniistuin pisisiint isiniuinin

o .
— 90 0 e e i ———_————
0 1 2 3 4 5

Simulations for different values of k and 4H (+30%) |
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Simulation results for multi-stage NMPC

Simple scenario tree Multi-stage NMPC
« Extreme values of the uncertainty | ‘ ' '
* Branch the tree only one stage

e Economic cost function

- | - 1 L 1 1 o i
u, d, & wd, 5 ud;  Na X9 g X0
e Se e
242 x; W2 x; ulag? X X3y g x5
uyd, . 2dy > 343 b 2 N
..
3 3 3 3 3
353 X 143 X 143 X X9 173 X3
wdr o Uyd, : usd; ‘ gy
e e . e
4 4 4 4 4
4 74 X 44 X 474 X X 444 X!
Uy dy N2 uydy ~3 ugdy s 2 ”24129 ~9!
..
5 5 s 5 s
575 X3 545 X3 545 X X9 5 35 X30
ud, uyd; uydy ! gl
e e L e
6 3 6 6 6
6 16 X, 6 76 x: 6 16 X, X. 6 16 X
u d, 2 uyd, 3 ud; ‘ 29 upgly  °
e e ) . e
s 7 s 7 2y 7 7 7 7
uyd, X ud, 5 wd; K Y29 ulth X0
e e * L e
8 8 8 8 8
848 X 8 48 .x} 8 48 X, 'XZQ 8 78 X30
wd, ~e wd, (2 usds . o ) ~o
P Zad .e
9 9 9 9
9 19 X, 9 59 X. 9 59 X, 9 79 X
ud ~2 d, 3 Uy d; b Uyghy > 30
..

Simulations for different values of k and 4H (+30%) |
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Comparison with standard NMPC

[Lucia, Andersson, Brand, Diehl and Engell, Journal of Process Control, 2014]

Performance
Scenario Batch time in hours

AHp ko Standard NMPC Standard (c.c.) Multi-stage
+30% +30% infeasible 2.15 2.03
+30% 0% infeasible 2.72 2.24
+30% -30% infeasible 4.05 2.69

0% +30% 1.60 2.22 1.60

0% 0% 1.81 3.00 1.84

0% -30% 2.69 4.57 2.50
-30% +30% 1.50 2.72 1.43
-30% 0% 1.99 3.57 1.86
-30% -30% 2.88 5.11 2.68
Av. batch time [h] infeasible 3.35 2.10

Batch time reduction of 60% w.r.t. standard (c.c.) NMPC |
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Comparison with standard NMPC

[Lucia, Andersson, Brand, Diehl and Engell, Journal of Process Control, 2014]

Scenario

AHp
+30%
+30%
+30%
0%
0%
0%
-30%
-30%
-30%

ko
+30%
0%
-30%
+30%
0%
-30%
+30%
0%
-30%

Av. batch time [h]

Performance

Standard NMPC
infeasible
infeasible
infeasible

1.60
1.81
2.69
1.50
1.99
2.88

infeasible

Batch time in hours

Standard (c.c.)

2.15
2.72
4.05
2.22
3.00
4.57
2.72
3.57
511
3.35

Multi-stage

2.03
2.24
2.69
1.60
1.84
2.50
1.43
1.86
2.68
2.10

Computation times

Comp time [s] Standard NMPC Standard (c.c.) Multi-stage
Average 0.072 0.059 1.134
Maximum 0.230 0.179 1.550

Batch time reduction of 60% w.r.t. standard (c.c.) NMPC |
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Comparison with open-loop robust NMPC

Multi-stage NMPC Open-loop robust NMPC

O B O o VAR N
L W/ ; - 88 ’ f ‘ 5 :

0 05 1 15 2 25 3 3.5 0 05 1 15 2 25 3 35

8 110—’--_- "ﬁ--Lii--'i'--i'—'!'---i'---”-”-ln-'-"---'-"-‘--!-”-‘-iﬂi--iL--ii--'-"--]-'-"-'--'-”-'--_ s’j‘ 110_-i--'-”--i'-‘-i--'-"--"-'-Ji--"-”--”-'-iL--"—'--”—'—ii[--”-'--”--'-i!--”-'--"--'-”--{ﬂ-‘--”—-'—"--_

o 100 | , 1 & 100\
§ TN N _ $ o0
i i i i i i

“Time [h] ' ' “Time [h]
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Comparison with open-loop robust NMPC

| 25% longer batch! |

Multi-stage NMPC Open-loop robust NMPC

I_II 88\ / | | I I | | I_G: 88 | I | | I I
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35
e S S S—— e L R, S S
o 100F "o 100&
|_'U ook | | |_'15 90_.”.”.”.‘”.
0 , 05 1 15 2 25 3 35 0 , 05 1 15 2 25 3 35
4x10 4x10
E | | £ |
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35
E 100& ...... e E 100|Ju\|m
Z= Z=
= 50 I i | | | I = 50 I i i | 1 I
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35
Time [h] Time [h]
# Scenarios: 9 # Scenarios: 81 # Scenarios: 729
# Variables: 7,700 # Variables: 67,000 # Variables: 600,000

Average CPU time: 1.10 s Average CPU time: 14.1 s Average CPU time: 240 s
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A widely used approach for robust NMPC

 Many applications reported in literature
» Bioethanol production [Skupin et al, Computers and Chemical Engineering, 2022]

« Pumping treatment in hydraulic fracturing [Lin, Eason and Biegler, AIChE Journal 2022]
 Artificial pancreas system [Colmegna et al., CDC 2022]

e (Gas Network economic MPC [Naik, Ghilardi, Parker and Biegler, Chemical Engineering Science, 2025]

* Many possible extensions:

* Guarantees for nonlinear systems
[Karg, Alamo and Lucia, Int. Journal of Robust and Nonlinear Control, 2021] [Lucia, Paulen, Engell, CDC 2014]

« Simplifications of the scenario tree using monotonicity of systems
[Heinlein, Subramanian, Lucia, TAC 2025]

« Sensitivity-based scenario selection, decomposition algorithms
[Thombre, Yu, Jaschke, Biegler, CACE, 2021] [D. Krishnamoorthy, B. Foss, S. Skogestad, JPC, 2019]

» Generation of scenarios via bayesian neural networks
[Bao, Chan, Mesbah and Velni, International Journal of Robust and Nonlinear Control, 2022]
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Tube-based model predictive control

Consider the linear systema™ = Ax + Bu +w with w € W

The nominal system is: 2™ = Az + Bu

ne deviation of the real system from the nom. systemis: e = — 2
ne deviation satisfies the dynamics: et = de +w

And the error at step i can be computed as:

[Mayne et al., 2005]
[Rawlings, Mayne, Diehl, 2017]
[Kouvaritakis and Canon, 2016]



Tube-based model predictive control

The uncertainty sets at each step S(¢) are defined as:

1—1
Sii) =) AW=WoAW® -0 A"'W

7=0

Definitions
Set addition (Minkowskisum): A® B :={a+b|a € A,b € B}
Set substraction (Minkowski difference):

AcB:={zcR"|{z} B C A}



Set operations AOB:={a+blacAbecB}

5 ar /N
s
4 3r N — N
s ~
3 L, ~ 7z ~
2r X RN
2 7 ~ Ve
N ’
1 b ~
1 7 N
0 of 2 S
~
i N
1 L ~
-1 ~ 7z ~
s s
2 P N 7 N
_2»\
3 // ~
N
L N
4 -3
N
s s
5 4t a4 v
5 4 3 =2 4 0 1 2 3 4 5 4 3 2 1 0 1 2 3 4

Set A Illustration of Minkowski sum

<

-5 -4 -3 -2 -1 0 1 2 3 4 5

h oA b b LN o 4N ow o a oo

- - - - - - - - - - -
IS & ) AN =) - ) w I
- - - - - - - - -

-4 4

Set B Set A®B
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Set operations AOB:={zr eR"|{z} ©B C A}

———————————————

---------------

Note: (A& B)eB # A

---------------
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Tube-based model predictive control

Tube generated by the open-loop control sequence

X(0;29) = {xo} X (i;20,u) = {2(0)} & S(7)



Tube-based model predictive control

Tube generated by the open-loop control sequence

X(0;20) = {0} X(Z"ﬂ?m u) = {2(i)} © S(7)

If Ais stable, then S(oc ZAJWemsts and is an outer-
bounding tube j=0
X (0;20) = {0} X (4320, u) = {2(i)} ® S(0)

Constant cross section



Tube-based model predictive control

How to consider feedback in the predictions?
eUse u=v+ K(x — 2)

The real system state satisfies: *7 = Az + Bv+ BKe + w
And the nominal system: 2™ = Az + Bu



Tube-based model predictive control

How to consider feedback in the predictions?
eUse u=v+ K(x — 2)

The real system state satisfies: *7 = Az + Bv+ BKe + w

And the nominal system: 2t = Az + Bv
The error dynamics are thus: et = Age +w
1—1

The uncertainty sets S(i) can be made smallerS(i) := ) AJW

7=0



Tube-based model predictive control

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025
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Tube-based model predictive control

How to guarantee constraint satistaction?
* Impose tightened constraints for the nominal system

2(i) € Z .= X6 S(o0)
v(1) e V:=U 6o KS(oc0)

Stability is guaranteed if the nominal system and A g are stable



Tube-based MPC: Four main challenges

1. Which objective should be optimized?
Nominal objective

2. Constraints should be satisfied for all possible outcomes
[ighten constraints based on invariant sets

3. Performance should not be overly conservative
Ancillary feedback controller: stay close to nominal tray.

4. The closed-loop should be stable for all possible outcomes
Stable nominal and error closed-loop systems
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Simple example

Linear system z(k+1) = Azx(k) + Bu(k) + w(k)

A=lo ) 2= )03

Constraints

Stage cost



Minimal RPI Set

(A+ BE)W,K = [-1 — 1]

1 I (A + BK)? has zero in all elements

3 -2 -1 0 1 2 3
sSergio Lucia - summer School on Robust MPC - Freiburg, September 2025
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I Terminal set obtained using inf. horizon LQR gain

-4 -3 -2 -1 0 1 2 3
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Tube with initial condition fixed

4 r
3 _____________
2 7
I'* gl
1 - 2 |
0 L
True State tra

‘\ <« S
3r

x(0)

Nominal trajectory

-8 -6 -4 -2 0 2
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State and control trajectories

0 5 10 15
time steps
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Tube with relaxed initial condition

Faster convergence can be achieved!
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State and control trajectories

0 5 10 15
time steps
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Other approaches

* General complexity and homothetic tube-based MPC

« Use a more complex description of the uncertainty sets to improve

performance
[Kouvaritakis and Canon, 2016]

* Tube-enhanced multi-stage MPC

« Use multi-stage MPC for s/ignificant uncertainties and use tube-
based MPC for less importantones to avoid too large scenario trees

[Subramanian, Lucia, Paulen and Engell. International Journal of Robust and Nonlinear Control, 2021]

Multi- StageSNMBQa SummerIMQ;@Ep@%waFPQourg SeptemberI(EMS NMPC
[Mayne et al., 2011]
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What can a scenario tree give you?

 Linear feedback policies are tractable but suboptimal even in
the constrained linear MPC case

* Multi-stage MPC can lead to larger domain of attractions
° Example fOr a liﬂearized CSTR [Subramanian, Lucia, Paulen and Engell. Int. Journal of RNC, 2021]

Robust horizon N,
A ;05 Z,®5S
S
2205 S
4 o Ltorn ) T
2eS et /

di = {(A1, B), w1}
d2 = {(As2, B2), wa} i.%

K= Kpred

...........

& Predicted tube ch

........

.........

......................

$ 4. $ 4, $
J o o "I_); 73 ‘.“"'Z.,g"'.’ull @ K24 l“‘..‘.Zﬂé‘.‘_‘

......................

ATR[°C]
[T R S S )

anced multi-stage MPC with N =5
anced multi-stage MPC with N_=1
anced multi-stage MPC with N_=0

[_]Tube-enhanced multi-stage MPC with N, =5
-Tube-enhanced multi-stage MPC with N =1
[l Tube-enhanced multi-stage MPC with N, =0




