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Model Predictive Control
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 - Constraints
3. Apply first control input
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Mathematical formulation
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<latexit sha1_base64="LXeakD1Gl3HER0joNh/z/hczwvg="></latexit>

minimize
u,x

N→1∑

k=0

ω(xk, uk) + Vf (xN )

subject to: xk+1 = f(xk, uk), x0 = xinit

0 → g(xk, uk),

0 → gf (xN ),

k ↑ [0, N ↓ 1]



An example of model predictive control
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Industrial polymerization reactor



An industrial batch polymerization reactor
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8 differential states
3 control inputs

[Lucia, Andersson, Brand, Diehl and Engell, Journal of Process Control, 2014]



MPC with a tracking cost function
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Reactor temperature

Monomer mass

Monomer feed rate

Jacket inlet temperature

EHE inlet temperature



Different cost functions: economic vs. tracking
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Tracking NMPCEconomic NMPC

Maximize polymer production
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The need 
for robust 
MPC
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An example of model predictive control
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An industrial batch polymerization reactor
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8 differential states
3 control inputs
2 uncertain parameters
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Different cost functions: economic vs. tracking
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Tracking NMPCEconomic NMPC

Maximize polymer production
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Model predictive control with a wrong model
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What if the model is not exact?
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Model predictive control with a wrong model
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Standard NMPC: uncertainty + 15%
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Sources of uncertainty are everywhere

22

Uncertainty also appears in complex systems because of…
complexity encapsulation faults / malicious attacks

[Lucia, Kögel and Findeisen, Annual reviews in Control, 2016] [Braun, Albrecht, Lucia, IEEE Tran. Aut. Control, 2022]

data-based models

[Fiedler and Lucia, IEEE Access 2023]

[Braun, Albrecht, Lucia, ICINCO Conference, Porto, 2022] [Johnson Fiedler and Lucia, ADCHEM 2024]

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025
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Challenges 
of robust 
MPC

Objective, constraints, 
performance and stability
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Robust MPC: Modeling uncertainty

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Some methods differentiate between two types of uncertainty
• Additive disturbances

• Parametric uncertainty

xk+1 = f(xk, uk) + wk, wk 2 W
<latexit sha1_base64="bdoPWnuNB7BYDh4p8vsN0G/IABU="></latexit><latexit sha1_base64="bdoPWnuNB7BYDh4p8vsN0G/IABU="></latexit><latexit sha1_base64="bdoPWnuNB7BYDh4p8vsN0G/IABU="></latexit><latexit sha1_base64="bdoPWnuNB7BYDh4p8vsN0G/IABU="></latexit>

xk+1 = f(xk, uk, dk), dk 2 D
<latexit sha1_base64="K5HsA9OAC/WAop4FGGvFfU20fgE="></latexit><latexit sha1_base64="K5HsA9OAC/WAop4FGGvFfU20fgE="></latexit><latexit sha1_base64="K5HsA9OAC/WAop4FGGvFfU20fgE="></latexit><latexit sha1_base64="K5HsA9OAC/WAop4FGGvFfU20fgE="></latexit>
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Robust MPC: Mathematical formulation
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How to deal with the uncertainty in cost and constraints?

<latexit sha1_base64="RfCZ2c0NNIUMLCrLeKRq+adZ+zc="></latexit>

minimize
u,x

N→1∑

k=0

ω(xk, uk, dk) + Vf (xN )

subject to: xk+1 = f(xk, uk, dk), x0 = xinit

0 → g(xk, uk, dk),

0 → gf (xN ),

k ↑ [0, N ↓ 1]



Robust MPC: Four main challenges

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

1. Which objective should be optimized?

2. Constraints should be satisfied for all possible outcomes

3. Performance should not be overly conservative

4. The closed-loop should be stable for all possible outcomes

26



1. Choice of objective function
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It affects the performance and stability of the closed-loop
Several possibilities:

• Consider the nominal cost

27

<latexit sha1_base64="VzTySqnivA818ffJ5C0NQrlPHuo="></latexit>

minimize
u,x

N→1∑

k=0

ω(xk, uk, 0) + Vf (xN )

subject to: xk+1 = f(xk, uk, 0), x0 = xinit

0 → g(xk, uk, dk),

0 → gf (xN ),

k ↑ [0, N ↓ 1]



1. Choice of objective function
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It affects the performance and stability of the closed-loop
Several possibilities:

• Consider the nominal cost
• Consider a min-max (worst-case) cost

28

<latexit sha1_base64="pTVs49F2OrfBxoSfd+xemP1qf3E="></latexit>

minimize
u,x

maximize
d

N→1∑

k=0

ω(xk, uk, dk) + Vf (xN )

subject to: xk+1 = f(xk, uk, dk), x0 = xinit

0 → g(xk, uk, dk),

0 → gf (xN ),

k ↑ [0, N ↓ 1]



2. Constraints satisfied for all possible outcomes
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Usually named robust constraint satisfaction
Problem: infinitely many constraints

29
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minimize
u,x

N→1∑

k=0

ω(xk, uk, dk) + Vf (xN )

subject to: xk+1 = f(xk, uk, dk), x0 = xinit

0 → g(xk, uk, dk), ↑dk ↓ D,
0 → gf (xN ),

k ↓ [0, N ↔ 1]



2. Constraints satisfied for all possible outcomes
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Usually named robust constraint satisfaction
Problem: infinitely many constraints
• Reformulate to obtain finitely many constraints

30

<latexit sha1_base64="+ZgPoXL0KgSZD0RKtQP3kjlvv7s="></latexit>

minimize
u,x

N→1∑

k=0

ω(xk, uk, 0) + Vf (xN )

subject to: xk+1 = f(xk, uk, dk), x0 = xinit

0 → maximize
d

g(xk, uk, dk),

0 → gf (xN ),

k ↑ [0, N ↓ 1]



3. Performance should not be overly conservative
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Traditional approach: open-loop robust MPC
• Minimize a cost function for the worst-case uncertainty value
• The same sequence of control inputs to satisfy the constraints

u = {u(0), . . . , u(N � 1)}
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3. Performance should not be overly conservative
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Traditional approach: open-loop robust MPC
• Minimize a cost function for the worst-case uncertainty value
• The same sequence of control inputs to satisfy the constraints

0 1-1-2 32 4 6 50 1-1-2 32 4 6 5

u = {u(0), . . . , u(N � 1)}
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Time

State

Time

Control
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3. Performance should not be overly conservative

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Traditional approach: open-loop robust MPC
• Minimize a cost function for the worst-case uncertainty value
• The same sequence of control inputs to satisfy the constraints

0 1-1-2 32 4 6 50 1-1-2 32 4 6 5

u = {u(0), . . . , u(N � 1)}
<latexit sha1_base64="HUQfVCgEGUXSbAW3+cU1g/vNLkY=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgp1JKIqBuh4MaVVLAPaEKZTCbt0MmDeQgl9Bfc+CtuXCji1p07/8ZJm4W2HhjmcM69M/ceP2VUSNv+NpaWV1bX1ksb5c2t7Z1dc2+/LRLFMWnhhCW86yNBGI1JS1LJSDflBEU+Ix1/dJ37nQfCBU3iezlOiRehQUxDipHUUt+0XD9hgRhH+srUBF5BN1OWXa1BN0ikqEFl3Z44VXfSNyt23Z4CLhKnIBVQoNk3v/QLWEUklpghIXqOnUovQ1xSzMik7CpBUoRHaEB6msYoIsLLphtN4LFWAhgmXJ9Ywqn6uyNDkciH1pURkkMx7+Xif15PyfDSy2icKkliPPsoVAzKBObxwIBygiUba4Iwp3pWiIeIIyx1iGUdgjO/8iJpn9Ydu+7cnVUa50UcJXAIjoAFHHABGuAGNEELYPAInsEreDOejBfj3fiYlS4ZRc8B+APj8weAL5ty</latexit><latexit sha1_base64="HUQfVCgEGUXSbAW3+cU1g/vNLkY=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgp1JKIqBuh4MaVVLAPaEKZTCbt0MmDeQgl9Bfc+CtuXCji1p07/8ZJm4W2HhjmcM69M/ceP2VUSNv+NpaWV1bX1ksb5c2t7Z1dc2+/LRLFMWnhhCW86yNBGI1JS1LJSDflBEU+Ix1/dJ37nQfCBU3iezlOiRehQUxDipHUUt+0XD9hgRhH+srUBF5BN1OWXa1BN0ikqEFl3Z44VXfSNyt23Z4CLhKnIBVQoNk3v/QLWEUklpghIXqOnUovQ1xSzMik7CpBUoRHaEB6msYoIsLLphtN4LFWAhgmXJ9Ywqn6uyNDkciH1pURkkMx7+Xif15PyfDSy2icKkliPPsoVAzKBObxwIBygiUba4Iwp3pWiIeIIyx1iGUdgjO/8iJpn9Ydu+7cnVUa50UcJXAIjoAFHHABGuAGNEELYPAInsEreDOejBfj3fiYlS4ZRc8B+APj8weAL5ty</latexit><latexit sha1_base64="HUQfVCgEGUXSbAW3+cU1g/vNLkY=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgp1JKIqBuh4MaVVLAPaEKZTCbt0MmDeQgl9Bfc+CtuXCji1p07/8ZJm4W2HhjmcM69M/ceP2VUSNv+NpaWV1bX1ksb5c2t7Z1dc2+/LRLFMWnhhCW86yNBGI1JS1LJSDflBEU+Ix1/dJ37nQfCBU3iezlOiRehQUxDipHUUt+0XD9hgRhH+srUBF5BN1OWXa1BN0ikqEFl3Z44VXfSNyt23Z4CLhKnIBVQoNk3v/QLWEUklpghIXqOnUovQ1xSzMik7CpBUoRHaEB6msYoIsLLphtN4LFWAhgmXJ9Ywqn6uyNDkciH1pURkkMx7+Xif15PyfDSy2icKkliPPsoVAzKBObxwIBygiUba4Iwp3pWiIeIIyx1iGUdgjO/8iJpn9Ydu+7cnVUa50UcJXAIjoAFHHABGuAGNEELYPAInsEreDOejBfj3fiYlS4ZRc8B+APj8weAL5ty</latexit><latexit sha1_base64="HUQfVCgEGUXSbAW3+cU1g/vNLkY=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgp1JKIqBuh4MaVVLAPaEKZTCbt0MmDeQgl9Bfc+CtuXCji1p07/8ZJm4W2HhjmcM69M/ceP2VUSNv+NpaWV1bX1ksb5c2t7Z1dc2+/LRLFMWnhhCW86yNBGI1JS1LJSDflBEU+Ix1/dJ37nQfCBU3iezlOiRehQUxDipHUUt+0XD9hgRhH+srUBF5BN1OWXa1BN0ikqEFl3Z44VXfSNyt23Z4CLhKnIBVQoNk3v/QLWEUklpghIXqOnUovQ1xSzMik7CpBUoRHaEB6msYoIsLLphtN4LFWAhgmXJ9Ywqn6uyNDkciH1pURkkMx7+Xif15PyfDSy2icKkliPPsoVAzKBObxwIBygiUba4Iwp3pWiIeIIyx1iGUdgjO/8iJpn9Ydu+7cnVUa50UcJXAIjoAFHHABGuAGNEELYPAInsEreDOejBfj3fiYlS4ZRc8B+APj8weAL5ty</latexit>

Time

State

Time

Control
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3. Performance should not be overly conservative

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Traditional approach: open-loop robust MPC
• Minimize a cost function for the worst-case uncertainty value
• The same sequence of control inputs to satisfy the constraints

Time

State

0 1-1-2 32 4 6 5Time0 1-1-2 32 4 6 5

Control

(Can be) Very conservative!

u = {u(0), . . . , u(N � 1)}
<latexit sha1_base64="HUQfVCgEGUXSbAW3+cU1g/vNLkY=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgp1JKIqBuh4MaVVLAPaEKZTCbt0MmDeQgl9Bfc+CtuXCji1p07/8ZJm4W2HhjmcM69M/ceP2VUSNv+NpaWV1bX1ksb5c2t7Z1dc2+/LRLFMWnhhCW86yNBGI1JS1LJSDflBEU+Ix1/dJ37nQfCBU3iezlOiRehQUxDipHUUt+0XD9hgRhH+srUBF5BN1OWXa1BN0ikqEFl3Z44VXfSNyt23Z4CLhKnIBVQoNk3v/QLWEUklpghIXqOnUovQ1xSzMik7CpBUoRHaEB6msYoIsLLphtN4LFWAhgmXJ9Ywqn6uyNDkciH1pURkkMx7+Xif15PyfDSy2icKkliPPsoVAzKBObxwIBygiUba4Iwp3pWiIeIIyx1iGUdgjO/8iJpn9Ydu+7cnVUa50UcJXAIjoAFHHABGuAGNEELYPAInsEreDOejBfj3fiYlS4ZRc8B+APj8weAL5ty</latexit><latexit sha1_base64="HUQfVCgEGUXSbAW3+cU1g/vNLkY=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgp1JKIqBuh4MaVVLAPaEKZTCbt0MmDeQgl9Bfc+CtuXCji1p07/8ZJm4W2HhjmcM69M/ceP2VUSNv+NpaWV1bX1ksb5c2t7Z1dc2+/LRLFMWnhhCW86yNBGI1JS1LJSDflBEU+Ix1/dJ37nQfCBU3iezlOiRehQUxDipHUUt+0XD9hgRhH+srUBF5BN1OWXa1BN0ikqEFl3Z44VXfSNyt23Z4CLhKnIBVQoNk3v/QLWEUklpghIXqOnUovQ1xSzMik7CpBUoRHaEB6msYoIsLLphtN4LFWAhgmXJ9Ywqn6uyNDkciH1pURkkMx7+Xif15PyfDSy2icKkliPPsoVAzKBObxwIBygiUba4Iwp3pWiIeIIyx1iGUdgjO/8iJpn9Ydu+7cnVUa50UcJXAIjoAFHHABGuAGNEELYPAInsEreDOejBfj3fiYlS4ZRc8B+APj8weAL5ty</latexit><latexit sha1_base64="HUQfVCgEGUXSbAW3+cU1g/vNLkY=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgp1JKIqBuh4MaVVLAPaEKZTCbt0MmDeQgl9Bfc+CtuXCji1p07/8ZJm4W2HhjmcM69M/ceP2VUSNv+NpaWV1bX1ksb5c2t7Z1dc2+/LRLFMWnhhCW86yNBGI1JS1LJSDflBEU+Ix1/dJ37nQfCBU3iezlOiRehQUxDipHUUt+0XD9hgRhH+srUBF5BN1OWXa1BN0ikqEFl3Z44VXfSNyt23Z4CLhKnIBVQoNk3v/QLWEUklpghIXqOnUovQ1xSzMik7CpBUoRHaEB6msYoIsLLphtN4LFWAhgmXJ9Ywqn6uyNDkciH1pURkkMx7+Xif15PyfDSy2icKkliPPsoVAzKBObxwIBygiUba4Iwp3pWiIeIIyx1iGUdgjO/8iJpn9Ydu+7cnVUa50UcJXAIjoAFHHABGuAGNEELYPAInsEreDOejBfj3fiYlS4ZRc8B+APj8weAL5ty</latexit><latexit sha1_base64="HUQfVCgEGUXSbAW3+cU1g/vNLkY=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgp1JKIqBuh4MaVVLAPaEKZTCbt0MmDeQgl9Bfc+CtuXCji1p07/8ZJm4W2HhjmcM69M/ceP2VUSNv+NpaWV1bX1ksb5c2t7Z1dc2+/LRLFMWnhhCW86yNBGI1JS1LJSDflBEU+Ix1/dJ37nQfCBU3iezlOiRehQUxDipHUUt+0XD9hgRhH+srUBF5BN1OWXa1BN0ikqEFl3Z44VXfSNyt23Z4CLhKnIBVQoNk3v/QLWEUklpghIXqOnUovQ1xSzMik7CpBUoRHaEB6msYoIsLLphtN4LFWAhgmXJ9Ywqn6uyNDkciH1pURkkMx7+Xif15PyfDSy2icKkliPPsoVAzKBObxwIBygiUba4Iwp3pWiIeIIyx1iGUdgjO/8iJpn9Ydu+7cnVUa50UcJXAIjoAFHHABGuAGNEELYPAInsEreDOejBfj3fiYlS4ZRc8B+APj8weAL5ty</latexit>
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3. Performance should not be overly conservative

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Closed-loop (or feedback) robust MPC
• Minimize a cost function for the worst-case uncertainty value over a 

sequence of control policies

Time

State

0 1-1-2 32 4 6 5Time0 1-1-2 32 4 6 5

Control
…

35

<latexit sha1_base64="B4h0Z7iNZDRY0M4nJTtZ08gK+Ns=">AAACLnicbVBdS8MwFE3n15xfVR99CQ5hgo5WZPoiDETwSSa4D1hLSdNsC0ubkqTCKP1FvvhX9EFQEV/9GaZbH3R6INzDOfcmucePGZXKsl6N0sLi0vJKebWytr6xuWVu73QkTwQmbcwZFz0fScJoRNqKKkZ6sSAo9Bnp+uPL3O/eEyEpj+7UJCZuiIYRHVCMlJY888rxOQvkJNQldcYojlEGL6BTcM+qOTjg6vAIOrpIXWZ6enNsZ4XnZJ5ZterWFPAvsQtSBQVanvmsr8NJSCKFGZKyb1uxclMkFMWMZBUnkSRGeIyGpK9phEIi3XS6bgYPtBLAARf6RApO1Z8TKQplvpHuDJEayXkvF//z+okanLspjeJEkQjPHhokDCoO8+xgQAXBik00QVhQ/VeIR0ggrHTCFR2CPb/yX9I5qduNeuP2tNpsFHGUwR7YBzVggzPQBNegBdoAgwfwBN7Au/FovBgfxuestWQUM7vgF4yvb6zPqD0=</latexit>

ω = {ω0(·), . . . ,ωN→1(·)}
<latexit sha1_base64="3F35ibHVWu7QvK9TK0DdNx8FwvU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpeyKVI8FLx4r2A9ol2U2zbah2WxMssWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5oeRMG9f9dtbWNza3tgs7xd29/YPD0tFxSyepIrRJEp6oTgiaciZo0zDDaUcqCnHIaTsc3c789pgqzRLxYCaS+jEMBIsYAWMlvzcCKSFwK0+BexGUym7VnQOvEi8nZZSjEZS+ev2EpDEVhnDQuuu50vgZKMMIp9NiL9VUAhnBgHYtFRBT7Wfzo6f43Cp9HCXKljB4rv6eyCDWehKHtjMGM9TL3kz8z+umJrrxMyZkaqggi0VRyrFJ8CwB3GeKEsMnlgBRzN6KyRAUEGNzKtoQvOWXV0nrsurVqrX7q3K9lsdRQKfoDFWQh65RHd2hBmoigh7RM3pFb87YeXHenY9F65qTz5ygP3A+fwCSJZFL</latexit>

ω0(x0)
<latexit sha1_base64="hd66g4aBut6Hp3HhtV2YEMudQIQ=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR4LXjxWsB/QLks2zbah2WxMssWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5oeRMG9f9dtbWNza3tgs7xd29/YPD0tFxSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDvz22OqNEvEg5lI6sd4IFjECDZW8nsjLCUOvMpT4F0EpbJbdedAq8TLSRlyNILSV6+fkDSmwhCOte56rjR+hpVhhNNpsZdqKjEZ4QHtWipwTLWfzY+eonOr9FGUKFvCoLn6eyLDsdaTOLSdMTZDvezNxP+8bmqiGz9jQqaGCrJYFKUcmQTNEkB9pigxfGIJJorZWxEZYoWJsTkVbQje8surpHVZ9WrV2v1VuV7L4yjAKZxBBTy4hjrcQQOaQOARnuEV3pyx8+K8Ox+L1jUnnzmBP3A+fwCVM5FN</latexit>

ω1(x1)
<latexit sha1_base64="3R9Hkc5gTcx3j4WnYadD5DouGwY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx4MVjBfsB7bJk02wbms3GJFsspb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMCyVn2rjut5Pb2Nza3snvFvb2Dw6PiscnLZ2kitAmSXiiOiHWlDNBm4YZTjtSURyHnLbD0e3cb4+p0iwRD2YiqR/jgWARI9hYye+NsJQ4qJafguplUCy5FXcBtE68jJQgQyMofvX6CUljKgzhWOuu50rjT7EyjHA6K/RSTSUmIzygXUsFjqn2p4ujZ+jCKn0UJcqWMGih/p6Y4ljrSRzazhiboV715uJ/Xjc10Y0/ZUKmhgqyXBSlHJkEzRNAfaYoMXxiCSaK2VsRGWKFibE5FWwI3urL66RVrXi1Su3+qlSvZXHk4QzOoQweXEMd7qABTSDwCM/wCm/O2Hlx3p2PZWvOyWZO4Q+czx+YQZFP</latexit>

ω2(x2)



3. Performance should not be overly conservative

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Compute a sequence of optimal control policies

36

<latexit sha1_base64="B4h0Z7iNZDRY0M4nJTtZ08gK+Ns=">AAACLnicbVBdS8MwFE3n15xfVR99CQ5hgo5WZPoiDETwSSa4D1hLSdNsC0ubkqTCKP1FvvhX9EFQEV/9GaZbH3R6INzDOfcmucePGZXKsl6N0sLi0vJKebWytr6xuWVu73QkTwQmbcwZFz0fScJoRNqKKkZ6sSAo9Bnp+uPL3O/eEyEpj+7UJCZuiIYRHVCMlJY888rxOQvkJNQldcYojlEGL6BTcM+qOTjg6vAIOrpIXWZ6enNsZ4XnZJ5ZterWFPAvsQtSBQVanvmsr8NJSCKFGZKyb1uxclMkFMWMZBUnkSRGeIyGpK9phEIi3XS6bgYPtBLAARf6RApO1Z8TKQplvpHuDJEayXkvF//z+okanLspjeJEkQjPHhokDCoO8+xgQAXBik00QVhQ/VeIR0ggrHTCFR2CPb/yX9I5qduNeuP2tNpsFHGUwR7YBzVggzPQBNegBdoAgwfwBN7Au/FovBgfxuestWQUM7vgF4yvb6zPqD0=</latexit>

ω = {ω0(·), . . . ,ωN→1(·)}

<latexit sha1_base64="S7YS9/FjdCBiZ5fKzY4QhH38km8="></latexit>

minimize
ω,x

N→1∑

k=0

ω(xk,εk(xk), dk) + Vf (xN )

subject to: xk+1 = f(xk,εk(xk), dk), x0 = xinit

0 → g(xk,εk(xk), dk), ↑dk ↓ D,
0 → gf (xN ),

k ↓ [0, N ↔ 1]



3. Performance should not be overly conservative

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Computing general policies                                         is challenging:
• Infinite dimensional optimization problem

Usually restrict the structure of the policy
• Use state-affine control policies
• Use uncertainty-affine control policies

Suboptimal but tractable optimization problems

µk(x) = Kx+ vk
<latexit sha1_base64="tzNq6cY1LTWS5Wz9lM3ybULoCgc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqQklE1I1QcCO4qWAf0IYwmU7aoTOTMDMpDaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1BzKjSjvNtrayurW9sFraK2zu7e/v2wWFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4O/VbIyIVjcSjTmPicdQXNKQYaSP5dqnLE39YGZ/CG3g/hmdw5A99u+xUnRngMnFzUgY56r791e1FOOFEaMyQUh3XibWXIakpZmRS7CaKxAgPUZ90DBWIE+Vls+Mn8MQoPRhG0pTQcKb+nsgQVyrlgenkSA/UojcV//M6iQ6vvYyKONFE4PmiMGFQR3CaBOxRSbBmqSEIS2puhXiAJMLa5FU0IbiLLy+T5nnVdaruw0W5dpnHUQBH4BhUgAuuQA3cgTpoAAxS8AxewZv1ZL1Y79bHvHXFymdK4A+szx8l4JMZ</latexit><latexit sha1_base64="tzNq6cY1LTWS5Wz9lM3ybULoCgc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqQklE1I1QcCO4qWAf0IYwmU7aoTOTMDMpDaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1BzKjSjvNtrayurW9sFraK2zu7e/v2wWFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4O/VbIyIVjcSjTmPicdQXNKQYaSP5dqnLE39YGZ/CG3g/hmdw5A99u+xUnRngMnFzUgY56r791e1FOOFEaMyQUh3XibWXIakpZmRS7CaKxAgPUZ90DBWIE+Vls+Mn8MQoPRhG0pTQcKb+nsgQVyrlgenkSA/UojcV//M6iQ6vvYyKONFE4PmiMGFQR3CaBOxRSbBmqSEIS2puhXiAJMLa5FU0IbiLLy+T5nnVdaruw0W5dpnHUQBH4BhUgAuuQA3cgTpoAAxS8AxewZv1ZL1Y79bHvHXFymdK4A+szx8l4JMZ</latexit><latexit sha1_base64="tzNq6cY1LTWS5Wz9lM3ybULoCgc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqQklE1I1QcCO4qWAf0IYwmU7aoTOTMDMpDaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1BzKjSjvNtrayurW9sFraK2zu7e/v2wWFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4O/VbIyIVjcSjTmPicdQXNKQYaSP5dqnLE39YGZ/CG3g/hmdw5A99u+xUnRngMnFzUgY56r791e1FOOFEaMyQUh3XibWXIakpZmRS7CaKxAgPUZ90DBWIE+Vls+Mn8MQoPRhG0pTQcKb+nsgQVyrlgenkSA/UojcV//M6iQ6vvYyKONFE4PmiMGFQR3CaBOxRSbBmqSEIS2puhXiAJMLa5FU0IbiLLy+T5nnVdaruw0W5dpnHUQBH4BhUgAuuQA3cgTpoAAxS8AxewZv1ZL1Y79bHvHXFymdK4A+szx8l4JMZ</latexit><latexit sha1_base64="tzNq6cY1LTWS5Wz9lM3ybULoCgc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqQklE1I1QcCO4qWAf0IYwmU7aoTOTMDMpDaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1BzKjSjvNtrayurW9sFraK2zu7e/v2wWFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4O/VbIyIVjcSjTmPicdQXNKQYaSP5dqnLE39YGZ/CG3g/hmdw5A99u+xUnRngMnFzUgY56r791e1FOOFEaMyQUh3XibWXIakpZmRS7CaKxAgPUZ90DBWIE+Vls+Mn8MQoPRhG0pTQcKb+nsgQVyrlgenkSA/UojcV//M6iQ6vvYyKONFE4PmiMGFQR3CaBOxRSbBmqSEIS2puhXiAJMLa5FU0IbiLLy+T5nnVdaruw0W5dpnHUQBH4BhUgAuuQA3cgTpoAAxS8AxewZv1ZL1Y79bHvHXFymdK4A+szx8l4JMZ</latexit>

µk(wk) = Kwk + vk
<latexit sha1_base64="OnXJsT1QhByPWeCP+OZ889oVzpg=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBHKjIi6EQpuBDcV7APaYcikmTZMkhmSTKUM3fgrblwo4tbPcOffmLaz0NYDl3s4516Se4KEUaUd59sqLC2vrK4V10sbm1vbO/buXlPFqcSkgWMWy3aAFGFUkIammpF2IgniASOtILqZ+K0hkYrG4kGPEuJx1Bc0pBhpI/n2QZenflR59KMTeA3vTIencOhHvl12qs4UcJG4OSmDHHXf/ur2YpxyIjRmSKmO6yTay5DUFDMyLnVTRRKEI9QnHUMF4kR52fSAMTw2Sg+GsTQlNJyqvzcyxJUa8cBMcqQHat6biP95nVSHV15GRZJqIvDsoTBlUMdwkgbsUUmwZiNDEJbU/BXiAZIIa5NZyYTgzp+8SJpnVdepuvfn5dpFHkcRHIIjUAEuuAQ1cAvqoAEwGINn8ArerCfrxXq3PmajBSvf2Qd/YH3+ADndlNM=</latexit><latexit sha1_base64="OnXJsT1QhByPWeCP+OZ889oVzpg=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBHKjIi6EQpuBDcV7APaYcikmTZMkhmSTKUM3fgrblwo4tbPcOffmLaz0NYDl3s4516Se4KEUaUd59sqLC2vrK4V10sbm1vbO/buXlPFqcSkgWMWy3aAFGFUkIammpF2IgniASOtILqZ+K0hkYrG4kGPEuJx1Bc0pBhpI/n2QZenflR59KMTeA3vTIencOhHvl12qs4UcJG4OSmDHHXf/ur2YpxyIjRmSKmO6yTay5DUFDMyLnVTRRKEI9QnHUMF4kR52fSAMTw2Sg+GsTQlNJyqvzcyxJUa8cBMcqQHat6biP95nVSHV15GRZJqIvDsoTBlUMdwkgbsUUmwZiNDEJbU/BXiAZIIa5NZyYTgzp+8SJpnVdepuvfn5dpFHkcRHIIjUAEuuAQ1cAvqoAEwGINn8ArerCfrxXq3PmajBSvf2Qd/YH3+ADndlNM=</latexit><latexit sha1_base64="OnXJsT1QhByPWeCP+OZ889oVzpg=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBHKjIi6EQpuBDcV7APaYcikmTZMkhmSTKUM3fgrblwo4tbPcOffmLaz0NYDl3s4516Se4KEUaUd59sqLC2vrK4V10sbm1vbO/buXlPFqcSkgWMWy3aAFGFUkIammpF2IgniASOtILqZ+K0hkYrG4kGPEuJx1Bc0pBhpI/n2QZenflR59KMTeA3vTIencOhHvl12qs4UcJG4OSmDHHXf/ur2YpxyIjRmSKmO6yTay5DUFDMyLnVTRRKEI9QnHUMF4kR52fSAMTw2Sg+GsTQlNJyqvzcyxJUa8cBMcqQHat6biP95nVSHV15GRZJqIvDsoTBlUMdwkgbsUUmwZiNDEJbU/BXiAZIIa5NZyYTgzp+8SJpnVdepuvfn5dpFHkcRHIIjUAEuuAQ1cAvqoAEwGINn8ArerCfrxXq3PmajBSvf2Qd/YH3+ADndlNM=</latexit><latexit sha1_base64="OnXJsT1QhByPWeCP+OZ889oVzpg=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBHKjIi6EQpuBDcV7APaYcikmTZMkhmSTKUM3fgrblwo4tbPcOffmLaz0NYDl3s4516Se4KEUaUd59sqLC2vrK4V10sbm1vbO/buXlPFqcSkgWMWy3aAFGFUkIammpF2IgniASOtILqZ+K0hkYrG4kGPEuJx1Bc0pBhpI/n2QZenflR59KMTeA3vTIencOhHvl12qs4UcJG4OSmDHHXf/ur2YpxyIjRmSKmO6yTay5DUFDMyLnVTRRKEI9QnHUMF4kR52fSAMTw2Sg+GsTQlNJyqvzcyxJUa8cBMcqQHat6biP95nVSHV15GRZJqIvDsoTBlUMdwkgbsUUmwZiNDEJbU/BXiAZIIa5NZyYTgzp+8SJpnVdepuvfn5dpFHkcRHIIjUAEuuAQ1cAvqoAEwGINn8ArerCfrxXq3PmajBSvf2Qd/YH3+ADndlNM=</latexit>
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[Goulart, Kerrigan and Maciejowski, Automatica, 2006]

<latexit sha1_base64="B4h0Z7iNZDRY0M4nJTtZ08gK+Ns=">AAACLnicbVBdS8MwFE3n15xfVR99CQ5hgo5WZPoiDETwSSa4D1hLSdNsC0ubkqTCKP1FvvhX9EFQEV/9GaZbH3R6INzDOfcmucePGZXKsl6N0sLi0vJKebWytr6xuWVu73QkTwQmbcwZFz0fScJoRNqKKkZ6sSAo9Bnp+uPL3O/eEyEpj+7UJCZuiIYRHVCMlJY888rxOQvkJNQldcYojlEGL6BTcM+qOTjg6vAIOrpIXWZ6enNsZ4XnZJ5ZterWFPAvsQtSBQVanvmsr8NJSCKFGZKyb1uxclMkFMWMZBUnkSRGeIyGpK9phEIi3XS6bgYPtBLAARf6RApO1Z8TKQplvpHuDJEayXkvF//z+okanLspjeJEkQjPHhokDCoO8+xgQAXBik00QVhQ/VeIR0ggrHTCFR2CPb/yX9I5qduNeuP2tNpsFHGUwR7YBzVggzPQBNegBdoAgwfwBN7Au/FovBgfxuestWQUM7vgF4yvb6zPqD0=</latexit>

ω = {ω0(·), . . . ,ωN→1(·)}



Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Multi-
stage MPC

A closed-loop approach with 
a scenario tree 
representation of the 
uncertainty
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Multi-stage stochastic programming

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025 39

• Multi-stage stochastic programming is an extension of linear 
programming to deal with uncertainty 

• Modeling of sequential decision-making problems via scenario 
trees

• In context of MPC, first used to model minmax MPC problems 
[Scokaert and Mayne, TAC 1998]

[Dantzig & Infanger, 1993]



Multi-stage NMPC: Formulation

Prediction horizon
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Time

Control
Time

State

0 1-1-2 32 4

0 1-1-2 32 4

Decisions with the same information must be equal
• Non anticipativity constraints

40

[Scokaert and Mayne, TAC 1998], [Diehl, TAC, 2007]
[Bernardini and Bemporad, CDC, 2009], [De la Peña, Bemporad, Alamo, CDC 2005]
[Lucia, Finkler and Engell, Journal of Process Control, 2013][Lucia, Andersson, Brand, Diehl and Engell, Journal of Process Control, 2014]
[Krishnamoorthy & Skogestad, 2018, 2019], [Yang & Biegler, JPC, 2013], [and many others]



Mathematical formulation

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025 41

<latexit sha1_base64="9xOfa5QMFQPKAEOvldw0+WkYw94="></latexit>

minimize
u,x

N→1∑

k=0

∑

i↑Itree(k)

ω(xi
k, u

i
k, d

r(i)
k ) +

∑

i↑Itree(N)

Vf (x
i
N )

subject to: xchild(i,k)
k+1 = f(xi

k, u
i
k, d

r(i)
k ), x0 = xinit

0 → g(xi
k, u

i
k, d

r(i)
k ),

0 → gf (x
i
N ),

(i, k) ↑ Itree
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<latexit sha1_base64="WHR6UfjnQQewFx2S+JY1fLEdwN0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoY9lsJ+3SzSbsbsRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0M/Nbj6g0T+S9GacYxHQgecQZNVbyn3rug9crV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyWupnGlLIRHWDHUklj1MFkfuyUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ56TPFTIjxpZQpri9lbAhVZQZm0/JhuAtv7xKmhdVr1at3V1W6rU8jiKcwCmcgwdXUIdbaIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fLyuOQQ==</latexit>

x1
0

<latexit sha1_base64="jQVvZUgEz8GCj5nhSSdghqSmous=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmAcma5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LeThIaCjyULGYEWyc99JSgQ9wfP7J+ueJX/TnQKglyUoEcjX75qzdQJBVUWsKxMd3AT2yYYW0Z4XRa6qWGJpiM8ZB2HZVYUBNm84un6MwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY2vw4zJJLVUksWiOOXIKjR7Hw2YpsTyiSOYaOZuRWSENSbWhVRyIQTLL6+S1kU1qFVrd5eVei2PowgncArnEMAV1OEWGtAEAhKe4RXePOO9eO/ex6K14OUzx/AH3ucPj8GQ0w==</latexit>

ωi
k

<latexit sha1_base64="W0Tz5DvlAcXsO6gjiELIj4dlKGs=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHgxZNEMA9M1jA7mU2GzGOZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hoeuq3nqg2TMl7O05oKPBAspgRbJ300FWCDnDv9pH1SmW/4s+AlkmQkzLkqPdKX92+Iqmg0hKOjekEfmLDDGvLCKeTYjc1NMFkhAe046jEgpowm108QadO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp+6jPNCWWjx3BRDN3KyJDrDGxLqSiCyFYfHmZNM8rQbVSvbso16p5HAU4hhM4gwAuoQY3UIcGEJDwDK/w5hnvxXv3PuatK14+cwR/4H3+AGOTkLY=</latexit>

ωi
N



The importance of a closed-loop formulation

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

An illustrative example [modified from Scokaert & Mayne, TAC 1998]
xk+1 = xk + uk + dk

<latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit><latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit><latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit><latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit>

�1.5  xk  1.5
<latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit><latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit><latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit><latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit>

N = 3
<latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit><latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit><latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit><latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit>

�1.5  uk  1.5
<latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit><latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit><latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit><latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit>

dk 2 [�1, 1]
<latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit><latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit><latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit><latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit>
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The importance of a closed-loop formulation

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

An illustrative example [modified from Scokaert & Mayne, TAC 1998]

Consider an open-loop formulation:
• If        then:

• If            then:

xk+1 = xk + uk + dk
<latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit><latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit><latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit><latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit>

�1.5  xk  1.5
<latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit><latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit><latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit><latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit>

N = 3
<latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit><latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit><latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit><latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit>

�1.5  uk  1.5
<latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit><latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit><latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit><latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit>

dk 2 [�1, 1]
<latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit><latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit><latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit><latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit>

d0 = d1 = d2 = 1
<latexit sha1_base64="INarA5xs/tMPPxGfEcpNBHirgGg=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIrkpSRN0UCm5cVrAXaEOYTCbt0MkkzEyUEvsoblwo4tYncefbOG2z0NYfBj7+cw7nzB+knCntON/W2vrG5tZ2aae8u7d/cGhXjjoqySShbZLwRPYCrChngrY105z2UklxHHDaDcY3s3r3gUrFEnGvJyn1YjwULGIEa2P5diX0HdRAoe82Qr9uyPXtqlNz5kKr4BZQhUIt3/4ahAnJYio04Vipvuuk2sux1IxwOi0PMkVTTMZ4SPsGBY6p8vL56VN0ZpwQRYk0T2g0d39P5DhWahIHpjPGeqSWazPzv1o/09G1lzORZpoKslgUZRzpBM1yQCGTlGg+MYCJZOZWREZYYqJNWmUTgrv85VXo1GuuU3PvLqrNyyKOEpzAKZyDC1fQhFtoQRsIPMIzvMKb9WS9WO/Wx6J1zSpmjuGPrM8fkCuRjQ==</latexit><latexit sha1_base64="INarA5xs/tMPPxGfEcpNBHirgGg=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIrkpSRN0UCm5cVrAXaEOYTCbt0MkkzEyUEvsoblwo4tYncefbOG2z0NYfBj7+cw7nzB+knCntON/W2vrG5tZ2aae8u7d/cGhXjjoqySShbZLwRPYCrChngrY105z2UklxHHDaDcY3s3r3gUrFEnGvJyn1YjwULGIEa2P5diX0HdRAoe82Qr9uyPXtqlNz5kKr4BZQhUIt3/4ahAnJYio04Vipvuuk2sux1IxwOi0PMkVTTMZ4SPsGBY6p8vL56VN0ZpwQRYk0T2g0d39P5DhWahIHpjPGeqSWazPzv1o/09G1lzORZpoKslgUZRzpBM1yQCGTlGg+MYCJZOZWREZYYqJNWmUTgrv85VXo1GuuU3PvLqrNyyKOEpzAKZyDC1fQhFtoQRsIPMIzvMKb9WS9WO/Wx6J1zSpmjuGPrM8fkCuRjQ==</latexit><latexit sha1_base64="INarA5xs/tMPPxGfEcpNBHirgGg=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIrkpSRN0UCm5cVrAXaEOYTCbt0MkkzEyUEvsoblwo4tYncefbOG2z0NYfBj7+cw7nzB+knCntON/W2vrG5tZ2aae8u7d/cGhXjjoqySShbZLwRPYCrChngrY105z2UklxHHDaDcY3s3r3gUrFEnGvJyn1YjwULGIEa2P5diX0HdRAoe82Qr9uyPXtqlNz5kKr4BZQhUIt3/4ahAnJYio04Vipvuuk2sux1IxwOi0PMkVTTMZ4SPsGBY6p8vL56VN0ZpwQRYk0T2g0d39P5DhWahIHpjPGeqSWazPzv1o/09G1lzORZpoKslgUZRzpBM1yQCGTlGg+MYCJZOZWREZYYqJNWmUTgrv85VXo1GuuU3PvLqrNyyKOEpzAKZyDC1fQhFtoQRsIPMIzvMKb9WS9WO/Wx6J1zSpmjuGPrM8fkCuRjQ==</latexit><latexit sha1_base64="INarA5xs/tMPPxGfEcpNBHirgGg=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIrkpSRN0UCm5cVrAXaEOYTCbt0MkkzEyUEvsoblwo4tYncefbOG2z0NYfBj7+cw7nzB+knCntON/W2vrG5tZ2aae8u7d/cGhXjjoqySShbZLwRPYCrChngrY105z2UklxHHDaDcY3s3r3gUrFEnGvJyn1YjwULGIEa2P5diX0HdRAoe82Qr9uyPXtqlNz5kKr4BZQhUIt3/4ahAnJYio04Vipvuuk2sux1IxwOi0PMkVTTMZ4SPsGBY6p8vL56VN0ZpwQRYk0T2g0d39P5DhWahIHpjPGeqSWazPzv1o/09G1lzORZpoKslgUZRzpBM1yQCGTlGg+MYCJZOZWREZYYqJNWmUTgrv85VXo1GuuU3PvLqrNyyKOEpzAKZyDC1fQhFtoQRsIPMIzvMKb9WS9WO/Wx6J1zSpmjuGPrM8fkCuRjQ==</latexit>

x3 = x0 + u0 + u1 + u2 + 1 + 1 + 1 = x0 + u0 + u1 + u2 + 3
<latexit sha1_base64="c/Rh4CJWFbkiBi/YpK2cE5iEM6g=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQCmXSiroRCm5cVrAPaIchk2ba0MyDJCMtQz/Ejb/ixoUiblwI/o2Z6Sxq6wkXTs65l+QeN+JMKsv6MQpr6xubW8Xt0s7u3v6BeXjUlmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13fJv6nUcqJAuDBzWNqO3jYcA8RrDSkmPWJ04d3sCJY1XirJCuWgWlZ67DClxw9K3umGWramWAqwTlpAxyNB3zqz8ISezTQBGOpewhK1J2goVihNNZqR9LGmEyxkPa0zTAPpV2ki03g2daGUAvFLoCBTN1cSLBvpRT39WdPlYjueyl4n9eL1betZ2wIIoVDcj8IS/mUIUwTQoOmKBE8akmmAim/wrJCAtMlM6zpENAyyuvknatiqwqur8oNy7zOIrgBJyCc4DAFWiAO9AELUDAE3gBb+DdeDZejQ/jc95aMPKZY/AHxvcvKaabwQ==</latexit><latexit sha1_base64="c/Rh4CJWFbkiBi/YpK2cE5iEM6g=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQCmXSiroRCm5cVrAPaIchk2ba0MyDJCMtQz/Ejb/ixoUiblwI/o2Z6Sxq6wkXTs65l+QeN+JMKsv6MQpr6xubW8Xt0s7u3v6BeXjUlmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13fJv6nUcqJAuDBzWNqO3jYcA8RrDSkmPWJ04d3sCJY1XirJCuWgWlZ67DClxw9K3umGWramWAqwTlpAxyNB3zqz8ISezTQBGOpewhK1J2goVihNNZqR9LGmEyxkPa0zTAPpV2ki03g2daGUAvFLoCBTN1cSLBvpRT39WdPlYjueyl4n9eL1betZ2wIIoVDcj8IS/mUIUwTQoOmKBE8akmmAim/wrJCAtMlM6zpENAyyuvknatiqwqur8oNy7zOIrgBJyCc4DAFWiAO9AELUDAE3gBb+DdeDZejQ/jc95aMPKZY/AHxvcvKaabwQ==</latexit><latexit sha1_base64="c/Rh4CJWFbkiBi/YpK2cE5iEM6g=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQCmXSiroRCm5cVrAPaIchk2ba0MyDJCMtQz/Ejb/ixoUiblwI/o2Z6Sxq6wkXTs65l+QeN+JMKsv6MQpr6xubW8Xt0s7u3v6BeXjUlmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13fJv6nUcqJAuDBzWNqO3jYcA8RrDSkmPWJ04d3sCJY1XirJCuWgWlZ67DClxw9K3umGWramWAqwTlpAxyNB3zqz8ISezTQBGOpewhK1J2goVihNNZqR9LGmEyxkPa0zTAPpV2ki03g2daGUAvFLoCBTN1cSLBvpRT39WdPlYjueyl4n9eL1betZ2wIIoVDcj8IS/mUIUwTQoOmKBE8akmmAim/wrJCAtMlM6zpENAyyuvknatiqwqur8oNy7zOIrgBJyCc4DAFWiAO9AELUDAE3gBb+DdeDZejQ/jc95aMPKZY/AHxvcvKaabwQ==</latexit><latexit sha1_base64="c/Rh4CJWFbkiBi/YpK2cE5iEM6g=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQCmXSiroRCm5cVrAPaIchk2ba0MyDJCMtQz/Ejb/ixoUiblwI/o2Z6Sxq6wkXTs65l+QeN+JMKsv6MQpr6xubW8Xt0s7u3v6BeXjUlmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13fJv6nUcqJAuDBzWNqO3jYcA8RrDSkmPWJ04d3sCJY1XirJCuWgWlZ67DClxw9K3umGWramWAqwTlpAxyNB3zqz8ISezTQBGOpewhK1J2goVihNNZqR9LGmEyxkPa0zTAPpV2ki03g2daGUAvFLoCBTN1cSLBvpRT39WdPlYjueyl4n9eL1betZ2wIIoVDcj8IS/mUIUwTQoOmKBE8akmmAim/wrJCAtMlM6zpENAyyuvknatiqwqur8oNy7zOIrgBJyCc4DAFWiAO9AELUDAE3gBb+DdeDZejQ/jc95aMPKZY/AHxvcvKaabwQ==</latexit>

x3 = x0 + u0 + u1 + u2 � 1� 1� 1 = x0 + u0 + u1 + u2 � 3
<latexit sha1_base64="9B0KhN0a8qDeesLGqyi4Apt/Qss=">AAACHXicbVDLSgMxFM3UV62vUZdugkUQimXSFnUjFNy4rGAf0A5DJk3b0MyDJCMtQ3/Ejb/ixoUiLtyIf2NmOgvbesOBwzn3cnOPG3ImlWX9GLm19Y3Nrfx2YWd3b//APDxqySAShDZJwAPRcbGknPm0qZjitBMKij2X07Y7vk389iMVkgX+g5qG1Pbw0GcDRrDSkmPWJk4V3sCJY5WiFEijAi9Q8uYGLMEFC1Yds2iVrbTgKkEZKYKsGo751esHJPKorwjHUnaRFSo7xkIxwums0IskDTEZ4yHtaupjj0o7Tq+bwTOt9OEgEBq+gqn6dyLGnpRTz9WdHlYjuewl4n9eN1KDaztmfhgp6pP5okHEoQpgEhXsM0GJ4lNNMBFM/xWSERaYKB1oQYeAlk9eJa1KGVlldF8r1i+zOPLgBJyCc4DAFaiDO9AATUDAE3gBb+DdeDZejQ/jc96aM7KZY7BQxvcvljGb8w==</latexit><latexit sha1_base64="9B0KhN0a8qDeesLGqyi4Apt/Qss=">AAACHXicbVDLSgMxFM3UV62vUZdugkUQimXSFnUjFNy4rGAf0A5DJk3b0MyDJCMtQ3/Ejb/ixoUiLtyIf2NmOgvbesOBwzn3cnOPG3ImlWX9GLm19Y3Nrfx2YWd3b//APDxqySAShDZJwAPRcbGknPm0qZjitBMKij2X07Y7vk389iMVkgX+g5qG1Pbw0GcDRrDSkmPWJk4V3sCJY5WiFEijAi9Q8uYGLMEFC1Yds2iVrbTgKkEZKYKsGo751esHJPKorwjHUnaRFSo7xkIxwums0IskDTEZ4yHtaupjj0o7Tq+bwTOt9OEgEBq+gqn6dyLGnpRTz9WdHlYjuewl4n9eN1KDaztmfhgp6pP5okHEoQpgEhXsM0GJ4lNNMBFM/xWSERaYKB1oQYeAlk9eJa1KGVlldF8r1i+zOPLgBJyCc4DAFaiDO9AATUDAE3gBb+DdeDZejQ/jc96aM7KZY7BQxvcvljGb8w==</latexit><latexit sha1_base64="9B0KhN0a8qDeesLGqyi4Apt/Qss=">AAACHXicbVDLSgMxFM3UV62vUZdugkUQimXSFnUjFNy4rGAf0A5DJk3b0MyDJCMtQ3/Ejb/ixoUiLtyIf2NmOgvbesOBwzn3cnOPG3ImlWX9GLm19Y3Nrfx2YWd3b//APDxqySAShDZJwAPRcbGknPm0qZjitBMKij2X07Y7vk389iMVkgX+g5qG1Pbw0GcDRrDSkmPWJk4V3sCJY5WiFEijAi9Q8uYGLMEFC1Yds2iVrbTgKkEZKYKsGo751esHJPKorwjHUnaRFSo7xkIxwums0IskDTEZ4yHtaupjj0o7Tq+bwTOt9OEgEBq+gqn6dyLGnpRTz9WdHlYjuewl4n9eN1KDaztmfhgp6pP5okHEoQpgEhXsM0GJ4lNNMBFM/xWSERaYKB1oQYeAlk9eJa1KGVlldF8r1i+zOPLgBJyCc4DAFaiDO9AATUDAE3gBb+DdeDZejQ/jc96aM7KZY7BQxvcvljGb8w==</latexit><latexit sha1_base64="9B0KhN0a8qDeesLGqyi4Apt/Qss=">AAACHXicbVDLSgMxFM3UV62vUZdugkUQimXSFnUjFNy4rGAf0A5DJk3b0MyDJCMtQ3/Ejb/ixoUiLtyIf2NmOgvbesOBwzn3cnOPG3ImlWX9GLm19Y3Nrfx2YWd3b//APDxqySAShDZJwAPRcbGknPm0qZjitBMKij2X07Y7vk389iMVkgX+g5qG1Pbw0GcDRrDSkmPWJk4V3sCJY5WiFEijAi9Q8uYGLMEFC1Yds2iVrbTgKkEZKYKsGo751esHJPKorwjHUnaRFSo7xkIxwums0IskDTEZ4yHtaupjj0o7Tq+bwTOt9OEgEBq+gqn6dyLGnpRTz9WdHlYjuewl4n9eN1KDaztmfhgp6pP5okHEoQpgEhXsM0GJ4lNNMBFM/xWSERaYKB1oQYeAlk9eJa1KGVlldF8r1i+zOPLgBJyCc4DAFaiDO9AATUDAE3gBb+DdeDZejQ/jc96aM7KZY7BQxvcvljGb8w==</latexit>

d0 = d1 = d2 = �1
<latexit sha1_base64="KP7stL8WsX9p3TwEjjySXHXwdk4=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2AR3FgmRdRNoeDGZQV7gXYYMplMG5q5kGTEMvRV3LhQxK0v4s63MW1noa0/BD7+cw7n5PdTwZV2nG9rbX1jc2u7tFPe3ds/OLSPKh2VZJKyNk1EIns+UUzwmLU114L1UslI5AvW9ce3s3r3kUnFk/hBT1LmRmQY85BToo3l2ZXAc1ADBR5uBF7d0AX27KpTc+ZCq4ALqEKhlmd/DYKEZhGLNRVEqT52Uu3mRGpOBZuWB5liKaFjMmR9gzGJmHLz+e1TdGacAIWJNC/WaO7+nshJpNQk8k1nRPRILddm5n+1fqbDGzfncZppFtPFojATSCdoFgQKuGRUi4kBQiU3tyI6IpJQbeIqmxDw8pdXoVOvYaeG7y+rzasijhKcwCmcA4ZraMIdtKANFJ7gGV7hzZpaL9a79bFoXbOKmWP4I+vzB/3CkcQ=</latexit><latexit sha1_base64="KP7stL8WsX9p3TwEjjySXHXwdk4=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2AR3FgmRdRNoeDGZQV7gXYYMplMG5q5kGTEMvRV3LhQxK0v4s63MW1noa0/BD7+cw7n5PdTwZV2nG9rbX1jc2u7tFPe3ds/OLSPKh2VZJKyNk1EIns+UUzwmLU114L1UslI5AvW9ce3s3r3kUnFk/hBT1LmRmQY85BToo3l2ZXAc1ADBR5uBF7d0AX27KpTc+ZCq4ALqEKhlmd/DYKEZhGLNRVEqT52Uu3mRGpOBZuWB5liKaFjMmR9gzGJmHLz+e1TdGacAIWJNC/WaO7+nshJpNQk8k1nRPRILddm5n+1fqbDGzfncZppFtPFojATSCdoFgQKuGRUi4kBQiU3tyI6IpJQbeIqmxDw8pdXoVOvYaeG7y+rzasijhKcwCmcA4ZraMIdtKANFJ7gGV7hzZpaL9a79bFoXbOKmWP4I+vzB/3CkcQ=</latexit><latexit sha1_base64="KP7stL8WsX9p3TwEjjySXHXwdk4=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2AR3FgmRdRNoeDGZQV7gXYYMplMG5q5kGTEMvRV3LhQxK0v4s63MW1noa0/BD7+cw7n5PdTwZV2nG9rbX1jc2u7tFPe3ds/OLSPKh2VZJKyNk1EIns+UUzwmLU114L1UslI5AvW9ce3s3r3kUnFk/hBT1LmRmQY85BToo3l2ZXAc1ADBR5uBF7d0AX27KpTc+ZCq4ALqEKhlmd/DYKEZhGLNRVEqT52Uu3mRGpOBZuWB5liKaFjMmR9gzGJmHLz+e1TdGacAIWJNC/WaO7+nshJpNQk8k1nRPRILddm5n+1fqbDGzfncZppFtPFojATSCdoFgQKuGRUi4kBQiU3tyI6IpJQbeIqmxDw8pdXoVOvYaeG7y+rzasijhKcwCmcA4ZraMIdtKANFJ7gGV7hzZpaL9a79bFoXbOKmWP4I+vzB/3CkcQ=</latexit><latexit sha1_base64="KP7stL8WsX9p3TwEjjySXHXwdk4=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2AR3FgmRdRNoeDGZQV7gXYYMplMG5q5kGTEMvRV3LhQxK0v4s63MW1noa0/BD7+cw7n5PdTwZV2nG9rbX1jc2u7tFPe3ds/OLSPKh2VZJKyNk1EIns+UUzwmLU114L1UslI5AvW9ce3s3r3kUnFk/hBT1LmRmQY85BToo3l2ZXAc1ADBR5uBF7d0AX27KpTc+ZCq4ALqEKhlmd/DYKEZhGLNRVEqT52Uu3mRGpOBZuWB5liKaFjMmR9gzGJmHLz+e1TdGacAIWJNC/WaO7+nshJpNQk8k1nRPRILddm5n+1fqbDGzfncZppFtPFojATSCdoFgQKuGRUi4kBQiU3tyI6IpJQbeIqmxDw8pdXoVOvYaeG7y+rzasijhKcwCmcA4ZraMIdtKANFJ7gGV7hzZpaL9a79bFoXbOKmWP4I+vzB/3CkcQ=</latexit>
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The importance of a closed-loop formulation

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

An illustrative example [modified from Scokaert & Mayne, TAC 1998]

Consider an open-loop formulation:
• If        then:

• If            then:

If              , can you find a common feasible solution for all scenarios?

xk+1 = xk + uk + dk
<latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit><latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit><latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit><latexit sha1_base64="N9/1G/MhAFgyrgJokCU2WcG3cYw=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBKJRERN0IBTcuK9gHtCFMppN2yOTBzERaQnHjr7hxoYhbv8Kdf+M0zUJbD9zL4Zx7mbnHSziTyrK+jaXlldW19dJGeXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07YX3Ez99gMVksXRvRon1AnxIGI+I1hpyTUPR24WVO0JukYjN0BVlOa97wauWbFqVg60SOyCVKBAwzW/ev2YpCGNFOFYyq5tJcrJsFCMcDop91JJE0wCPKBdTSMcUulk+QkTdKKVPvJjoStSKFd/b2Q4lHIcenoyxGoo572p+J/XTZV/5WQsSlJFIzJ7yE85UjGa5oH6TFCi+FgTTATTf0VkiAUmSqdW1iHY8ycvktZZzbZq9t15pX5RxFGCIziGU7DhEupwCw1oAoFHeIZXeDOejBfj3fiYjS4Zxc4B/IHx+QP/V5Ux</latexit>

�1.5  xk  1.5
<latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit><latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit><latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit><latexit sha1_base64="VW8bQnxF9TAba1ylhPGaeRI8++s=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJC1GC2I6VuHAsEl2kNooc96W16izYDqJEFb/ChQMIceU/uPE3uGkO0DKS5fHMe3rP4yecSWXb30ZpYXFpeaW8Wllb39jcMrd3mjJOBYUGjXks2j6RwFkEDcUUh3YigIQ+h5Y/vJr4rXsQksXRrRol4IakH7GAUaK05Jl7x4511uVwhx+8YX7rt2dWbcvOgeeJU5AqKlD3zK9uL6ZpCJGinEjZcexEuRkRilEO40o3lZAQOiR96GgakRCkm+Xbj/GhVno4iIU+kcK5+rsjI6GUo9DXlSFRAznrTcT/vE6qgks3Y1GSKojodFCQcqxiPIkC95gAqvhIE0IF07tiOiCCUKUDq+gQnNkvz5PmieXYlnNzWq2dF3GU0T46QEfIQReohq5RHTUQRY/oGb2iN+PJeDHejY9packoenbRHxifP9Ink3o=</latexit>

N = 3
<latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit><latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit><latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit><latexit sha1_base64="igiQmPTdDV+dyQAD82wjgnalBG0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ8OJJKpi20Iay2U7bpZtN2N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEiuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUPHqWLos1jEqhVSjYJL9A03AluJQhqFApvh6HbqN59QaR7LRzNOMIjoQPI+Z9RYyb8nN+S8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt2Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6eekxxUyI8aWUKa4vZWwIVWUGZtPyYbgLb68TBpnVc+teg8XldplHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD0OhjZ4=</latexit>

�1.5  uk  1.5
<latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit><latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit><latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit><latexit sha1_base64="QC3Q21zD8p+JIdn6tpBVoNZNz/s=">AAAB/XicbVC7TsMwFL3hWcorPDYWiwqJhSpBvMZKLIxFog+pjSLHdVqrjhNsB6lEFb/CwgBCrPwHG3+Dm2aAliNZPj7nXt3rEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuBSsVicadHCfUi3BcsZARrI/n2/olbPe9yeo9Sf5jf5u3bFafq5EDzxC1IBQrUffur24tJGlGhCcdKdVwn0V6GpWaE03G5myqaYDLEfdoxVOCIKi/Ltx+jI6P0UBhLc4RGufq7I8ORUqMoMJUR1gM1603E/7xOqsMrL2MiSTUVZDooTDnSMZpEgXpMUqL5yBBMJDO7IjLAEhNtAiubENzZL8+T5mnVdaru7VmldlHEUYIDOIRjcOESanADdWgAgUd4hld4s56sF+vd+piWLlhFzx78gfX5A819k3c=</latexit>

dk 2 [�1, 1]
<latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit><latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit><latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit><latexit sha1_base64="K8BTBa/QGCaRmkgjhr0GZz+fh8A=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ40JIVUY8FLx4r2A9IY9lsNu3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBVcG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZoqxJE5GoTkA0E1yypuFGsE6qGIkDwdrB8Gbitx+Z0jyR92aUMj8mfckjTomx0kPYG6Iul8g7w6fY71Wqbs2dAi0SXJAqFGj0Kl/dMKFZzKShgmjtYTc1fk6U4VSwcbmbaZYSOiR95lkqScy0n0+vHqNjq4QoSpQtadBU/T2Rk1jrURzYzpiYgZ73JuJ/npeZ6NrPuUwzwySdLYoygUyCJhGgkCtGjRhZQqji9lZEB0QRamxQZRsCnn95kbTOa9it4buLav2yiKMEh3AEJ4DhCupwCw1oAgUFz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwBY85EO</latexit>

d0 = d1 = d2 = 1
<latexit sha1_base64="INarA5xs/tMPPxGfEcpNBHirgGg=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIrkpSRN0UCm5cVrAXaEOYTCbt0MkkzEyUEvsoblwo4tYncefbOG2z0NYfBj7+cw7nzB+knCntON/W2vrG5tZ2aae8u7d/cGhXjjoqySShbZLwRPYCrChngrY105z2UklxHHDaDcY3s3r3gUrFEnGvJyn1YjwULGIEa2P5diX0HdRAoe82Qr9uyPXtqlNz5kKr4BZQhUIt3/4ahAnJYio04Vipvuuk2sux1IxwOi0PMkVTTMZ4SPsGBY6p8vL56VN0ZpwQRYk0T2g0d39P5DhWahIHpjPGeqSWazPzv1o/09G1lzORZpoKslgUZRzpBM1yQCGTlGg+MYCJZOZWREZYYqJNWmUTgrv85VXo1GuuU3PvLqrNyyKOEpzAKZyDC1fQhFtoQRsIPMIzvMKb9WS9WO/Wx6J1zSpmjuGPrM8fkCuRjQ==</latexit><latexit sha1_base64="INarA5xs/tMPPxGfEcpNBHirgGg=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIrkpSRN0UCm5cVrAXaEOYTCbt0MkkzEyUEvsoblwo4tYncefbOG2z0NYfBj7+cw7nzB+knCntON/W2vrG5tZ2aae8u7d/cGhXjjoqySShbZLwRPYCrChngrY105z2UklxHHDaDcY3s3r3gUrFEnGvJyn1YjwULGIEa2P5diX0HdRAoe82Qr9uyPXtqlNz5kKr4BZQhUIt3/4ahAnJYio04Vipvuuk2sux1IxwOi0PMkVTTMZ4SPsGBY6p8vL56VN0ZpwQRYk0T2g0d39P5DhWahIHpjPGeqSWazPzv1o/09G1lzORZpoKslgUZRzpBM1yQCGTlGg+MYCJZOZWREZYYqJNWmUTgrv85VXo1GuuU3PvLqrNyyKOEpzAKZyDC1fQhFtoQRsIPMIzvMKb9WS9WO/Wx6J1zSpmjuGPrM8fkCuRjQ==</latexit><latexit sha1_base64="INarA5xs/tMPPxGfEcpNBHirgGg=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIrkpSRN0UCm5cVrAXaEOYTCbt0MkkzEyUEvsoblwo4tYncefbOG2z0NYfBj7+cw7nzB+knCntON/W2vrG5tZ2aae8u7d/cGhXjjoqySShbZLwRPYCrChngrY105z2UklxHHDaDcY3s3r3gUrFEnGvJyn1YjwULGIEa2P5diX0HdRAoe82Qr9uyPXtqlNz5kKr4BZQhUIt3/4ahAnJYio04Vipvuuk2sux1IxwOi0PMkVTTMZ4SPsGBY6p8vL56VN0ZpwQRYk0T2g0d39P5DhWahIHpjPGeqSWazPzv1o/09G1lzORZpoKslgUZRzpBM1yQCGTlGg+MYCJZOZWREZYYqJNWmUTgrv85VXo1GuuU3PvLqrNyyKOEpzAKZyDC1fQhFtoQRsIPMIzvMKb9WS9WO/Wx6J1zSpmjuGPrM8fkCuRjQ==</latexit><latexit sha1_base64="INarA5xs/tMPPxGfEcpNBHirgGg=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIrkpSRN0UCm5cVrAXaEOYTCbt0MkkzEyUEvsoblwo4tYncefbOG2z0NYfBj7+cw7nzB+knCntON/W2vrG5tZ2aae8u7d/cGhXjjoqySShbZLwRPYCrChngrY105z2UklxHHDaDcY3s3r3gUrFEnGvJyn1YjwULGIEa2P5diX0HdRAoe82Qr9uyPXtqlNz5kKr4BZQhUIt3/4ahAnJYio04Vipvuuk2sux1IxwOi0PMkVTTMZ4SPsGBY6p8vL56VN0ZpwQRYk0T2g0d39P5DhWahIHpjPGeqSWazPzv1o/09G1lzORZpoKslgUZRzpBM1yQCGTlGg+MYCJZOZWREZYYqJNWmUTgrv85VXo1GuuU3PvLqrNyyKOEpzAKZyDC1fQhFtoQRsIPMIzvMKb9WS9WO/Wx6J1zSpmjuGPrM8fkCuRjQ==</latexit>

x3 = x0 + u0 + u1 + u2 + 1 + 1 + 1 = x0 + u0 + u1 + u2 + 3
<latexit sha1_base64="c/Rh4CJWFbkiBi/YpK2cE5iEM6g=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQCmXSiroRCm5cVrAPaIchk2ba0MyDJCMtQz/Ejb/ixoUiblwI/o2Z6Sxq6wkXTs65l+QeN+JMKsv6MQpr6xubW8Xt0s7u3v6BeXjUlmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13fJv6nUcqJAuDBzWNqO3jYcA8RrDSkmPWJ04d3sCJY1XirJCuWgWlZ67DClxw9K3umGWramWAqwTlpAxyNB3zqz8ISezTQBGOpewhK1J2goVihNNZqR9LGmEyxkPa0zTAPpV2ki03g2daGUAvFLoCBTN1cSLBvpRT39WdPlYjueyl4n9eL1betZ2wIIoVDcj8IS/mUIUwTQoOmKBE8akmmAim/wrJCAtMlM6zpENAyyuvknatiqwqur8oNy7zOIrgBJyCc4DAFWiAO9AELUDAE3gBb+DdeDZejQ/jc95aMPKZY/AHxvcvKaabwQ==</latexit><latexit sha1_base64="c/Rh4CJWFbkiBi/YpK2cE5iEM6g=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQCmXSiroRCm5cVrAPaIchk2ba0MyDJCMtQz/Ejb/ixoUiblwI/o2Z6Sxq6wkXTs65l+QeN+JMKsv6MQpr6xubW8Xt0s7u3v6BeXjUlmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13fJv6nUcqJAuDBzWNqO3jYcA8RrDSkmPWJ04d3sCJY1XirJCuWgWlZ67DClxw9K3umGWramWAqwTlpAxyNB3zqz8ISezTQBGOpewhK1J2goVihNNZqR9LGmEyxkPa0zTAPpV2ki03g2daGUAvFLoCBTN1cSLBvpRT39WdPlYjueyl4n9eL1betZ2wIIoVDcj8IS/mUIUwTQoOmKBE8akmmAim/wrJCAtMlM6zpENAyyuvknatiqwqur8oNy7zOIrgBJyCc4DAFWiAO9AELUDAE3gBb+DdeDZejQ/jc95aMPKZY/AHxvcvKaabwQ==</latexit><latexit sha1_base64="c/Rh4CJWFbkiBi/YpK2cE5iEM6g=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQCmXSiroRCm5cVrAPaIchk2ba0MyDJCMtQz/Ejb/ixoUiblwI/o2Z6Sxq6wkXTs65l+QeN+JMKsv6MQpr6xubW8Xt0s7u3v6BeXjUlmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13fJv6nUcqJAuDBzWNqO3jYcA8RrDSkmPWJ04d3sCJY1XirJCuWgWlZ67DClxw9K3umGWramWAqwTlpAxyNB3zqz8ISezTQBGOpewhK1J2goVihNNZqR9LGmEyxkPa0zTAPpV2ki03g2daGUAvFLoCBTN1cSLBvpRT39WdPlYjueyl4n9eL1betZ2wIIoVDcj8IS/mUIUwTQoOmKBE8akmmAim/wrJCAtMlM6zpENAyyuvknatiqwqur8oNy7zOIrgBJyCc4DAFWiAO9AELUDAE3gBb+DdeDZejQ/jc95aMPKZY/AHxvcvKaabwQ==</latexit><latexit sha1_base64="c/Rh4CJWFbkiBi/YpK2cE5iEM6g=">AAACHHicbVDLSgMxFM3UV62vUZdugkUQCmXSiroRCm5cVrAPaIchk2ba0MyDJCMtQz/Ejb/ixoUiblwI/o2Z6Sxq6wkXTs65l+QeN+JMKsv6MQpr6xubW8Xt0s7u3v6BeXjUlmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13fJv6nUcqJAuDBzWNqO3jYcA8RrDSkmPWJ04d3sCJY1XirJCuWgWlZ67DClxw9K3umGWramWAqwTlpAxyNB3zqz8ISezTQBGOpewhK1J2goVihNNZqR9LGmEyxkPa0zTAPpV2ki03g2daGUAvFLoCBTN1cSLBvpRT39WdPlYjueyl4n9eL1betZ2wIIoVDcj8IS/mUIUwTQoOmKBE8akmmAim/wrJCAtMlM6zpENAyyuvknatiqwqur8oNy7zOIrgBJyCc4DAFWiAO9AELUDAE3gBb+DdeDZejQ/jc95aMPKZY/AHxvcvKaabwQ==</latexit>

x3 = x0 + u0 + u1 + u2 � 1� 1� 1 = x0 + u0 + u1 + u2 � 3
<latexit sha1_base64="9B0KhN0a8qDeesLGqyi4Apt/Qss=">AAACHXicbVDLSgMxFM3UV62vUZdugkUQimXSFnUjFNy4rGAf0A5DJk3b0MyDJCMtQ3/Ejb/ixoUiLtyIf2NmOgvbesOBwzn3cnOPG3ImlWX9GLm19Y3Nrfx2YWd3b//APDxqySAShDZJwAPRcbGknPm0qZjitBMKij2X07Y7vk389iMVkgX+g5qG1Pbw0GcDRrDSkmPWJk4V3sCJY5WiFEijAi9Q8uYGLMEFC1Yds2iVrbTgKkEZKYKsGo751esHJPKorwjHUnaRFSo7xkIxwums0IskDTEZ4yHtaupjj0o7Tq+bwTOt9OEgEBq+gqn6dyLGnpRTz9WdHlYjuewl4n9eN1KDaztmfhgp6pP5okHEoQpgEhXsM0GJ4lNNMBFM/xWSERaYKB1oQYeAlk9eJa1KGVlldF8r1i+zOPLgBJyCc4DAFaiDO9AATUDAE3gBb+DdeDZejQ/jc96aM7KZY7BQxvcvljGb8w==</latexit><latexit sha1_base64="9B0KhN0a8qDeesLGqyi4Apt/Qss=">AAACHXicbVDLSgMxFM3UV62vUZdugkUQimXSFnUjFNy4rGAf0A5DJk3b0MyDJCMtQ3/Ejb/ixoUiLtyIf2NmOgvbesOBwzn3cnOPG3ImlWX9GLm19Y3Nrfx2YWd3b//APDxqySAShDZJwAPRcbGknPm0qZjitBMKij2X07Y7vk389iMVkgX+g5qG1Pbw0GcDRrDSkmPWJk4V3sCJY5WiFEijAi9Q8uYGLMEFC1Yds2iVrbTgKkEZKYKsGo751esHJPKorwjHUnaRFSo7xkIxwums0IskDTEZ4yHtaupjj0o7Tq+bwTOt9OEgEBq+gqn6dyLGnpRTz9WdHlYjuewl4n9eN1KDaztmfhgp6pP5okHEoQpgEhXsM0GJ4lNNMBFM/xWSERaYKB1oQYeAlk9eJa1KGVlldF8r1i+zOPLgBJyCc4DAFaiDO9AATUDAE3gBb+DdeDZejQ/jc96aM7KZY7BQxvcvljGb8w==</latexit><latexit sha1_base64="9B0KhN0a8qDeesLGqyi4Apt/Qss=">AAACHXicbVDLSgMxFM3UV62vUZdugkUQimXSFnUjFNy4rGAf0A5DJk3b0MyDJCMtQ3/Ejb/ixoUiLtyIf2NmOgvbesOBwzn3cnOPG3ImlWX9GLm19Y3Nrfx2YWd3b//APDxqySAShDZJwAPRcbGknPm0qZjitBMKij2X07Y7vk389iMVkgX+g5qG1Pbw0GcDRrDSkmPWJk4V3sCJY5WiFEijAi9Q8uYGLMEFC1Yds2iVrbTgKkEZKYKsGo751esHJPKorwjHUnaRFSo7xkIxwums0IskDTEZ4yHtaupjj0o7Tq+bwTOt9OEgEBq+gqn6dyLGnpRTz9WdHlYjuewl4n9eN1KDaztmfhgp6pP5okHEoQpgEhXsM0GJ4lNNMBFM/xWSERaYKB1oQYeAlk9eJa1KGVlldF8r1i+zOPLgBJyCc4DAFaiDO9AATUDAE3gBb+DdeDZejQ/jc96aM7KZY7BQxvcvljGb8w==</latexit><latexit sha1_base64="9B0KhN0a8qDeesLGqyi4Apt/Qss=">AAACHXicbVDLSgMxFM3UV62vUZdugkUQimXSFnUjFNy4rGAf0A5DJk3b0MyDJCMtQ3/Ejb/ixoUiLtyIf2NmOgvbesOBwzn3cnOPG3ImlWX9GLm19Y3Nrfx2YWd3b//APDxqySAShDZJwAPRcbGknPm0qZjitBMKij2X07Y7vk389iMVkgX+g5qG1Pbw0GcDRrDSkmPWJk4V3sCJY5WiFEijAi9Q8uYGLMEFC1Yds2iVrbTgKkEZKYKsGo751esHJPKorwjHUnaRFSo7xkIxwums0IskDTEZ4yHtaupjj0o7Tq+bwTOt9OEgEBq+gqn6dyLGnpRTz9WdHlYjuewl4n9eN1KDaztmfhgp6pP5okHEoQpgEhXsM0GJ4lNNMBFM/xWSERaYKB1oQYeAlk9eJa1KGVlldF8r1i+zOPLgBJyCc4DAFaiDO9AATUDAE3gBb+DdeDZejQ/jc96aM7KZY7BQxvcvljGb8w==</latexit>

x0 = 0
<latexit sha1_base64="9d3Wwalzl31/ID0f/d2ZmmxTGfk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hVkR9SIEvHiMYB6QLGF2MkmGzM4uM71iWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dYaKkRUq/vZXVtfWNzcJWcXtnd2+/dHDYsHFquKjzWMWmFTIrlNSijhKVaCVGsChUohmObqd+81EYK2P9gONEBBEbaNmXnKGTmk9dSm4I7ZbKtEJnIMvEz0kZctS6pa9OL+ZpJDRyxaxt+zTBIGMGJVdiUuykViSMj9hAtB3VLBI2yGbnTsipU3qkHxtXGslM/T2RscjacRS6zojh0C56U/E/r51i/zrIpE5SFJrPF/VTRTAm099JTxrBUY0dYdxIdyvhQ2YYR5dQ0YXgL768TBrnFZ9W/PuLcvUyj6MAx3ACZ+DDFVThDmpQBw4jeIZXePMS78V79z7mrStePnMEf+B9/gCllY5o</latexit><latexit sha1_base64="9d3Wwalzl31/ID0f/d2ZmmxTGfk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hVkR9SIEvHiMYB6QLGF2MkmGzM4uM71iWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dYaKkRUq/vZXVtfWNzcJWcXtnd2+/dHDYsHFquKjzWMWmFTIrlNSijhKVaCVGsChUohmObqd+81EYK2P9gONEBBEbaNmXnKGTmk9dSm4I7ZbKtEJnIMvEz0kZctS6pa9OL+ZpJDRyxaxt+zTBIGMGJVdiUuykViSMj9hAtB3VLBI2yGbnTsipU3qkHxtXGslM/T2RscjacRS6zojh0C56U/E/r51i/zrIpE5SFJrPF/VTRTAm099JTxrBUY0dYdxIdyvhQ2YYR5dQ0YXgL768TBrnFZ9W/PuLcvUyj6MAx3ACZ+DDFVThDmpQBw4jeIZXePMS78V79z7mrStePnMEf+B9/gCllY5o</latexit><latexit sha1_base64="9d3Wwalzl31/ID0f/d2ZmmxTGfk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hVkR9SIEvHiMYB6QLGF2MkmGzM4uM71iWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dYaKkRUq/vZXVtfWNzcJWcXtnd2+/dHDYsHFquKjzWMWmFTIrlNSijhKVaCVGsChUohmObqd+81EYK2P9gONEBBEbaNmXnKGTmk9dSm4I7ZbKtEJnIMvEz0kZctS6pa9OL+ZpJDRyxaxt+zTBIGMGJVdiUuykViSMj9hAtB3VLBI2yGbnTsipU3qkHxtXGslM/T2RscjacRS6zojh0C56U/E/r51i/zrIpE5SFJrPF/VTRTAm099JTxrBUY0dYdxIdyvhQ2YYR5dQ0YXgL768TBrnFZ9W/PuLcvUyj6MAx3ACZ+DDFVThDmpQBw4jeIZXePMS78V79z7mrStePnMEf+B9/gCllY5o</latexit><latexit sha1_base64="9d3Wwalzl31/ID0f/d2ZmmxTGfk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hVkR9SIEvHiMYB6QLGF2MkmGzM4uM71iWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dYaKkRUq/vZXVtfWNzcJWcXtnd2+/dHDYsHFquKjzWMWmFTIrlNSijhKVaCVGsChUohmObqd+81EYK2P9gONEBBEbaNmXnKGTmk9dSm4I7ZbKtEJnIMvEz0kZctS6pa9OL+ZpJDRyxaxt+zTBIGMGJVdiUuykViSMj9hAtB3VLBI2yGbnTsipU3qkHxtXGslM/T2RscjacRS6zojh0C56U/E/r51i/zrIpE5SFJrPF/VTRTAm099JTxrBUY0dYdxIdyvhQ2YYR5dQ0YXgL768TBrnFZ9W/PuLcvUyj6MAx3ACZ+DDFVThDmpQBw4jeIZXePMS78V79z7mrStePnMEf+B9/gCllY5o</latexit>

d0 = d1 = d2 = �1
<latexit sha1_base64="KP7stL8WsX9p3TwEjjySXHXwdk4=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2AR3FgmRdRNoeDGZQV7gXYYMplMG5q5kGTEMvRV3LhQxK0v4s63MW1noa0/BD7+cw7n5PdTwZV2nG9rbX1jc2u7tFPe3ds/OLSPKh2VZJKyNk1EIns+UUzwmLU114L1UslI5AvW9ce3s3r3kUnFk/hBT1LmRmQY85BToo3l2ZXAc1ADBR5uBF7d0AX27KpTc+ZCq4ALqEKhlmd/DYKEZhGLNRVEqT52Uu3mRGpOBZuWB5liKaFjMmR9gzGJmHLz+e1TdGacAIWJNC/WaO7+nshJpNQk8k1nRPRILddm5n+1fqbDGzfncZppFtPFojATSCdoFgQKuGRUi4kBQiU3tyI6IpJQbeIqmxDw8pdXoVOvYaeG7y+rzasijhKcwCmcA4ZraMIdtKANFJ7gGV7hzZpaL9a79bFoXbOKmWP4I+vzB/3CkcQ=</latexit><latexit sha1_base64="KP7stL8WsX9p3TwEjjySXHXwdk4=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2AR3FgmRdRNoeDGZQV7gXYYMplMG5q5kGTEMvRV3LhQxK0v4s63MW1noa0/BD7+cw7n5PdTwZV2nG9rbX1jc2u7tFPe3ds/OLSPKh2VZJKyNk1EIns+UUzwmLU114L1UslI5AvW9ce3s3r3kUnFk/hBT1LmRmQY85BToo3l2ZXAc1ADBR5uBF7d0AX27KpTc+ZCq4ALqEKhlmd/DYKEZhGLNRVEqT52Uu3mRGpOBZuWB5liKaFjMmR9gzGJmHLz+e1TdGacAIWJNC/WaO7+nshJpNQk8k1nRPRILddm5n+1fqbDGzfncZppFtPFojATSCdoFgQKuGRUi4kBQiU3tyI6IpJQbeIqmxDw8pdXoVOvYaeG7y+rzasijhKcwCmcA4ZraMIdtKANFJ7gGV7hzZpaL9a79bFoXbOKmWP4I+vzB/3CkcQ=</latexit><latexit sha1_base64="KP7stL8WsX9p3TwEjjySXHXwdk4=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2AR3FgmRdRNoeDGZQV7gXYYMplMG5q5kGTEMvRV3LhQxK0v4s63MW1noa0/BD7+cw7n5PdTwZV2nG9rbX1jc2u7tFPe3ds/OLSPKh2VZJKyNk1EIns+UUzwmLU114L1UslI5AvW9ce3s3r3kUnFk/hBT1LmRmQY85BToo3l2ZXAc1ADBR5uBF7d0AX27KpTc+ZCq4ALqEKhlmd/DYKEZhGLNRVEqT52Uu3mRGpOBZuWB5liKaFjMmR9gzGJmHLz+e1TdGacAIWJNC/WaO7+nshJpNQk8k1nRPRILddm5n+1fqbDGzfncZppFtPFojATSCdoFgQKuGRUi4kBQiU3tyI6IpJQbeIqmxDw8pdXoVOvYaeG7y+rzasijhKcwCmcA4ZraMIdtKANFJ7gGV7hzZpaL9a79bFoXbOKmWP4I+vzB/3CkcQ=</latexit><latexit sha1_base64="KP7stL8WsX9p3TwEjjySXHXwdk4=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2AR3FgmRdRNoeDGZQV7gXYYMplMG5q5kGTEMvRV3LhQxK0v4s63MW1noa0/BD7+cw7n5PdTwZV2nG9rbX1jc2u7tFPe3ds/OLSPKh2VZJKyNk1EIns+UUzwmLU114L1UslI5AvW9ce3s3r3kUnFk/hBT1LmRmQY85BToo3l2ZXAc1ADBR5uBF7d0AX27KpTc+ZCq4ALqEKhlmd/DYKEZhGLNRVEqT52Uu3mRGpOBZuWB5liKaFjMmR9gzGJmHLz+e1TdGacAIWJNC/WaO7+nshJpNQk8k1nRPRILddm5n+1fqbDGzfncZppFtPFojATSCdoFgQKuGRUi4kBQiU3tyI6IpJQbeIqmxDw8pdXoVOvYaeG7y+rzasijhKcwCmcA4ZraMIdtKANFJ7gGV7hzZpaL9a79bFoXbOKmWP4I+vzB/3CkcQ=</latexit>
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The importance of a closed-loop formulation 

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

For scenario 1

For scenario 27

Non-anticipativity constraints 

If             , can you find a feasible solution?
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x1
3 = x0 + u1

0 + u1
1 + u1

2 + 3
<latexit sha1_base64="W9JD1DTmIcFt5gCFqEFLTDCowXo=">AAACEHicbVBNS8MwGE7n15xfVY9egkMUhNFuol6EgRePE9wHbLWkWbqFpWlJUtko+wle/CtePCji1aM3/41p14NuPhCeJ8/7viTv40WMSmVZ30ZhaXllda24XtrY3NreMXf3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2Rtdpvf1AhKQhv1OTiDgBGnDqU4yUtlzzeOzW7m14BceuBU9h7Fr6lrKdczXjmmuWrYqVAS4KOxdlkKPhml+9fojjgHCFGZKya1uRchIkFMWMTEu9WJII4REakK6WHAVEOkm20BQeaacP/VDowxXM3N8TCQqknASe7gyQGsr5Wmr+V+vGyr90EsqjWBGOZw/5MYMqhGk6sE8FwYpNtEBYUP1XiIdIIKx0hiUdgj2/8qJoVSu2VbFvz8r18zyOIjgAh+AE2OAC1MENaIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8welzJfd</latexit><latexit sha1_base64="W9JD1DTmIcFt5gCFqEFLTDCowXo=">AAACEHicbVBNS8MwGE7n15xfVY9egkMUhNFuol6EgRePE9wHbLWkWbqFpWlJUtko+wle/CtePCji1aM3/41p14NuPhCeJ8/7viTv40WMSmVZ30ZhaXllda24XtrY3NreMXf3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2Rtdpvf1AhKQhv1OTiDgBGnDqU4yUtlzzeOzW7m14BceuBU9h7Fr6lrKdczXjmmuWrYqVAS4KOxdlkKPhml+9fojjgHCFGZKya1uRchIkFMWMTEu9WJII4REakK6WHAVEOkm20BQeaacP/VDowxXM3N8TCQqknASe7gyQGsr5Wmr+V+vGyr90EsqjWBGOZw/5MYMqhGk6sE8FwYpNtEBYUP1XiIdIIKx0hiUdgj2/8qJoVSu2VbFvz8r18zyOIjgAh+AE2OAC1MENaIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8welzJfd</latexit><latexit sha1_base64="W9JD1DTmIcFt5gCFqEFLTDCowXo=">AAACEHicbVBNS8MwGE7n15xfVY9egkMUhNFuol6EgRePE9wHbLWkWbqFpWlJUtko+wle/CtePCji1aM3/41p14NuPhCeJ8/7viTv40WMSmVZ30ZhaXllda24XtrY3NreMXf3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2Rtdpvf1AhKQhv1OTiDgBGnDqU4yUtlzzeOzW7m14BceuBU9h7Fr6lrKdczXjmmuWrYqVAS4KOxdlkKPhml+9fojjgHCFGZKya1uRchIkFMWMTEu9WJII4REakK6WHAVEOkm20BQeaacP/VDowxXM3N8TCQqknASe7gyQGsr5Wmr+V+vGyr90EsqjWBGOZw/5MYMqhGk6sE8FwYpNtEBYUP1XiIdIIKx0hiUdgj2/8qJoVSu2VbFvz8r18zyOIjgAh+AE2OAC1MENaIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8welzJfd</latexit><latexit sha1_base64="W9JD1DTmIcFt5gCFqEFLTDCowXo=">AAACEHicbVBNS8MwGE7n15xfVY9egkMUhNFuol6EgRePE9wHbLWkWbqFpWlJUtko+wle/CtePCji1aM3/41p14NuPhCeJ8/7viTv40WMSmVZ30ZhaXllda24XtrY3NreMXf3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2Rtdpvf1AhKQhv1OTiDgBGnDqU4yUtlzzeOzW7m14BceuBU9h7Fr6lrKdczXjmmuWrYqVAS4KOxdlkKPhml+9fojjgHCFGZKya1uRchIkFMWMTEu9WJII4REakK6WHAVEOkm20BQeaacP/VDowxXM3N8TCQqknASe7gyQGsr5Wmr+V+vGyr90EsqjWBGOZw/5MYMqhGk6sE8FwYpNtEBYUP1XiIdIIKx0hiUdgj2/8qJoVSu2VbFvz8r18zyOIjgAh+AE2OAC1MENaIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8welzJfd</latexit>

u1
0 = u3

0
<latexit sha1_base64="A28usZ/D+w6xMVJV7R/KJmMXDmE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqmRU1I1QcOOygn1AO5ZMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT1wuYdz7iU3x48F1wbjb6ewsrq2vlHcLG1t7+zulfcPmjpKFGUNGolItX2imeCSNQw3grVjxUjoC9byR7eZ3xozpXkkH8wkZl5IBpIHnBJjJS/p4UcX3aCsn/fKFVzFM6Bl4uakAjnqvfJXtx/RJGTSUEG07rg4Nl5KlOFUsGmpm2gWEzoiA9axVJKQaS+dHT1FJ1bpoyBStqRBM/X3RkpCrSehbydDYoZ60cvE/7xOYoJrL+UyTgyTdP5QkAhkIpQlgPpcMWrExBJCFbe3IjokilBjcyrZENzFLy+T5lnVxVX3/qJSu8zjKMIRHMMpuHAFNbiDOjSAwhM8wyu8OWPnxXl3PuajBSffOYQ/cD5/AIVSkJU=</latexit><latexit sha1_base64="A28usZ/D+w6xMVJV7R/KJmMXDmE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqmRU1I1QcOOygn1AO5ZMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT1wuYdz7iU3x48F1wbjb6ewsrq2vlHcLG1t7+zulfcPmjpKFGUNGolItX2imeCSNQw3grVjxUjoC9byR7eZ3xozpXkkH8wkZl5IBpIHnBJjJS/p4UcX3aCsn/fKFVzFM6Bl4uakAjnqvfJXtx/RJGTSUEG07rg4Nl5KlOFUsGmpm2gWEzoiA9axVJKQaS+dHT1FJ1bpoyBStqRBM/X3RkpCrSehbydDYoZ60cvE/7xOYoJrL+UyTgyTdP5QkAhkIpQlgPpcMWrExBJCFbe3IjokilBjcyrZENzFLy+T5lnVxVX3/qJSu8zjKMIRHMMpuHAFNbiDOjSAwhM8wyu8OWPnxXl3PuajBSffOYQ/cD5/AIVSkJU=</latexit><latexit sha1_base64="A28usZ/D+w6xMVJV7R/KJmMXDmE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqmRU1I1QcOOygn1AO5ZMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT1wuYdz7iU3x48F1wbjb6ewsrq2vlHcLG1t7+zulfcPmjpKFGUNGolItX2imeCSNQw3grVjxUjoC9byR7eZ3xozpXkkH8wkZl5IBpIHnBJjJS/p4UcX3aCsn/fKFVzFM6Bl4uakAjnqvfJXtx/RJGTSUEG07rg4Nl5KlOFUsGmpm2gWEzoiA9axVJKQaS+dHT1FJ1bpoyBStqRBM/X3RkpCrSehbydDYoZ60cvE/7xOYoJrL+UyTgyTdP5QkAhkIpQlgPpcMWrExBJCFbe3IjokilBjcyrZENzFLy+T5lnVxVX3/qJSu8zjKMIRHMMpuHAFNbiDOjSAwhM8wyu8OWPnxXl3PuajBSffOYQ/cD5/AIVSkJU=</latexit><latexit sha1_base64="A28usZ/D+w6xMVJV7R/KJmMXDmE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqmRU1I1QcOOygn1AO5ZMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT1wuYdz7iU3x48F1wbjb6ewsrq2vlHcLG1t7+zulfcPmjpKFGUNGolItX2imeCSNQw3grVjxUjoC9byR7eZ3xozpXkkH8wkZl5IBpIHnBJjJS/p4UcX3aCsn/fKFVzFM6Bl4uakAjnqvfJXtx/RJGTSUEG07rg4Nl5KlOFUsGmpm2gWEzoiA9axVJKQaS+dHT1FJ1bpoyBStqRBM/X3RkpCrSehbydDYoZ60cvE/7xOYoJrL+UyTgyTdP5QkAhkIpQlgPpcMWrExBJCFbe3IjokilBjcyrZENzFLy+T5lnVxVX3/qJSu8zjKMIRHMMpuHAFNbiDOjSAwhM8wyu8OWPnxXl3PuajBSffOYQ/cD5/AIVSkJU=</latexit>

x0 = 0
<latexit sha1_base64="9d3Wwalzl31/ID0f/d2ZmmxTGfk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hVkR9SIEvHiMYB6QLGF2MkmGzM4uM71iWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dYaKkRUq/vZXVtfWNzcJWcXtnd2+/dHDYsHFquKjzWMWmFTIrlNSijhKVaCVGsChUohmObqd+81EYK2P9gONEBBEbaNmXnKGTmk9dSm4I7ZbKtEJnIMvEz0kZctS6pa9OL+ZpJDRyxaxt+zTBIGMGJVdiUuykViSMj9hAtB3VLBI2yGbnTsipU3qkHxtXGslM/T2RscjacRS6zojh0C56U/E/r51i/zrIpE5SFJrPF/VTRTAm099JTxrBUY0dYdxIdyvhQ2YYR5dQ0YXgL768TBrnFZ9W/PuLcvUyj6MAx3ACZ+DDFVThDmpQBw4jeIZXePMS78V79z7mrStePnMEf+B9/gCllY5o</latexit><latexit sha1_base64="9d3Wwalzl31/ID0f/d2ZmmxTGfk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hVkR9SIEvHiMYB6QLGF2MkmGzM4uM71iWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dYaKkRUq/vZXVtfWNzcJWcXtnd2+/dHDYsHFquKjzWMWmFTIrlNSijhKVaCVGsChUohmObqd+81EYK2P9gONEBBEbaNmXnKGTmk9dSm4I7ZbKtEJnIMvEz0kZctS6pa9OL+ZpJDRyxaxt+zTBIGMGJVdiUuykViSMj9hAtB3VLBI2yGbnTsipU3qkHxtXGslM/T2RscjacRS6zojh0C56U/E/r51i/zrIpE5SFJrPF/VTRTAm099JTxrBUY0dYdxIdyvhQ2YYR5dQ0YXgL768TBrnFZ9W/PuLcvUyj6MAx3ACZ+DDFVThDmpQBw4jeIZXePMS78V79z7mrStePnMEf+B9/gCllY5o</latexit><latexit sha1_base64="9d3Wwalzl31/ID0f/d2ZmmxTGfk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hVkR9SIEvHiMYB6QLGF2MkmGzM4uM71iWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dYaKkRUq/vZXVtfWNzcJWcXtnd2+/dHDYsHFquKjzWMWmFTIrlNSijhKVaCVGsChUohmObqd+81EYK2P9gONEBBEbaNmXnKGTmk9dSm4I7ZbKtEJnIMvEz0kZctS6pa9OL+ZpJDRyxaxt+zTBIGMGJVdiUuykViSMj9hAtB3VLBI2yGbnTsipU3qkHxtXGslM/T2RscjacRS6zojh0C56U/E/r51i/zrIpE5SFJrPF/VTRTAm099JTxrBUY0dYdxIdyvhQ2YYR5dQ0YXgL768TBrnFZ9W/PuLcvUyj6MAx3ACZ+DDFVThDmpQBw4jeIZXePMS78V79z7mrStePnMEf+B9/gCllY5o</latexit><latexit sha1_base64="9d3Wwalzl31/ID0f/d2ZmmxTGfk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hVkR9SIEvHiMYB6QLGF2MkmGzM4uM71iWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dYaKkRUq/vZXVtfWNzcJWcXtnd2+/dHDYsHFquKjzWMWmFTIrlNSijhKVaCVGsChUohmObqd+81EYK2P9gONEBBEbaNmXnKGTmk9dSm4I7ZbKtEJnIMvEz0kZctS6pa9OL+ZpJDRyxaxt+zTBIGMGJVdiUuykViSMj9hAtB3VLBI2yGbnTsipU3qkHxtXGslM/T2RscjacRS6zojh0C56U/E/r51i/zrIpE5SFJrPF/VTRTAm099JTxrBUY0dYdxIdyvhQ2YYR5dQ0YXgL768TBrnFZ9W/PuLcvUyj6MAx3ACZ+DDFVThDmpQBw4jeIZXePMS78V79z7mrStePnMEf+B9/gCllY5o</latexit>

<latexit sha1_base64="pTuhTuGPpn6HqJGT5zyPfPdx1yc=">AAACFnicbVDLSgMxFM3UV62vUZdugkUQpCXTqtWFUHDjsoJthXY6ZNJMG5p5kGSkZehXuPFX3LhQxK24829Mp11o64VwD+ecy809bsSZVAh9G5ml5ZXVtex6bmNza3vH3N1ryDAWhNZJyENx72JJOQtoXTHF6X0kKPZdTpvu4HqiNx+okCwM7tQooraPewHzGMFKU45ZGHaSUmXslOEVHDoInsDYQZ1y2q3OZdpLqQUWYNkx86iI0oKLwJqBPJhVzTG/2t2QxD4NFOFYypaFImUnWChGOB3n2rGkESYD3KMtDQPsU2kn6VljeKSZLvRCoV+gYMr+nkiwL+XId7XTx6ov57UJ+Z/WipV3YScsiGJFAzJd5MUcqhBOMoJdJihRfKQBJoLpv0LSxwITpZPM6RCs+ZMXQaNUtM6K6PY0Xz2fxZEFB+AQHAMLVEAV3IAaqAMCHsEzeAVvxpPxYrwbH1NrxpjN7IM/ZXz+AIgamok=</latexit>

x27
3 = x0 + u3

0 + u9
1 + u27

2 � 3

45



Formulation as an optimization problem

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

How to generate a scenario tree?
• Usually consider combinations of the extreme values
• Example: 2 uncertainties lead to four scenarios

• In the linear case, this guarantees robust constraint satisfaction 
(possible for polytopic uncertainty)
• In the general case, this is heuristic that very often works very well
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Theoretical properties of multi-stage MPC

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025 47

• Need stage cost, terminal cost, terminal set and 
terminal control law that satisfy usual assumptions
• The weights of the scenarios are chosen properly
• You can establish input-to-state (practical) stability

<latexit sha1_base64="Tecy/pUFMWJFteiTmPaM/N/NdUM=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXBjcsK9gFtKJPppB06yYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pGJVqxttMSaV7ATVcipi3UaDkvURzGgWSd4PpXe53n7g2QsWPOEu4H9FxLELBKFqpP4goToKA9IbhsFpz6+4CZJ14BalBgdaw+jUYKZZGPEYmqTF9z03Qz6hGwSSfVwap4QllUzrmfUtjGnHjZ4vIc3JhlREJlbYvRrJQf29kNDJmFgV2Mo9oVr1c/M/rpxje+pmIkxR5zJYfhakkqEh+PxkJzRnKmSWUaWGzEjahmjK0LVVsCd7qyeukc1X3GvXGw3Wt2SjqKMMZnMMleHADTbiHFrSBgYJneIU3B50X5935WI6WnGLnFP7A+fwB0YiQ7g==</latexit>

Xf

<latexit sha1_base64="HMXvNpi2INsJ+DfFo5Y2Y8Yxzb8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHgxWME84BkCb2T2WTI7Ow4MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00ZQ2ailS3IzRMcMkallvB2kozTCLBWtHodua3npg2PJUPdqxYmOBA8phTtE5qd0eoFPbiXqnsV/w5yCoJclKGHPVe6avbT2mWMGmpQGM6ga9sOEFtORVsWuxmhimkIxywjqMSE2bCyfzeKTl3Sp/EqXYlLZmrvycmmBgzTiLXmaAdmmVvJv7ndTIb34QTLlVmmaSLRXEmiE3J7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSfOyElQr1furcq2ax1GAUziDCwjgGmpwB3VoAAUBz/AKb96j9+K9ex+L1jUvnzmBP/A+fwAP44/3</latexit>ωf

<latexit sha1_base64="gqb/KRjiWQvEjyYJ1cOzKlfXTz4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR24g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd1fVxq1PI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAFkI2b</latexit>u0
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Theoretical properties of multi-stage MPC

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025 48

• Need stage cost, terminal cost, terminal set and 
terminal control law that satisfy usual assumptions
• The weights of the scenarios are chosen properly
• You can establish Input-to-state (practical) stability
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Robust control invariant set

[Lucia, Limon and Engell, Systems and Control Letters, 2020]



Multi-stage NMPC: Four main challenges

49

1. Which objective should be optimized?
 Weighted sum of scenarios
2.  Constraints should be satisfied for all possible outcomes
 Constraints on all nodes of the tree
3.  Performance should not be overly conservative
 Feedback via tree structure
4.  The closed-loop should be stable for all possible outcomes
 IS(p)S is possible

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025



Multi-stage NMPC: Robust horizon

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025
Robust Horizon = 2
Prediction Horizon = 4
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Avoid the exponential growth by branching up to the robust horizon
• Afterwards, assume that uncertainty remains constant
• This is a known heuristic in stochastic programming
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An example of model predictive control

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

B

Industrial polymerization reactor
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Standard NMPC: No uncertainties

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Control objective:
• Minimize batch time:

• Satisfy quality and safety constraints
• For all values of the uncertainty (+-30%)

Controller design:
• Tracking or economic cost function
• Prediction horizon of 20 steps

With a perfect model:
• Constraints are always satisfied
• Batch time reduced for economic cost

52



Simulation results for different scenarios

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Standard NMPC (tracking)

53

Simulations for different values of 𝑘 and 𝛥𝐻 (±30%)



Simulation results for different scenarios

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Standard NMPC (tracking) Standard NMPC with conservative 
choice of parameters

54

Simulations for different values of 𝑘 and 𝛥𝐻 (±30%)



Simulation results for multi-stage NMPC

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Simple scenario tree
• Extreme values of the uncertainty
• Branch the tree only one stage

• Economic cost function
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Simulations for different values of 𝑘 and 𝛥𝐻 (±30%)

Multi-stage NMPC
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Comparison with standard NMPC

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Scenario Batch time in hours

ΔH' 𝑘( Standard NMPC Standard (c.c.) Multi-stage
+30% +30% infeasible 2.15 2.03

+30% 0% infeasible 2.72 2.24

+30% -30% infeasible 4.05 2.69

0% +30% 1.60 2.22 1.60

0% 0% 1.81 3.00 1.84

0% -30% 2.69 4.57 2.50

-30% +30% 1.50 2.72 1.43

-30% 0% 1.99 3.57 1.86

-30% -30% 2.88 5.11 2.68

Av. batch time [h] infeasible 3.35 2.10

Batch time reduction of 60% w.r.t. standard (c.c.) NMPC

Performance

56

[Lucia, Andersson, Brand, Diehl and Engell, Journal of Process Control, 2014]



Comparison with standard NMPC

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Scenario Batch time in hours

ΔH' 𝑘( Standard NMPC Standard (c.c.) Multi-stage
+30% +30% infeasible 2.15 2.03

+30% 0% infeasible 2.72 2.24

+30% -30% infeasible 4.05 2.69

0% +30% 1.60 2.22 1.60

0% 0% 1.81 3.00 1.84

0% -30% 2.69 4.57 2.50

-30% +30% 1.50 2.72 1.43

-30% 0% 1.99 3.57 1.86

-30% -30% 2.88 5.11 2.68

Av. batch time [h] infeasible 3.35 2.10

Comp time [s] Standard NMPC Standard (c.c.) Multi-stage
Average 0.072 0.059 1.134

Maximum 0.230 0.179 1.550

Computation times

Batch time reduction of 60% w.r.t. standard (c.c.) NMPC

Performance

57

[Lucia, Andersson, Brand, Diehl and Engell, Journal of Process Control, 2014]



Comparison with open-loop robust NMPC

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Multi-stage NMPC Open-loop robust NMPC
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Comparison with open-loop robust NMPC

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

# Scenarios: 9
# Variables: 7,700 

Average CPU time: 1.10 s

# Scenarios: 81
# Variables: 67,000 

Average CPU time: 14.1 s

# Scenarios: 729
# Variables: 600,000 

Average CPU time: 240 s

Multi-stage NMPC Open-loop robust NMPC
25% longer batch!
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A widely used approach for robust NMPC

60

• Many applications reported in literature
• Bioethanol production
• Pumping treatment in hydraulic fracturing
• Artificial pancreas system  
• Gas Network economic MPC

• Many possible extensions:
• Guarantees for nonlinear systems

• Simplifications of the scenario tree using monotonicity of systems

• Sensitivity-based scenario selection, decomposition algorithms

• Generation of scenarios via bayesian neural networks

[Karg, Alamo and Lucia, Int. Journal of Robust and Nonlinear Control, 2021]

[Heinlein, Subramanian, Lucia, TAC 2025]

[Bao, Chan, Mesbah and Velni, International Journal of Robust and Nonlinear Control, 2022]

[Lucia, Paulen, Engell, CDC 2014]

[Skupin et al, Computers and Chemical Engineering, 2022]

[Lin, Eason and Biegler, AIChE Journal 2022]
[Colmegna et al., CDC 2022]

[Naik, Ghilardi, Parker and Biegler, Chemical Engineering Science, 2025]

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

[Thombre, Yu, Jäschke, Biegler, CACE, 2021] [D. Krishnamoorthy, B. Foss, S. Skogestad, JPC, 2019]



Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025

Tube-
based MPC

A simple robust MPC 
scheme (especially for linear 
systems)

61



Tube-based model predictive control

62

Consider the linear system                                         with 
The nominal system is:
The deviation of the real system from the nom. system is:
The deviation satisfies the dynamics:

And the error at step i can be computed as: 

x+ = Ax+Bu+ w
<latexit sha1_base64="hwAOUrq0N2ZgihnHeTxr5UHGUec=">AAAB+nicbVDLSgMxFL3js9bXVJdugkUQCmVGRN0IVTcuK9gHtGPJpJk2NJMZkoxtqf0UNy4UceuXuPNvTNtZaOuBezmccy+5OX7MmdKO820tLa+srq1nNrKbW9s7u3Zur6qiRBJaIRGPZN3HinImaEUzzWk9lhSHPqc1v3cz8WuPVCoWiXs9jKkX4o5gASNYG6ll5wYPBXSJrgaogK4T0/otO+8UnSnQInFTkocU5Zb91WxHJAmp0IRjpRquE2tvhKVmhNNxtpkoGmPSwx3aMFTgkCpvND19jI6M0kZBJE0Jjabq740RDpUahr6ZDLHuqnlvIv7nNRIdXHgjJuJEU0FmDwUJRzpCkxxQm0lKNB8agolk5lZEulhiok1aWROCO//lRVI9KbpO0b07zZfO0jgycACHcAwunEMJbqEMFSDQh2d4hTfryXqx3q2P2eiSle7swx9Ynz+ArpGE</latexit><latexit sha1_base64="hwAOUrq0N2ZgihnHeTxr5UHGUec=">AAAB+nicbVDLSgMxFL3js9bXVJdugkUQCmVGRN0IVTcuK9gHtGPJpJk2NJMZkoxtqf0UNy4UceuXuPNvTNtZaOuBezmccy+5OX7MmdKO820tLa+srq1nNrKbW9s7u3Zur6qiRBJaIRGPZN3HinImaEUzzWk9lhSHPqc1v3cz8WuPVCoWiXs9jKkX4o5gASNYG6ll5wYPBXSJrgaogK4T0/otO+8UnSnQInFTkocU5Zb91WxHJAmp0IRjpRquE2tvhKVmhNNxtpkoGmPSwx3aMFTgkCpvND19jI6M0kZBJE0Jjabq740RDpUahr6ZDLHuqnlvIv7nNRIdXHgjJuJEU0FmDwUJRzpCkxxQm0lKNB8agolk5lZEulhiok1aWROCO//lRVI9KbpO0b07zZfO0jgycACHcAwunEMJbqEMFSDQh2d4hTfryXqx3q2P2eiSle7swx9Ynz+ArpGE</latexit><latexit sha1_base64="hwAOUrq0N2ZgihnHeTxr5UHGUec=">AAAB+nicbVDLSgMxFL3js9bXVJdugkUQCmVGRN0IVTcuK9gHtGPJpJk2NJMZkoxtqf0UNy4UceuXuPNvTNtZaOuBezmccy+5OX7MmdKO820tLa+srq1nNrKbW9s7u3Zur6qiRBJaIRGPZN3HinImaEUzzWk9lhSHPqc1v3cz8WuPVCoWiXs9jKkX4o5gASNYG6ll5wYPBXSJrgaogK4T0/otO+8UnSnQInFTkocU5Zb91WxHJAmp0IRjpRquE2tvhKVmhNNxtpkoGmPSwx3aMFTgkCpvND19jI6M0kZBJE0Jjabq740RDpUahr6ZDLHuqnlvIv7nNRIdXHgjJuJEU0FmDwUJRzpCkxxQm0lKNB8agolk5lZEulhiok1aWROCO//lRVI9KbpO0b07zZfO0jgycACHcAwunEMJbqEMFSDQh2d4hTfryXqx3q2P2eiSle7swx9Ynz+ArpGE</latexit><latexit sha1_base64="hwAOUrq0N2ZgihnHeTxr5UHGUec=">AAAB+nicbVDLSgMxFL3js9bXVJdugkUQCmVGRN0IVTcuK9gHtGPJpJk2NJMZkoxtqf0UNy4UceuXuPNvTNtZaOuBezmccy+5OX7MmdKO820tLa+srq1nNrKbW9s7u3Zur6qiRBJaIRGPZN3HinImaEUzzWk9lhSHPqc1v3cz8WuPVCoWiXs9jKkX4o5gASNYG6ll5wYPBXSJrgaogK4T0/otO+8UnSnQInFTkocU5Zb91WxHJAmp0IRjpRquE2tvhKVmhNNxtpkoGmPSwx3aMFTgkCpvND19jI6M0kZBJE0Jjabq740RDpUahr6ZDLHuqnlvIv7nNRIdXHgjJuJEU0FmDwUJRzpCkxxQm0lKNB8agolk5lZEulhiok1aWROCO//lRVI9KbpO0b07zZfO0jgycACHcAwunEMJbqEMFSDQh2d4hTfryXqx3q2P2eiSle7swx9Ynz+ArpGE</latexit>

w 2 W
<latexit sha1_base64="UKddrNDMmCG7SD40qr893dP8+1M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoLgquHFZwT6gM5YkzbShmcyQZCxl6H+4caGIW//FnX9jpp2Fth4IHM65l3tySCK4Nq777ZTW1jc2t8rblZ3dvf2D6uFRW8epoqxFYxGrLsGaCS5Zy3AjWDdRDEdEsA4Z3+Z+54kpzWP5YKYJCyI8lDzkFBsrPU58LpEfYTMiBHX61Zpbd+dAq8QrSA0KNPvVL38Q0zRi0lCBte55bmKCDCvDqWCzip9qlmA6xkPWs1TiiOkgm6eeoTOrDFAYK/ukQXP190aGI62nEbGTeUC97OXif14vNeF1kHGZpIZJujgUpgKZGOUVoAFXjBoxtQRTxW1WREdYYWpsURVbgrf85VXSvqh7bt27v6w1boo6ynACp3AOHlxBA+6gCS2goOAZXuHNmTgvzrvzsRgtOcXOMfyB8/kD1a2SCQ==</latexit><latexit sha1_base64="UKddrNDMmCG7SD40qr893dP8+1M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoLgquHFZwT6gM5YkzbShmcyQZCxl6H+4caGIW//FnX9jpp2Fth4IHM65l3tySCK4Nq777ZTW1jc2t8rblZ3dvf2D6uFRW8epoqxFYxGrLsGaCS5Zy3AjWDdRDEdEsA4Z3+Z+54kpzWP5YKYJCyI8lDzkFBsrPU58LpEfYTMiBHX61Zpbd+dAq8QrSA0KNPvVL38Q0zRi0lCBte55bmKCDCvDqWCzip9qlmA6xkPWs1TiiOkgm6eeoTOrDFAYK/ukQXP190aGI62nEbGTeUC97OXif14vNeF1kHGZpIZJujgUpgKZGOUVoAFXjBoxtQRTxW1WREdYYWpsURVbgrf85VXSvqh7bt27v6w1boo6ynACp3AOHlxBA+6gCS2goOAZXuHNmTgvzrvzsRgtOcXOMfyB8/kD1a2SCQ==</latexit><latexit sha1_base64="UKddrNDMmCG7SD40qr893dP8+1M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoLgquHFZwT6gM5YkzbShmcyQZCxl6H+4caGIW//FnX9jpp2Fth4IHM65l3tySCK4Nq777ZTW1jc2t8rblZ3dvf2D6uFRW8epoqxFYxGrLsGaCS5Zy3AjWDdRDEdEsA4Z3+Z+54kpzWP5YKYJCyI8lDzkFBsrPU58LpEfYTMiBHX61Zpbd+dAq8QrSA0KNPvVL38Q0zRi0lCBte55bmKCDCvDqWCzip9qlmA6xkPWs1TiiOkgm6eeoTOrDFAYK/ukQXP190aGI62nEbGTeUC97OXif14vNeF1kHGZpIZJujgUpgKZGOUVoAFXjBoxtQRTxW1WREdYYWpsURVbgrf85VXSvqh7bt27v6w1boo6ynACp3AOHlxBA+6gCS2goOAZXuHNmTgvzrvzsRgtOcXOMfyB8/kD1a2SCQ==</latexit><latexit sha1_base64="UKddrNDMmCG7SD40qr893dP8+1M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoLgquHFZwT6gM5YkzbShmcyQZCxl6H+4caGIW//FnX9jpp2Fth4IHM65l3tySCK4Nq777ZTW1jc2t8rblZ3dvf2D6uFRW8epoqxFYxGrLsGaCS5Zy3AjWDdRDEdEsA4Z3+Z+54kpzWP5YKYJCyI8lDzkFBsrPU58LpEfYTMiBHX61Zpbd+dAq8QrSA0KNPvVL38Q0zRi0lCBte55bmKCDCvDqWCzip9qlmA6xkPWs1TiiOkgm6eeoTOrDFAYK/ukQXP190aGI62nEbGTeUC97OXif14vNeF1kHGZpIZJujgUpgKZGOUVoAFXjBoxtQRTxW1WREdYYWpsURVbgrf85VXSvqh7bt27v6w1boo6ynACp3AOHlxBA+6gCS2goOAZXuHNmTgvzrvzsRgtOcXOMfyB8/kD1a2SCQ==</latexit>

z+ = Az +Bu
<latexit sha1_base64="Yzbc/694Ahjqh3E8rkxjVDW4qCI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBKJRECoogVL14rGA/oI1ls920SzebuLsptKG/w4sHRbz6Y7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3D+oqjCWhNRLyUDY9rChngtY005w2I0lx4HHa8Aa3U78xpFKxUDzoUUTdAPcE8xnB2kju+LGIrtD1GBXRTdzJF+ySPQNaJk5KCpCi2sl/tbshiQMqNOFYqZZjR9pNsNSMcDrJtWNFI0wGuEdbhgocUOUms6Mn6MQoXeSH0pTQaKb+nkhwoNQo8ExngHVfLXpT8T+vFWv/wk2YiGJNBZkv8mOOdIimCaAuk5RoPjIEE8nMrYj0scREm5xyJgRn8eVlUj8rOXbJuS8XKpdpHFk4gmM4BQfOoQJ3UIUaEHiCZ3iFN2tovVjv1se8NWOlM4fwB9bnDxdFkFE=</latexit><latexit sha1_base64="Yzbc/694Ahjqh3E8rkxjVDW4qCI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBKJRECoogVL14rGA/oI1ls920SzebuLsptKG/w4sHRbz6Y7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3D+oqjCWhNRLyUDY9rChngtY005w2I0lx4HHa8Aa3U78xpFKxUDzoUUTdAPcE8xnB2kju+LGIrtD1GBXRTdzJF+ySPQNaJk5KCpCi2sl/tbshiQMqNOFYqZZjR9pNsNSMcDrJtWNFI0wGuEdbhgocUOUms6Mn6MQoXeSH0pTQaKb+nkhwoNQo8ExngHVfLXpT8T+vFWv/wk2YiGJNBZkv8mOOdIimCaAuk5RoPjIEE8nMrYj0scREm5xyJgRn8eVlUj8rOXbJuS8XKpdpHFk4gmM4BQfOoQJ3UIUaEHiCZ3iFN2tovVjv1se8NWOlM4fwB9bnDxdFkFE=</latexit><latexit sha1_base64="Yzbc/694Ahjqh3E8rkxjVDW4qCI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBKJRECoogVL14rGA/oI1ls920SzebuLsptKG/w4sHRbz6Y7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3D+oqjCWhNRLyUDY9rChngtY005w2I0lx4HHa8Aa3U78xpFKxUDzoUUTdAPcE8xnB2kju+LGIrtD1GBXRTdzJF+ySPQNaJk5KCpCi2sl/tbshiQMqNOFYqZZjR9pNsNSMcDrJtWNFI0wGuEdbhgocUOUms6Mn6MQoXeSH0pTQaKb+nkhwoNQo8ExngHVfLXpT8T+vFWv/wk2YiGJNBZkv8mOOdIimCaAuk5RoPjIEE8nMrYj0scREm5xyJgRn8eVlUj8rOXbJuS8XKpdpHFk4gmM4BQfOoQJ3UIUaEHiCZ3iFN2tovVjv1se8NWOlM4fwB9bnDxdFkFE=</latexit><latexit sha1_base64="Yzbc/694Ahjqh3E8rkxjVDW4qCI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBKJRECoogVL14rGA/oI1ls920SzebuLsptKG/w4sHRbz6Y7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3D+oqjCWhNRLyUDY9rChngtY005w2I0lx4HHa8Aa3U78xpFKxUDzoUUTdAPcE8xnB2kju+LGIrtD1GBXRTdzJF+ySPQNaJk5KCpCi2sl/tbshiQMqNOFYqZZjR9pNsNSMcDrJtWNFI0wGuEdbhgocUOUms6Mn6MQoXeSH0pTQaKb+nkhwoNQo8ExngHVfLXpT8T+vFWv/wk2YiGJNBZkv8mOOdIimCaAuk5RoPjIEE8nMrYj0scREm5xyJgRn8eVlUj8rOXbJuS8XKpdpHFk4gmM4BQfOoQJ3UIUaEHiCZ3iFN2tovVjv1se8NWOlM4fwB9bnDxdFkFE=</latexit>

e = x� z
<latexit sha1_base64="FGQ3CiqkCUu3RmfkeHrSkIz70N8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSQiKIJQ8OKxgv2ANpTNdtIu3WzC7kasoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zQdUmsfy3owS9CPalzzkjBorNZFck8fTp26p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n03DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR30uMKmREjSyhT3N5K2IAqyoxNqGhD8OZfXiSNs4rnVry783L1Ko+jAIdwBCfgwQVU4RZqUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4AGpaOuQ==</latexit><latexit sha1_base64="FGQ3CiqkCUu3RmfkeHrSkIz70N8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSQiKIJQ8OKxgv2ANpTNdtIu3WzC7kasoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zQdUmsfy3owS9CPalzzkjBorNZFck8fTp26p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n03DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR30uMKmREjSyhT3N5K2IAqyoxNqGhD8OZfXiSNs4rnVry783L1Ko+jAIdwBCfgwQVU4RZqUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4AGpaOuQ==</latexit><latexit sha1_base64="FGQ3CiqkCUu3RmfkeHrSkIz70N8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSQiKIJQ8OKxgv2ANpTNdtIu3WzC7kasoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zQdUmsfy3owS9CPalzzkjBorNZFck8fTp26p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n03DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR30uMKmREjSyhT3N5K2IAqyoxNqGhD8OZfXiSNs4rnVry783L1Ko+jAIdwBCfgwQVU4RZqUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4AGpaOuQ==</latexit><latexit sha1_base64="FGQ3CiqkCUu3RmfkeHrSkIz70N8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSQiKIJQ8OKxgv2ANpTNdtIu3WzC7kasoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zQdUmsfy3owS9CPalzzkjBorNZFck8fTp26p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n03DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR30uMKmREjSyhT3N5K2IAqyoxNqGhD8OZfXiSNs4rnVry783L1Ko+jAIdwBCfgwQVU4RZqUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4AGpaOuQ==</latexit>

e(i) = Aie(0) +
i�1X

j=0

Ajw(j)

<latexit sha1_base64="Icp+65ZRbo7tgW0/GmoSI5l/+Vw=">AAACEHicbVBNS0JBFJ1nX2ZfVss2QxIpkbwXQREISpuWBvkB+pR541VH530wM6+Qhz+hTX+lTYsi2rZs179p1Lco7cCFwzn3cu89TsCZVKb5bSSWlldW15LrqY3Nre2d9O5eVfqhoFChPvdF3SESOPOgopjiUA8EENfhUHOG1xO/dg9CMt+7U6MAbJf0PNZllCgttdPHkGU5XMClFoOsmTvBTRm67WhQMMetiJ1a41Jr8JAd5NrpjJk3p8CLxIpJBsUot9NfzY5PQxc8RTmRsmGZgbIjIhSjHMapZighIHRIetDQ1CMuSDuaPjTGR1rp4K4vdHkKT9XfExFxpRy5ju50ierLeW8i/uc1QtW9tCPmBaECj84WdUOOlY8n6eAOE0AVH2lCqGD6Vkz7RBCqdIYpHYI1//IiqZ7lLTNv3Z5nildxHEl0gA5RFlnoAhXRDSqjCqLoET2jV/RmPBkvxrvxMWtNGPHMPvoD4/MHQq+aNQ==</latexit><latexit sha1_base64="Icp+65ZRbo7tgW0/GmoSI5l/+Vw=">AAACEHicbVBNS0JBFJ1nX2ZfVss2QxIpkbwXQREISpuWBvkB+pR541VH530wM6+Qhz+hTX+lTYsi2rZs179p1Lco7cCFwzn3cu89TsCZVKb5bSSWlldW15LrqY3Nre2d9O5eVfqhoFChPvdF3SESOPOgopjiUA8EENfhUHOG1xO/dg9CMt+7U6MAbJf0PNZllCgttdPHkGU5XMClFoOsmTvBTRm67WhQMMetiJ1a41Jr8JAd5NrpjJk3p8CLxIpJBsUot9NfzY5PQxc8RTmRsmGZgbIjIhSjHMapZighIHRIetDQ1CMuSDuaPjTGR1rp4K4vdHkKT9XfExFxpRy5ju50ierLeW8i/uc1QtW9tCPmBaECj84WdUOOlY8n6eAOE0AVH2lCqGD6Vkz7RBCqdIYpHYI1//IiqZ7lLTNv3Z5nildxHEl0gA5RFlnoAhXRDSqjCqLoET2jV/RmPBkvxrvxMWtNGPHMPvoD4/MHQq+aNQ==</latexit><latexit sha1_base64="Icp+65ZRbo7tgW0/GmoSI5l/+Vw=">AAACEHicbVBNS0JBFJ1nX2ZfVss2QxIpkbwXQREISpuWBvkB+pR541VH530wM6+Qhz+hTX+lTYsi2rZs179p1Lco7cCFwzn3cu89TsCZVKb5bSSWlldW15LrqY3Nre2d9O5eVfqhoFChPvdF3SESOPOgopjiUA8EENfhUHOG1xO/dg9CMt+7U6MAbJf0PNZllCgttdPHkGU5XMClFoOsmTvBTRm67WhQMMetiJ1a41Jr8JAd5NrpjJk3p8CLxIpJBsUot9NfzY5PQxc8RTmRsmGZgbIjIhSjHMapZighIHRIetDQ1CMuSDuaPjTGR1rp4K4vdHkKT9XfExFxpRy5ju50ierLeW8i/uc1QtW9tCPmBaECj84WdUOOlY8n6eAOE0AVH2lCqGD6Vkz7RBCqdIYpHYI1//IiqZ7lLTNv3Z5nildxHEl0gA5RFlnoAhXRDSqjCqLoET2jV/RmPBkvxrvxMWtNGPHMPvoD4/MHQq+aNQ==</latexit><latexit sha1_base64="Icp+65ZRbo7tgW0/GmoSI5l/+Vw=">AAACEHicbVBNS0JBFJ1nX2ZfVss2QxIpkbwXQREISpuWBvkB+pR541VH530wM6+Qhz+hTX+lTYsi2rZs179p1Lco7cCFwzn3cu89TsCZVKb5bSSWlldW15LrqY3Nre2d9O5eVfqhoFChPvdF3SESOPOgopjiUA8EENfhUHOG1xO/dg9CMt+7U6MAbJf0PNZllCgttdPHkGU5XMClFoOsmTvBTRm67WhQMMetiJ1a41Jr8JAd5NrpjJk3p8CLxIpJBsUot9NfzY5PQxc8RTmRsmGZgbIjIhSjHMapZighIHRIetDQ1CMuSDuaPjTGR1rp4K4vdHkKT9XfExFxpRy5ju50ierLeW8i/uc1QtW9tCPmBaECj84WdUOOlY8n6eAOE0AVH2lCqGD6Vkz7RBCqdIYpHYI1//IiqZ7lLTNv3Z5nildxHEl0gA5RFlnoAhXRDSqjCqLoET2jV/RmPBkvxrvxMWtNGPHMPvoD4/MHQq+aNQ==</latexit>

e+ = Ae+ w
<latexit sha1_base64="8bnG7QRCyaQb9Tr8n6rBcUkGGYc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBCEQNgVQRGEiBePEcwDkhhmJ73JkNnZZWZWCUt+w4sHRbz6M978GyfJHjSxoKGo6qa7y48F18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1fSpRsEl1gw3ApuxQhr6Ahv+8GbiNx5RaR7JezOKsRPSvuQBZ9RYqY0PJXJFrpGUyFO3UHTL7hRkkXgZKUKGarfw1e5FLAlRGiao1i3PjU0npcpwJnCcbycaY8qGtI8tSyUNUXfS6c1jcmyVHgkiZUsaMlV/T6Q01HoU+rYzpGag572J+J/XSkxw0Um5jBODks0WBYkgJiKTAEiPK2RGjCyhTHF7K2EDqigzNqa8DcGbf3mR1E/Lnlv27s6KlcssjhwcwhGcgAfnUIFbqEINGMTwDK/w5iTOi/PufMxal5xs5gD+wPn8AU1xj90=</latexit><latexit sha1_base64="8bnG7QRCyaQb9Tr8n6rBcUkGGYc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBCEQNgVQRGEiBePEcwDkhhmJ73JkNnZZWZWCUt+w4sHRbz6M978GyfJHjSxoKGo6qa7y48F18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1fSpRsEl1gw3ApuxQhr6Ahv+8GbiNx5RaR7JezOKsRPSvuQBZ9RYqY0PJXJFrpGUyFO3UHTL7hRkkXgZKUKGarfw1e5FLAlRGiao1i3PjU0npcpwJnCcbycaY8qGtI8tSyUNUXfS6c1jcmyVHgkiZUsaMlV/T6Q01HoU+rYzpGag572J+J/XSkxw0Um5jBODks0WBYkgJiKTAEiPK2RGjCyhTHF7K2EDqigzNqa8DcGbf3mR1E/Lnlv27s6KlcssjhwcwhGcgAfnUIFbqEINGMTwDK/w5iTOi/PufMxal5xs5gD+wPn8AU1xj90=</latexit><latexit sha1_base64="8bnG7QRCyaQb9Tr8n6rBcUkGGYc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBCEQNgVQRGEiBePEcwDkhhmJ73JkNnZZWZWCUt+w4sHRbz6M978GyfJHjSxoKGo6qa7y48F18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1fSpRsEl1gw3ApuxQhr6Ahv+8GbiNx5RaR7JezOKsRPSvuQBZ9RYqY0PJXJFrpGUyFO3UHTL7hRkkXgZKUKGarfw1e5FLAlRGiao1i3PjU0npcpwJnCcbycaY8qGtI8tSyUNUXfS6c1jcmyVHgkiZUsaMlV/T6Q01HoU+rYzpGag572J+J/XSkxw0Um5jBODks0WBYkgJiKTAEiPK2RGjCyhTHF7K2EDqigzNqa8DcGbf3mR1E/Lnlv27s6KlcssjhwcwhGcgAfnUIFbqEINGMTwDK/w5iTOi/PufMxal5xs5gD+wPn8AU1xj90=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="EIDx3TtCtmdBPbayGSOF7mhDRuM=">AAAB6HicbZBLSwMxFIXv+Ky1anXrJlgEoVBm3OhGUNy4rGAf0I4lk95pQzOZkGSUMvRvuHGhiL/Inf/G9LHQ1gOBj3MS7s2JlODG+v63t7a+sbm1Xdgp7pb29g/Kh6WmSTPNsMFSkep2RA0KLrFhuRXYVhppEglsRaPbad56Qm14Kh/sWGGY0IHkMWfUOquLj1VyRW6QVMlzr1zxa/5MZBWCBVRgoXqv/NXtpyxLUFomqDGdwFc2zKm2nAmcFLuZQUXZiA6w41DSBE2Yz3aekFPn9EmcanekJTP394ucJsaMk8jdTKgdmuVsav6XdTIbX4Y5lyqzKNl8UJwJYlMyLYD0uUZmxdgBZZq7XQkbUk2ZdTUVXQnB8pdXoXleC/xacO9DAY7hBM4ggAu4hjuoQwMYKHiBN3j3Mu/V+5jXteYtejuCP/I+fwAdKo6H</latexit><latexit sha1_base64="EIDx3TtCtmdBPbayGSOF7mhDRuM=">AAAB6HicbZBLSwMxFIXv+Ky1anXrJlgEoVBm3OhGUNy4rGAf0I4lk95pQzOZkGSUMvRvuHGhiL/Inf/G9LHQ1gOBj3MS7s2JlODG+v63t7a+sbm1Xdgp7pb29g/Kh6WmSTPNsMFSkep2RA0KLrFhuRXYVhppEglsRaPbad56Qm14Kh/sWGGY0IHkMWfUOquLj1VyRW6QVMlzr1zxa/5MZBWCBVRgoXqv/NXtpyxLUFomqDGdwFc2zKm2nAmcFLuZQUXZiA6w41DSBE2Yz3aekFPn9EmcanekJTP394ucJsaMk8jdTKgdmuVsav6XdTIbX4Y5lyqzKNl8UJwJYlMyLYD0uUZmxdgBZZq7XQkbUk2ZdTUVXQnB8pdXoXleC/xacO9DAY7hBM4ggAu4hjuoQwMYKHiBN3j3Mu/V+5jXteYtejuCP/I+fwAdKo6H</latexit><latexit sha1_base64="LQvTqqpNNfe+Y+jWc249pyzP/+4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMgBMKuF0UQIl48RjAPSNYwO+kkQ2Znl5lZJSz5DS8eFPHqz3jzb5wke9DEgoaiqpvuriAWXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRDGss0hEqhVQjYJLrBtuBLZihTQMBDaD0c3Ubz6i0jyS92Ycox/SgeR9zqixUgcfyuSKXCMpk6duseRW3BnIMvEyUoIMtW7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7OYJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/wk+5jBODks0X9RNBTESmAZAeV8iMGFtCmeL2VsKGVFFmbEwFG4K3+PIyaZxVPLfi3bml6mUWRx6O4BhOwYNzqMIt1KAODGJ4hld4cxLnxXl3PuatOSebOYQ/cD5/AEwxj9k=</latexit><latexit sha1_base64="8bnG7QRCyaQb9Tr8n6rBcUkGGYc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBCEQNgVQRGEiBePEcwDkhhmJ73JkNnZZWZWCUt+w4sHRbz6M978GyfJHjSxoKGo6qa7y48F18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1fSpRsEl1gw3ApuxQhr6Ahv+8GbiNx5RaR7JezOKsRPSvuQBZ9RYqY0PJXJFrpGUyFO3UHTL7hRkkXgZKUKGarfw1e5FLAlRGiao1i3PjU0npcpwJnCcbycaY8qGtI8tSyUNUXfS6c1jcmyVHgkiZUsaMlV/T6Q01HoU+rYzpGag572J+J/XSkxw0Um5jBODks0WBYkgJiKTAEiPK2RGjCyhTHF7K2EDqigzNqa8DcGbf3mR1E/Lnlv27s6KlcssjhwcwhGcgAfnUIFbqEINGMTwDK/w5iTOi/PufMxal5xs5gD+wPn8AU1xj90=</latexit><latexit sha1_base64="8bnG7QRCyaQb9Tr8n6rBcUkGGYc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBCEQNgVQRGEiBePEcwDkhhmJ73JkNnZZWZWCUt+w4sHRbz6M978GyfJHjSxoKGo6qa7y48F18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1fSpRsEl1gw3ApuxQhr6Ahv+8GbiNx5RaR7JezOKsRPSvuQBZ9RYqY0PJXJFrpGUyFO3UHTL7hRkkXgZKUKGarfw1e5FLAlRGiao1i3PjU0npcpwJnCcbycaY8qGtI8tSyUNUXfS6c1jcmyVHgkiZUsaMlV/T6Q01HoU+rYzpGag572J+J/XSkxw0Um5jBODks0WBYkgJiKTAEiPK2RGjCyhTHF7K2EDqigzNqa8DcGbf3mR1E/Lnlv27s6KlcssjhwcwhGcgAfnUIFbqEINGMTwDK/w5iTOi/PufMxal5xs5gD+wPn8AU1xj90=</latexit><latexit sha1_base64="8bnG7QRCyaQb9Tr8n6rBcUkGGYc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBCEQNgVQRGEiBePEcwDkhhmJ73JkNnZZWZWCUt+w4sHRbz6M978GyfJHjSxoKGo6qa7y48F18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1fSpRsEl1gw3ApuxQhr6Ahv+8GbiNx5RaR7JezOKsRPSvuQBZ9RYqY0PJXJFrpGUyFO3UHTL7hRkkXgZKUKGarfw1e5FLAlRGiao1i3PjU0npcpwJnCcbycaY8qGtI8tSyUNUXfS6c1jcmyVHgkiZUsaMlV/T6Q01HoU+rYzpGag572J+J/XSkxw0Um5jBODks0WBYkgJiKTAEiPK2RGjCyhTHF7K2EDqigzNqa8DcGbf3mR1E/Lnlv27s6KlcssjhwcwhGcgAfnUIFbqEINGMTwDK/w5iTOi/PufMxal5xs5gD+wPn8AU1xj90=</latexit><latexit sha1_base64="8bnG7QRCyaQb9Tr8n6rBcUkGGYc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBCEQNgVQRGEiBePEcwDkhhmJ73JkNnZZWZWCUt+w4sHRbz6M978GyfJHjSxoKGo6qa7y48F18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1fSpRsEl1gw3ApuxQhr6Ahv+8GbiNx5RaR7JezOKsRPSvuQBZ9RYqY0PJXJFrpGUyFO3UHTL7hRkkXgZKUKGarfw1e5FLAlRGiao1i3PjU0npcpwJnCcbycaY8qGtI8tSyUNUXfS6c1jcmyVHgkiZUsaMlV/T6Q01HoU+rYzpGag572J+J/XSkxw0Um5jBODks0WBYkgJiKTAEiPK2RGjCyhTHF7K2EDqigzNqa8DcGbf3mR1E/Lnlv27s6KlcssjhwcwhGcgAfnUIFbqEINGMTwDK/w5iTOi/PufMxal5xs5gD+wPn8AU1xj90=</latexit><latexit sha1_base64="8bnG7QRCyaQb9Tr8n6rBcUkGGYc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBCEQNgVQRGEiBePEcwDkhhmJ73JkNnZZWZWCUt+w4sHRbz6M978GyfJHjSxoKGo6qa7y48F18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1fSpRsEl1gw3ApuxQhr6Ahv+8GbiNx5RaR7JezOKsRPSvuQBZ9RYqY0PJXJFrpGUyFO3UHTL7hRkkXgZKUKGarfw1e5FLAlRGiao1i3PjU0npcpwJnCcbycaY8qGtI8tSyUNUXfS6c1jcmyVHgkiZUsaMlV/T6Q01HoU+rYzpGag572J+J/XSkxw0Um5jBODks0WBYkgJiKTAEiPK2RGjCyhTHF7K2EDqigzNqa8DcGbf3mR1E/Lnlv27s6KlcssjhwcwhGcgAfnUIFbqEINGMTwDK/w5iTOi/PufMxal5xs5gD+wPn8AU1xj90=</latexit><latexit sha1_base64="8bnG7QRCyaQb9Tr8n6rBcUkGGYc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBCEQNgVQRGEiBePEcwDkhhmJ73JkNnZZWZWCUt+w4sHRbz6M978GyfJHjSxoKGo6qa7y48F18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1fSpRsEl1gw3ApuxQhr6Ahv+8GbiNx5RaR7JezOKsRPSvuQBZ9RYqY0PJXJFrpGUyFO3UHTL7hRkkXgZKUKGarfw1e5FLAlRGiao1i3PjU0npcpwJnCcbycaY8qGtI8tSyUNUXfS6c1jcmyVHgkiZUsaMlV/T6Q01HoU+rYzpGag572J+J/XSkxw0Um5jBODks0WBYkgJiKTAEiPK2RGjCyhTHF7K2EDqigzNqa8DcGbf3mR1E/Lnlv27s6KlcssjhwcwhGcgAfnUIFbqEINGMTwDK/w5iTOi/PufMxal5xs5gD+wPn8AU1xj90=</latexit>

[Mayne et al., 2005]
[Rawlings, Mayne, Diehl, 2017]

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025[Kouvaritakis and Canon, 2016]
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The uncertainty sets at each step           are defined as:

Definitions
Set addition (Minkowski sum):
Set substraction (Minkowski difference):  

S(i)
<latexit sha1_base64="O6WpTyJtawl4kfNM6HZaEk2/BBc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiguKp4MVjRfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmkx7q7HxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4ANieNpw==</latexit><latexit sha1_base64="O6WpTyJtawl4kfNM6HZaEk2/BBc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiguKp4MVjRfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmkx7q7HxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4ANieNpw==</latexit><latexit sha1_base64="O6WpTyJtawl4kfNM6HZaEk2/BBc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiguKp4MVjRfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmkx7q7HxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4ANieNpw==</latexit><latexit sha1_base64="O6WpTyJtawl4kfNM6HZaEk2/BBc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiguKp4MVjRfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmkx7q7HxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4ANieNpw==</latexit>

S(i) :=
i�1X

j=0

AjW = W�AW� · · ·�Ai�1W
<latexit sha1_base64="gMZgwH2oTW15B4em3CaSaETHDj4="></latexit><latexit sha1_base64="gMZgwH2oTW15B4em3CaSaETHDj4="></latexit><latexit sha1_base64="gMZgwH2oTW15B4em3CaSaETHDj4="></latexit><latexit sha1_base64="gMZgwH2oTW15B4em3CaSaETHDj4="></latexit>

<latexit sha1_base64="eCMdf9l1SbNUfpuhWdmoG0zLxBU="></latexit>

A� B := {a+ b | a 2 A, b 2 B}

<latexit sha1_base64="+b+m9yLFVeirHswuykOr3hcXsDw="></latexit>

A B := {x 2 Rn | {x}� B ✓ A}

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025
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<latexit sha1_base64="llwJfdEVRkE8umAxcGomqYGQiq0=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIoriquHFZ0T6gLSWT3mlDM5khuSOWoeCvuHGhiFu/w51/Y/pYaOuBwOGce7knJ0ikMOh5387C4tLyympuLb++sbm17e7sVk2cag4VHstY1wNmQAoFFRQooZ5oYFEgoRb0r0d+7QG0EbG6x0ECrYh1lQgFZ2iltrvfRHjE7A6QDmkzYtgLAnrVdgte0RuDzhN/SgpkinLb/Wp2Yp5GoJBLZkzD9xJsZUyj4BKG+WZqIGG8z7rQsFSxCEwrG8cf0iOrdGgYa/sU0rH6eyNjkTGDKLCTo4Bm1huJ/3mNFMOLViZUkiIoPjkUppJiTEdd0I7QwFEOLGFcC5uV8h7TjKNtLG9L8Ge/PE+qJ0X/rOjdnhZKl9M6cuSAHJJj4pNzUiI3pEwqhJOMPJNX8uY8OS/Ou/MxGV1wpjt75A+czx+EfpUp</latexit>

Set A

<latexit sha1_base64="paVKMX5wR0SuQRLjF6EYammOo7s=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIorgqunFZ0T6gLSWT3mlDM5khuSOWoeCvuHGhiFu/w51/Y/pYaOuBwOGce7knJ0ikMOh5387C4tLyympuLb++sbm17e7sVk2cag4VHstY1wNmQAoFFRQooZ5oYFEgoRb0r0d+7QG0EbG6x0ECrYh1lQgFZ2iltrvfRHjE7A6QDmkzYtgLAnrVdgte0RuDzhN/SgpkinLb/Wp2Yp5GoJBLZkzD9xJsZUyj4BKG+WZqIGG8z7rQsFSxCEwrG8cf0iOrdGgYa/sU0rH6eyNjkTGDKLCTo4Bm1huJ/3mNFMOLViZUkiIoPjkUppJiTEdd0I7QwFEOLGFcC5uV8h7TjKNtLG9L8Ge/PE+qJ0X/rOjdnhZKl9M6cuSAHJJj4pNzUiI3pEwqhJOMPJNX8uY8OS/Ou/MxGV1wpjt75A+czx+GApUq</latexit>

Set B
<latexit sha1_base64="ITpT/xfPHunYDl85rJZ5SOc2p8k=">AAACD3icbVDJSgNBEO2JW4zbqEcvjUHxFGZEUTxFvXiMaBbIhNDTqSRNeha6a8Qw5A+8+CtePCji1as3/8bOgmjig4LHe1VU1fNjKTQ6zpeVmZtfWFzKLudWVtfWN+zNrYqOEsWhzCMZqZrPNEgRQhkFSqjFCljgS6j6vcuhX70DpUUU3mI/hkbAOqFoC87QSE1730O4x/QGkA6oFzDs+j49p14Uy0T/CBdNO+8UnBHoLHEnJE8mKDXtT68V8SSAELlkWtddJ8ZGyhQKLmGQ8xINMeM91oG6oSELQDfS0T8DumeUFm1HylSIdKT+nkhZoHU/8E3n8EA97Q3F/7x6gu3TRirCOEEI+XhRO5EUIzoMh7aEAo6ybwjjSphbKe8yxTiaCHMmBHf65VlSOSy4xwXn+ihfPJvEkSU7ZJccEJeckCK5IiVSJpw8kCfyQl6tR+vZerPex60ZazKzTf7A+vgGwiObzg==</latexit>

Set A� B

Illustration of Minkowski sum

<latexit sha1_base64="eCMdf9l1SbNUfpuhWdmoG0zLxBU="></latexit>

A� B := {a+ b | a 2 A, b 2 B}
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<latexit sha1_base64="llwJfdEVRkE8umAxcGomqYGQiq0=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIoriquHFZ0T6gLSWT3mlDM5khuSOWoeCvuHGhiFu/w51/Y/pYaOuBwOGce7knJ0ikMOh5387C4tLyympuLb++sbm17e7sVk2cag4VHstY1wNmQAoFFRQooZ5oYFEgoRb0r0d+7QG0EbG6x0ECrYh1lQgFZ2iltrvfRHjE7A6QDmkzYtgLAnrVdgte0RuDzhN/SgpkinLb/Wp2Yp5GoJBLZkzD9xJsZUyj4BKG+WZqIGG8z7rQsFSxCEwrG8cf0iOrdGgYa/sU0rH6eyNjkTGDKLCTo4Bm1huJ/3mNFMOLViZUkiIoPjkUppJiTEdd0I7QwFEOLGFcC5uV8h7TjKNtLG9L8Ge/PE+qJ0X/rOjdnhZKl9M6cuSAHJJj4pNzUiI3pEwqhJOMPJNX8uY8OS/Ou/MxGV1wpjt75A+czx+EfpUp</latexit>

Set A

<latexit sha1_base64="paVKMX5wR0SuQRLjF6EYammOo7s=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIorgqunFZ0T6gLSWT3mlDM5khuSOWoeCvuHGhiFu/w51/Y/pYaOuBwOGce7knJ0ikMOh5387C4tLyympuLb++sbm17e7sVk2cag4VHstY1wNmQAoFFRQooZ5oYFEgoRb0r0d+7QG0EbG6x0ECrYh1lQgFZ2iltrvfRHjE7A6QDmkzYtgLAnrVdgte0RuDzhN/SgpkinLb/Wp2Yp5GoJBLZkzD9xJsZUyj4BKG+WZqIGG8z7rQsFSxCEwrG8cf0iOrdGgYa/sU0rH6eyNjkTGDKLCTo4Bm1huJ/3mNFMOLViZUkiIoPjkUppJiTEdd0I7QwFEOLGFcC5uV8h7TjKNtLG9L8Ge/PE+qJ0X/rOjdnhZKl9M6cuSAHJJj4pNzUiI3pEwqhJOMPJNX8uY8OS/Ou/MxGV1wpjt75A+czx+GApUq</latexit>

Set B

<latexit sha1_base64="+b+m9yLFVeirHswuykOr3hcXsDw="></latexit>

A B := {x 2 Rn | {x}� B ✓ A}

<latexit sha1_base64="dKTHCkzkYCRwFvQCC7MfLmFWU+0=">AAACEHicbVA9SwNBEN2L3/Hr1NJmMYhW4U4UxSpqY6loopALYW8zSZbs7R27c2I48hNs/Cs2ForYWtr5b9x8IJr4YODx3gwz88JECoOe9+XkpqZnZufmF/KLS8srq+7aesXEqeZQ5rGM9W3IDEihoIwCJdwmGlgUSrgJO2d9/+YOtBGxusZuArWItZRoCs7QSnV3J0C4x+wKkPZoEDFshyE9oUEcCZWaH+W07ha8ojcAnST+iBTICBd19zNoxDyNQCGXzJiq7yVYy5hGwSX08kFqIGG8w1pQtVSxCEwtGzzUo9tWadBmrG0ppAP190TGImO6UWg7+weaca8v/udVU2we1TKhkhRB8eGiZiopxrSfDm0IDRxl1xLGtbC3Ut5mmnG0GeZtCP74y5Okslf0D4re5X6hdDyKY55ski2yS3xySErknFyQMuHkgTyRF/LqPDrPzpvzPmzNOaOZDfIHzsc3k22cQA==</latexit>

Set A B

<latexit sha1_base64="AbKfiAJ5+54DVLNw3Fe86jaT3Cc=">AAACM3icbZBNSwMxEIazflu/qh69BItQL2VXFMWTHxfxIApWC91SsulUg9lkTWbFsvQ/efGPeBDEgyJe/Q+mtYq2DgTePDPDzLxRIoVF33/yhoZHRsfGJyZzU9Mzs3P5+YUzq1PDocy11KYSMQtSKCijQAmVxACLIwnn0dV+J39+A8YKrU6xlUAtZhdKNAVn6FA9fxgi3GJ2pBG2absYxgwvo4ju0lAnMrX0G+ytOhIL9RvRUMH1z3e3ni/4Jb8bdFAEPVEgvTiu5x/ChuZpDAq5ZNZWAz/BWsYMCi6hnQtTCwnjV+wCqk4qFoOtZd2b23TFkQZtauOeQtqlvzsyFlvbiiNX2VnQ9uc68L9cNcXmVi0TKkkRFP8a1EwlRU07BtKGMMBRtpxg3Ai3K+WXzDCOzuacMyHoP3lQnK2Vgo2Sf7Je2Nnr2TFBlsgyKZKAbJIdckCOSZlwckceyQt59e69Z+/Ne/8qHfJ6PYvkT3gfn2J/qYE=</latexit>

Note: (A� B) B 6= A
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Tube generated by the open-loop control sequence

X(0;x0) = {x0}
<latexit sha1_base64="eeuL6kiOkBVtsXwKUgwgv+MKPq0=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8Ei1E2ZiKAoQsGNywr2Ak0Ik+mkHTqZhJmJtIS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfMHCWdKI/RtldbWNza3ytuVnd29/QP7sNpRcSoJbZOYx7IXYEU5E7Stmea0l0iKo4DTbjC+m9W7T1QqFotHPU2oF+GhYCEjWBvLt6u9OrqZ+OgM3kI3M+Dmvl1DDTQXXAWngBoo1PLtL3cQkzSiQhOOleo7KNFehqVmhNO84qaKJpiM8ZD2DQocUeVl89tzeGqcAQxjaZ7QcO7+nshwpNQ0CkxnhPVILddm5n+1fqrDKy9jIkk1FWSxKEw51DGcBQEHTFKi+dQAJpKZWyEZYYmJNnFVTAjO8pdXoXPecFDDebioNa+LOMrgGJyAOnDAJWiCe9ACbUDABDyDV/Bm5daL9W59LFpLVjFzBP7I+vwBT2CSpg==</latexit><latexit sha1_base64="eeuL6kiOkBVtsXwKUgwgv+MKPq0=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8Ei1E2ZiKAoQsGNywr2Ak0Ik+mkHTqZhJmJtIS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfMHCWdKI/RtldbWNza3ytuVnd29/QP7sNpRcSoJbZOYx7IXYEU5E7Stmea0l0iKo4DTbjC+m9W7T1QqFotHPU2oF+GhYCEjWBvLt6u9OrqZ+OgM3kI3M+Dmvl1DDTQXXAWngBoo1PLtL3cQkzSiQhOOleo7KNFehqVmhNO84qaKJpiM8ZD2DQocUeVl89tzeGqcAQxjaZ7QcO7+nshwpNQ0CkxnhPVILddm5n+1fqrDKy9jIkk1FWSxKEw51DGcBQEHTFKi+dQAJpKZWyEZYYmJNnFVTAjO8pdXoXPecFDDebioNa+LOMrgGJyAOnDAJWiCe9ACbUDABDyDV/Bm5daL9W59LFpLVjFzBP7I+vwBT2CSpg==</latexit><latexit sha1_base64="eeuL6kiOkBVtsXwKUgwgv+MKPq0=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8Ei1E2ZiKAoQsGNywr2Ak0Ik+mkHTqZhJmJtIS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfMHCWdKI/RtldbWNza3ytuVnd29/QP7sNpRcSoJbZOYx7IXYEU5E7Stmea0l0iKo4DTbjC+m9W7T1QqFotHPU2oF+GhYCEjWBvLt6u9OrqZ+OgM3kI3M+Dmvl1DDTQXXAWngBoo1PLtL3cQkzSiQhOOleo7KNFehqVmhNO84qaKJpiM8ZD2DQocUeVl89tzeGqcAQxjaZ7QcO7+nshwpNQ0CkxnhPVILddm5n+1fqrDKy9jIkk1FWSxKEw51DGcBQEHTFKi+dQAJpKZWyEZYYmJNnFVTAjO8pdXoXPecFDDebioNa+LOMrgGJyAOnDAJWiCe9ACbUDABDyDV/Bm5daL9W59LFpLVjFzBP7I+vwBT2CSpg==</latexit><latexit sha1_base64="eeuL6kiOkBVtsXwKUgwgv+MKPq0=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8Ei1E2ZiKAoQsGNywr2Ak0Ik+mkHTqZhJmJtIS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfMHCWdKI/RtldbWNza3ytuVnd29/QP7sNpRcSoJbZOYx7IXYEU5E7Stmea0l0iKo4DTbjC+m9W7T1QqFotHPU2oF+GhYCEjWBvLt6u9OrqZ+OgM3kI3M+Dmvl1DDTQXXAWngBoo1PLtL3cQkzSiQhOOleo7KNFehqVmhNO84qaKJpiM8ZD2DQocUeVl89tzeGqcAQxjaZ7QcO7+nshwpNQ0CkxnhPVILddm5n+1fqrDKy9jIkk1FWSxKEw51DGcBQEHTFKi+dQAJpKZWyEZYYmJNnFVTAjO8pdXoXPecFDDebioNa+LOMrgGJyAOnDAJWiCe9ACbUDABDyDV/Bm5daL9W59LFpLVjFzBP7I+vwBT2CSpg==</latexit>

X(i;x0,u) = {z(i)}� S(i)
<latexit sha1_base64="w2r8+7VXapQNe3gnvwfBCTHCHn0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoRUoigqIIBTcuK9oHNCFMppN26OTBPMQa+g9u/BU3LhRx68adf+OkzUKrBwbOnHMv997jJ4wKaVlfRmFufmFxqbhcWlldW98wN7daIlYckyaOWcw7PhKE0Yg0JZWMdBJOUOgz0vaHF5nfviVc0Di6kaOEuCHqRzSgGEkteeZ+p0LP7jzrADohkgM/gKoKz6GT3ldo1RlDJ06YEvBa/zyzbNWsCeBfYuekDHI0PPPT6cVYhSSSmCEhuraVSDdFXFLMyLjkKEEShIeoT7qaRigkwk0nN43hnlZ6MIi5fpGEE/VnR4pCIUahryuzxcWsl4n/eV0lgxM3pVGiJInwdFCgGJQxzAKCPcoJlmykCcKc6l0hHiCOsNQxlnQI9uzJf0nrsGZbNfvqqFw/zeMogh2wCyrABsegDi5BAzQBBg/gCbyAV+PReDbejPdpacHIe7bBLxgf37uTm4c=</latexit><latexit sha1_base64="w2r8+7VXapQNe3gnvwfBCTHCHn0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoRUoigqIIBTcuK9oHNCFMppN26OTBPMQa+g9u/BU3LhRx68adf+OkzUKrBwbOnHMv997jJ4wKaVlfRmFufmFxqbhcWlldW98wN7daIlYckyaOWcw7PhKE0Yg0JZWMdBJOUOgz0vaHF5nfviVc0Di6kaOEuCHqRzSgGEkteeZ+p0LP7jzrADohkgM/gKoKz6GT3ldo1RlDJ06YEvBa/zyzbNWsCeBfYuekDHI0PPPT6cVYhSSSmCEhuraVSDdFXFLMyLjkKEEShIeoT7qaRigkwk0nN43hnlZ6MIi5fpGEE/VnR4pCIUahryuzxcWsl4n/eV0lgxM3pVGiJInwdFCgGJQxzAKCPcoJlmykCcKc6l0hHiCOsNQxlnQI9uzJf0nrsGZbNfvqqFw/zeMogh2wCyrABsegDi5BAzQBBg/gCbyAV+PReDbejPdpacHIe7bBLxgf37uTm4c=</latexit><latexit sha1_base64="w2r8+7VXapQNe3gnvwfBCTHCHn0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoRUoigqIIBTcuK9oHNCFMppN26OTBPMQa+g9u/BU3LhRx68adf+OkzUKrBwbOnHMv997jJ4wKaVlfRmFufmFxqbhcWlldW98wN7daIlYckyaOWcw7PhKE0Yg0JZWMdBJOUOgz0vaHF5nfviVc0Di6kaOEuCHqRzSgGEkteeZ+p0LP7jzrADohkgM/gKoKz6GT3ldo1RlDJ06YEvBa/zyzbNWsCeBfYuekDHI0PPPT6cVYhSSSmCEhuraVSDdFXFLMyLjkKEEShIeoT7qaRigkwk0nN43hnlZ6MIi5fpGEE/VnR4pCIUahryuzxcWsl4n/eV0lgxM3pVGiJInwdFCgGJQxzAKCPcoJlmykCcKc6l0hHiCOsNQxlnQI9uzJf0nrsGZbNfvqqFw/zeMogh2wCyrABsegDi5BAzQBBg/gCbyAV+PReDbejPdpacHIe7bBLxgf37uTm4c=</latexit><latexit sha1_base64="w2r8+7VXapQNe3gnvwfBCTHCHn0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoRUoigqIIBTcuK9oHNCFMppN26OTBPMQa+g9u/BU3LhRx68adf+OkzUKrBwbOnHMv997jJ4wKaVlfRmFufmFxqbhcWlldW98wN7daIlYckyaOWcw7PhKE0Yg0JZWMdBJOUOgz0vaHF5nfviVc0Di6kaOEuCHqRzSgGEkteeZ+p0LP7jzrADohkgM/gKoKz6GT3ldo1RlDJ06YEvBa/zyzbNWsCeBfYuekDHI0PPPT6cVYhSSSmCEhuraVSDdFXFLMyLjkKEEShIeoT7qaRigkwk0nN43hnlZ6MIi5fpGEE/VnR4pCIUahryuzxcWsl4n/eV0lgxM3pVGiJInwdFCgGJQxzAKCPcoJlmykCcKc6l0hHiCOsNQxlnQI9uzJf0nrsGZbNfvqqFw/zeMogh2wCyrABsegDi5BAzQBBg/gCbyAV+PReDbejPdpacHIe7bBLxgf37uTm4c=</latexit>
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Tube generated by the open-loop control sequence

If A is stable, then                                   exists and is an outer-
bounding tube 

X(0;x0) = {x0}
<latexit sha1_base64="eeuL6kiOkBVtsXwKUgwgv+MKPq0=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8Ei1E2ZiKAoQsGNywr2Ak0Ik+mkHTqZhJmJtIS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfMHCWdKI/RtldbWNza3ytuVnd29/QP7sNpRcSoJbZOYx7IXYEU5E7Stmea0l0iKo4DTbjC+m9W7T1QqFotHPU2oF+GhYCEjWBvLt6u9OrqZ+OgM3kI3M+Dmvl1DDTQXXAWngBoo1PLtL3cQkzSiQhOOleo7KNFehqVmhNO84qaKJpiM8ZD2DQocUeVl89tzeGqcAQxjaZ7QcO7+nshwpNQ0CkxnhPVILddm5n+1fqrDKy9jIkk1FWSxKEw51DGcBQEHTFKi+dQAJpKZWyEZYYmJNnFVTAjO8pdXoXPecFDDebioNa+LOMrgGJyAOnDAJWiCe9ACbUDABDyDV/Bm5daL9W59LFpLVjFzBP7I+vwBT2CSpg==</latexit><latexit sha1_base64="eeuL6kiOkBVtsXwKUgwgv+MKPq0=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8Ei1E2ZiKAoQsGNywr2Ak0Ik+mkHTqZhJmJtIS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfMHCWdKI/RtldbWNza3ytuVnd29/QP7sNpRcSoJbZOYx7IXYEU5E7Stmea0l0iKo4DTbjC+m9W7T1QqFotHPU2oF+GhYCEjWBvLt6u9OrqZ+OgM3kI3M+Dmvl1DDTQXXAWngBoo1PLtL3cQkzSiQhOOleo7KNFehqVmhNO84qaKJpiM8ZD2DQocUeVl89tzeGqcAQxjaZ7QcO7+nshwpNQ0CkxnhPVILddm5n+1fqrDKy9jIkk1FWSxKEw51DGcBQEHTFKi+dQAJpKZWyEZYYmJNnFVTAjO8pdXoXPecFDDebioNa+LOMrgGJyAOnDAJWiCe9ACbUDABDyDV/Bm5daL9W59LFpLVjFzBP7I+vwBT2CSpg==</latexit><latexit sha1_base64="eeuL6kiOkBVtsXwKUgwgv+MKPq0=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8Ei1E2ZiKAoQsGNywr2Ak0Ik+mkHTqZhJmJtIS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfMHCWdKI/RtldbWNza3ytuVnd29/QP7sNpRcSoJbZOYx7IXYEU5E7Stmea0l0iKo4DTbjC+m9W7T1QqFotHPU2oF+GhYCEjWBvLt6u9OrqZ+OgM3kI3M+Dmvl1DDTQXXAWngBoo1PLtL3cQkzSiQhOOleo7KNFehqVmhNO84qaKJpiM8ZD2DQocUeVl89tzeGqcAQxjaZ7QcO7+nshwpNQ0CkxnhPVILddm5n+1fqrDKy9jIkk1FWSxKEw51DGcBQEHTFKi+dQAJpKZWyEZYYmJNnFVTAjO8pdXoXPecFDDebioNa+LOMrgGJyAOnDAJWiCe9ACbUDABDyDV/Bm5daL9W59LFpLVjFzBP7I+vwBT2CSpg==</latexit><latexit sha1_base64="eeuL6kiOkBVtsXwKUgwgv+MKPq0=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8Ei1E2ZiKAoQsGNywr2Ak0Ik+mkHTqZhJmJtIS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfMHCWdKI/RtldbWNza3ytuVnd29/QP7sNpRcSoJbZOYx7IXYEU5E7Stmea0l0iKo4DTbjC+m9W7T1QqFotHPU2oF+GhYCEjWBvLt6u9OrqZ+OgM3kI3M+Dmvl1DDTQXXAWngBoo1PLtL3cQkzSiQhOOleo7KNFehqVmhNO84qaKJpiM8ZD2DQocUeVl89tzeGqcAQxjaZ7QcO7+nshwpNQ0CkxnhPVILddm5n+1fqrDKy9jIkk1FWSxKEw51DGcBQEHTFKi+dQAJpKZWyEZYYmJNnFVTAjO8pdXoXPecFDDebioNa+LOMrgGJyAOnDAJWiCe9ACbUDABDyDV/Bm5daL9W59LFpLVjFzBP7I+vwBT2CSpg==</latexit>

X(i;x0,u) = {z(i)}� S(i)
<latexit sha1_base64="w2r8+7VXapQNe3gnvwfBCTHCHn0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoRUoigqIIBTcuK9oHNCFMppN26OTBPMQa+g9u/BU3LhRx68adf+OkzUKrBwbOnHMv997jJ4wKaVlfRmFufmFxqbhcWlldW98wN7daIlYckyaOWcw7PhKE0Yg0JZWMdBJOUOgz0vaHF5nfviVc0Di6kaOEuCHqRzSgGEkteeZ+p0LP7jzrADohkgM/gKoKz6GT3ldo1RlDJ06YEvBa/zyzbNWsCeBfYuekDHI0PPPT6cVYhSSSmCEhuraVSDdFXFLMyLjkKEEShIeoT7qaRigkwk0nN43hnlZ6MIi5fpGEE/VnR4pCIUahryuzxcWsl4n/eV0lgxM3pVGiJInwdFCgGJQxzAKCPcoJlmykCcKc6l0hHiCOsNQxlnQI9uzJf0nrsGZbNfvqqFw/zeMogh2wCyrABsegDi5BAzQBBg/gCbyAV+PReDbejPdpacHIe7bBLxgf37uTm4c=</latexit><latexit sha1_base64="w2r8+7VXapQNe3gnvwfBCTHCHn0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoRUoigqIIBTcuK9oHNCFMppN26OTBPMQa+g9u/BU3LhRx68adf+OkzUKrBwbOnHMv997jJ4wKaVlfRmFufmFxqbhcWlldW98wN7daIlYckyaOWcw7PhKE0Yg0JZWMdBJOUOgz0vaHF5nfviVc0Di6kaOEuCHqRzSgGEkteeZ+p0LP7jzrADohkgM/gKoKz6GT3ldo1RlDJ06YEvBa/zyzbNWsCeBfYuekDHI0PPPT6cVYhSSSmCEhuraVSDdFXFLMyLjkKEEShIeoT7qaRigkwk0nN43hnlZ6MIi5fpGEE/VnR4pCIUahryuzxcWsl4n/eV0lgxM3pVGiJInwdFCgGJQxzAKCPcoJlmykCcKc6l0hHiCOsNQxlnQI9uzJf0nrsGZbNfvqqFw/zeMogh2wCyrABsegDi5BAzQBBg/gCbyAV+PReDbejPdpacHIe7bBLxgf37uTm4c=</latexit><latexit sha1_base64="w2r8+7VXapQNe3gnvwfBCTHCHn0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoRUoigqIIBTcuK9oHNCFMppN26OTBPMQa+g9u/BU3LhRx68adf+OkzUKrBwbOnHMv997jJ4wKaVlfRmFufmFxqbhcWlldW98wN7daIlYckyaOWcw7PhKE0Yg0JZWMdBJOUOgz0vaHF5nfviVc0Di6kaOEuCHqRzSgGEkteeZ+p0LP7jzrADohkgM/gKoKz6GT3ldo1RlDJ06YEvBa/zyzbNWsCeBfYuekDHI0PPPT6cVYhSSSmCEhuraVSDdFXFLMyLjkKEEShIeoT7qaRigkwk0nN43hnlZ6MIi5fpGEE/VnR4pCIUahryuzxcWsl4n/eV0lgxM3pVGiJInwdFCgGJQxzAKCPcoJlmykCcKc6l0hHiCOsNQxlnQI9uzJf0nrsGZbNfvqqFw/zeMogh2wCyrABsegDi5BAzQBBg/gCbyAV+PReDbejPdpacHIe7bBLxgf37uTm4c=</latexit><latexit sha1_base64="w2r8+7VXapQNe3gnvwfBCTHCHn0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoRUoigqIIBTcuK9oHNCFMppN26OTBPMQa+g9u/BU3LhRx68adf+OkzUKrBwbOnHMv997jJ4wKaVlfRmFufmFxqbhcWlldW98wN7daIlYckyaOWcw7PhKE0Yg0JZWMdBJOUOgz0vaHF5nfviVc0Di6kaOEuCHqRzSgGEkteeZ+p0LP7jzrADohkgM/gKoKz6GT3ldo1RlDJ06YEvBa/zyzbNWsCeBfYuekDHI0PPPT6cVYhSSSmCEhuraVSDdFXFLMyLjkKEEShIeoT7qaRigkwk0nN43hnlZ6MIi5fpGEE/VnR4pCIUahryuzxcWsl4n/eV0lgxM3pVGiJInwdFCgGJQxzAKCPcoJlmykCcKc6l0hHiCOsNQxlnQI9uzJf0nrsGZbNfvqqFw/zeMogh2wCyrABsegDi5BAzQBBg/gCbyAV+PReDbejPdpacHIe7bBLxgf37uTm4c=</latexit>

S(1) :=
1X

j=0

AjW
<latexit sha1_base64="4Yv4BX0u07ScJ6INbngrutuFnME=">AAACFHicbVDLSsNAFJ34rPUVdelmsAgVoSQiKIVCxY3LivYBTVom00k77WQSZiZCCP0IN/6KGxeKuHXhzr9x0nahrQcuHM65l3vv8SJGpbKsb2NpeWV1bT23kd/c2t7ZNff2GzKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0RteZ33wgQtKQ36skIm6A+pz6FCOlpa55eld0KPdVclKuQEfGQTcdVqxxJ52q46vO0AmQGngebHbNglWyJoCLxJ6RApih1jW/nF6I44BwhRmSsm1bkXJTJBTFjIzzTixJhPAI9UlbU44CIt108tQYHmulB/1Q6OIKTtTfEykKpEwCT3dmB8p5LxP/89qx8i/dlPIoVoTj6SI/ZlCFMEsI9qggWLFEE4QF1bdCPEACYaVzzOsQ7PmXF0njrGRbJfv2vFAtz+LIgUNwBIrABhegCm5ADdQBBo/gGbyCN+PJeDHejY9p65IxmzkAf2B8/gDqv54X</latexit><latexit sha1_base64="4Yv4BX0u07ScJ6INbngrutuFnME=">AAACFHicbVDLSsNAFJ34rPUVdelmsAgVoSQiKIVCxY3LivYBTVom00k77WQSZiZCCP0IN/6KGxeKuHXhzr9x0nahrQcuHM65l3vv8SJGpbKsb2NpeWV1bT23kd/c2t7ZNff2GzKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0RteZ33wgQtKQ36skIm6A+pz6FCOlpa55eld0KPdVclKuQEfGQTcdVqxxJ52q46vO0AmQGngebHbNglWyJoCLxJ6RApih1jW/nF6I44BwhRmSsm1bkXJTJBTFjIzzTixJhPAI9UlbU44CIt108tQYHmulB/1Q6OIKTtTfEykKpEwCT3dmB8p5LxP/89qx8i/dlPIoVoTj6SI/ZlCFMEsI9qggWLFEE4QF1bdCPEACYaVzzOsQ7PmXF0njrGRbJfv2vFAtz+LIgUNwBIrABhegCm5ADdQBBo/gGbyCN+PJeDHejY9p65IxmzkAf2B8/gDqv54X</latexit><latexit sha1_base64="4Yv4BX0u07ScJ6INbngrutuFnME=">AAACFHicbVDLSsNAFJ34rPUVdelmsAgVoSQiKIVCxY3LivYBTVom00k77WQSZiZCCP0IN/6KGxeKuHXhzr9x0nahrQcuHM65l3vv8SJGpbKsb2NpeWV1bT23kd/c2t7ZNff2GzKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0RteZ33wgQtKQ36skIm6A+pz6FCOlpa55eld0KPdVclKuQEfGQTcdVqxxJ52q46vO0AmQGngebHbNglWyJoCLxJ6RApih1jW/nF6I44BwhRmSsm1bkXJTJBTFjIzzTixJhPAI9UlbU44CIt108tQYHmulB/1Q6OIKTtTfEykKpEwCT3dmB8p5LxP/89qx8i/dlPIoVoTj6SI/ZlCFMEsI9qggWLFEE4QF1bdCPEACYaVzzOsQ7PmXF0njrGRbJfv2vFAtz+LIgUNwBIrABhegCm5ADdQBBo/gGbyCN+PJeDHejY9p65IxmzkAf2B8/gDqv54X</latexit><latexit sha1_base64="4Yv4BX0u07ScJ6INbngrutuFnME=">AAACFHicbVDLSsNAFJ34rPUVdelmsAgVoSQiKIVCxY3LivYBTVom00k77WQSZiZCCP0IN/6KGxeKuHXhzr9x0nahrQcuHM65l3vv8SJGpbKsb2NpeWV1bT23kd/c2t7ZNff2GzKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0RteZ33wgQtKQ36skIm6A+pz6FCOlpa55eld0KPdVclKuQEfGQTcdVqxxJ52q46vO0AmQGngebHbNglWyJoCLxJ6RApih1jW/nF6I44BwhRmSsm1bkXJTJBTFjIzzTixJhPAI9UlbU44CIt108tQYHmulB/1Q6OIKTtTfEykKpEwCT3dmB8p5LxP/89qx8i/dlPIoVoTj6SI/ZlCFMEsI9qggWLFEE4QF1bdCPEACYaVzzOsQ7PmXF0njrGRbJfv2vFAtz+LIgUNwBIrABhegCm5ADdQBBo/gGbyCN+PJeDHejY9p65IxmzkAf2B8/gDqv54X</latexit>

X̂(0;x0) = {x0}
<latexit sha1_base64="ZZSKKDbiiDKlHJBSzJAn+jIkHmw=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBItRNmYigKELBjcsK9gJNCJPppB06mYSZiVhCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ8wcJZ0oj9G2VlpZXVtfK65WNza3tHXt3r63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHQzqXceqFQsFvd6nFAvwgPBQkawNpZvH7hDrGG3hq4efXQCr6GbGXBz366iOpoKLoJTQBUUavr2l9uPSRpRoQnHSvUclGgvw1IzwmlecVNFE0xGeEB7BgWOqPKy6QE5PDZOH4axNE9oOHV/T2Q4UmocBaYzwnqo5msT879aL9XhhZcxkaSaCjJbFKYc6hhO0oB9JinRfGwAE8nMXyEZYomJNplVTAjO/MmL0D6tO6ju3J1VG5dFHGVwCI5ADTjgHDTALWiCFiAgB8/gFbxZT9aL9W59zFpLVjGzD/7I+vwByJ6UkQ==</latexit><latexit sha1_base64="ZZSKKDbiiDKlHJBSzJAn+jIkHmw=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBItRNmYigKELBjcsK9gJNCJPppB06mYSZiVhCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ8wcJZ0oj9G2VlpZXVtfK65WNza3tHXt3r63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHQzqXceqFQsFvd6nFAvwgPBQkawNpZvH7hDrGG3hq4efXQCr6GbGXBz366iOpoKLoJTQBUUavr2l9uPSRpRoQnHSvUclGgvw1IzwmlecVNFE0xGeEB7BgWOqPKy6QE5PDZOH4axNE9oOHV/T2Q4UmocBaYzwnqo5msT879aL9XhhZcxkaSaCjJbFKYc6hhO0oB9JinRfGwAE8nMXyEZYomJNplVTAjO/MmL0D6tO6ju3J1VG5dFHGVwCI5ADTjgHDTALWiCFiAgB8/gFbxZT9aL9W59zFpLVjGzD/7I+vwByJ6UkQ==</latexit><latexit sha1_base64="ZZSKKDbiiDKlHJBSzJAn+jIkHmw=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBItRNmYigKELBjcsK9gJNCJPppB06mYSZiVhCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ8wcJZ0oj9G2VlpZXVtfK65WNza3tHXt3r63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHQzqXceqFQsFvd6nFAvwgPBQkawNpZvH7hDrGG3hq4efXQCr6GbGXBz366iOpoKLoJTQBUUavr2l9uPSRpRoQnHSvUclGgvw1IzwmlecVNFE0xGeEB7BgWOqPKy6QE5PDZOH4axNE9oOHV/T2Q4UmocBaYzwnqo5msT879aL9XhhZcxkaSaCjJbFKYc6hhO0oB9JinRfGwAE8nMXyEZYomJNplVTAjO/MmL0D6tO6ju3J1VG5dFHGVwCI5ADTjgHDTALWiCFiAgB8/gFbxZT9aL9W59zFpLVjGzD/7I+vwByJ6UkQ==</latexit><latexit sha1_base64="ZZSKKDbiiDKlHJBSzJAn+jIkHmw=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBItRNmYigKELBjcsK9gJNCJPppB06mYSZiVhCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ8wcJZ0oj9G2VlpZXVtfK65WNza3tHXt3r63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHQzqXceqFQsFvd6nFAvwgPBQkawNpZvH7hDrGG3hq4efXQCr6GbGXBz366iOpoKLoJTQBUUavr2l9uPSRpRoQnHSvUclGgvw1IzwmlecVNFE0xGeEB7BgWOqPKy6QE5PDZOH4axNE9oOHV/T2Q4UmocBaYzwnqo5msT879aL9XhhZcxkaSaCjJbFKYc6hhO0oB9JinRfGwAE8nMXyEZYomJNplVTAjO/MmL0D6tO6ju3J1VG5dFHGVwCI5ADTjgHDTALWiCFiAgB8/gFbxZT9aL9W59zFpLVjGzD/7I+vwByJ6UkQ==</latexit>

X̂(i;x0,u) = {z(i)}� S(1)
<latexit sha1_base64="zxWwSqcjoJx61jkiSw0HdxcsMZ4="></latexit><latexit sha1_base64="zxWwSqcjoJx61jkiSw0HdxcsMZ4="></latexit><latexit sha1_base64="zxWwSqcjoJx61jkiSw0HdxcsMZ4="></latexit><latexit sha1_base64="zxWwSqcjoJx61jkiSw0HdxcsMZ4="></latexit>

Constant cross section
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How to consider feedback in the predictions?
• Use

The real system state satisfies:
And the nominal system:

u = v +K(x� z)
<latexit sha1_base64="U5pIPDXygcwIbnFawfESHiqm+yA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpZEBEUQCl4ELxXsB7SxbLabdulmE3Y31Rr6P7x4UMSr/8Wb/8Ztm4O2Phh4vDfDzDwv4kxp2/62MguLS8sr2dXc2vrG5lZ+e6emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/NfbrAyoVC8WdHkbUDXBXMJ8RrI10H6NLNEBH6Kb4ePx02M4X7JI9AZonTkoKkKLSzn+1OiGJAyo04VippmNH2k2w1IxwOsq1YkUjTPq4S5uGChxQ5SaTq0fowCgd5IfSlNBoov6eSHCg1DDwTGeAdU/NemPxP68Za//cTZiIYk0FmS7yY450iMYRoA6TlGg+NAQTycytiPSwxESboHImBGf25XlSOyk5dsm5PS2UL9I4srAH+1AEB86gDNdQgSoQkPAMr/BmPVgv1rv1MW3NWOnMLvyB9fkDiHiQjA==</latexit><latexit sha1_base64="U5pIPDXygcwIbnFawfESHiqm+yA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpZEBEUQCl4ELxXsB7SxbLabdulmE3Y31Rr6P7x4UMSr/8Wb/8Ztm4O2Phh4vDfDzDwv4kxp2/62MguLS8sr2dXc2vrG5lZ+e6emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/NfbrAyoVC8WdHkbUDXBXMJ8RrI10H6NLNEBH6Kb4ePx02M4X7JI9AZonTkoKkKLSzn+1OiGJAyo04VippmNH2k2w1IxwOsq1YkUjTPq4S5uGChxQ5SaTq0fowCgd5IfSlNBoov6eSHCg1DDwTGeAdU/NemPxP68Za//cTZiIYk0FmS7yY450iMYRoA6TlGg+NAQTycytiPSwxESboHImBGf25XlSOyk5dsm5PS2UL9I4srAH+1AEB86gDNdQgSoQkPAMr/BmPVgv1rv1MW3NWOnMLvyB9fkDiHiQjA==</latexit><latexit sha1_base64="U5pIPDXygcwIbnFawfESHiqm+yA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpZEBEUQCl4ELxXsB7SxbLabdulmE3Y31Rr6P7x4UMSr/8Wb/8Ztm4O2Phh4vDfDzDwv4kxp2/62MguLS8sr2dXc2vrG5lZ+e6emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/NfbrAyoVC8WdHkbUDXBXMJ8RrI10H6NLNEBH6Kb4ePx02M4X7JI9AZonTkoKkKLSzn+1OiGJAyo04VippmNH2k2w1IxwOsq1YkUjTPq4S5uGChxQ5SaTq0fowCgd5IfSlNBoov6eSHCg1DDwTGeAdU/NemPxP68Za//cTZiIYk0FmS7yY450iMYRoA6TlGg+NAQTycytiPSwxESboHImBGf25XlSOyk5dsm5PS2UL9I4srAH+1AEB86gDNdQgSoQkPAMr/BmPVgv1rv1MW3NWOnMLvyB9fkDiHiQjA==</latexit><latexit sha1_base64="U5pIPDXygcwIbnFawfESHiqm+yA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpZEBEUQCl4ELxXsB7SxbLabdulmE3Y31Rr6P7x4UMSr/8Wb/8Ztm4O2Phh4vDfDzDwv4kxp2/62MguLS8sr2dXc2vrG5lZ+e6emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/NfbrAyoVC8WdHkbUDXBXMJ8RrI10H6NLNEBH6Kb4ePx02M4X7JI9AZonTkoKkKLSzn+1OiGJAyo04VippmNH2k2w1IxwOsq1YkUjTPq4S5uGChxQ5SaTq0fowCgd5IfSlNBoov6eSHCg1DDwTGeAdU/NemPxP68Za//cTZiIYk0FmS7yY450iMYRoA6TlGg+NAQTycytiPSwxESboHImBGf25XlSOyk5dsm5PS2UL9I4srAH+1AEB86gDNdQgSoQkPAMr/BmPVgv1rv1MW3NWOnMLvyB9fkDiHiQjA==</latexit>

x+ = Ax+Bv +BKe+ w
<latexit sha1_base64="HU0zD6pngZQxl3qgSBOvcdu8pV8=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsglAoMyIoglB1I7ipYB/QjiWTpm1o5kGSqS1DN/6KGxeKuPUz3Pk3ZtpZaOuBXA7n3MvNPW7ImVSW9W1kFhaXlleyq7m19Y3NLXN7pyqDSBBaIQEPRN3FknLm04piitN6KCj2XE5rbv868WsDKiQL/Hs1Cqnj4a7POoxgpaWWuTd8KKALdDlEBXQ1SMot1fWxZeatojUBmid2SvKQotwyv5rtgEQe9RXhWMqGbYXKibFQjHA6zjUjSUNM+rhLG5r62KPSiScHjNGhVtqoEwj9fIUm6u+JGHtSjjxXd3pY9eSsl4j/eY1Idc6cmPlhpKhPpos6EUcqQEkaqM0EJYqPNMFEMP1XRHpYYKJ0Zjkdgj178jypHhdtq2jfneRL52kcWdiHAzgCG06hBDdQhgoQGMMzvMKb8WS8GO/Gx7Q1Y6Qzu/AHxucPj4aTIg==</latexit><latexit sha1_base64="HU0zD6pngZQxl3qgSBOvcdu8pV8=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsglAoMyIoglB1I7ipYB/QjiWTpm1o5kGSqS1DN/6KGxeKuPUz3Pk3ZtpZaOuBXA7n3MvNPW7ImVSW9W1kFhaXlleyq7m19Y3NLXN7pyqDSBBaIQEPRN3FknLm04piitN6KCj2XE5rbv868WsDKiQL/Hs1Cqnj4a7POoxgpaWWuTd8KKALdDlEBXQ1SMot1fWxZeatojUBmid2SvKQotwyv5rtgEQe9RXhWMqGbYXKibFQjHA6zjUjSUNM+rhLG5r62KPSiScHjNGhVtqoEwj9fIUm6u+JGHtSjjxXd3pY9eSsl4j/eY1Idc6cmPlhpKhPpos6EUcqQEkaqM0EJYqPNMFEMP1XRHpYYKJ0Zjkdgj178jypHhdtq2jfneRL52kcWdiHAzgCG06hBDdQhgoQGMMzvMKb8WS8GO/Gx7Q1Y6Qzu/AHxucPj4aTIg==</latexit><latexit sha1_base64="HU0zD6pngZQxl3qgSBOvcdu8pV8=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsglAoMyIoglB1I7ipYB/QjiWTpm1o5kGSqS1DN/6KGxeKuPUz3Pk3ZtpZaOuBXA7n3MvNPW7ImVSW9W1kFhaXlleyq7m19Y3NLXN7pyqDSBBaIQEPRN3FknLm04piitN6KCj2XE5rbv868WsDKiQL/Hs1Cqnj4a7POoxgpaWWuTd8KKALdDlEBXQ1SMot1fWxZeatojUBmid2SvKQotwyv5rtgEQe9RXhWMqGbYXKibFQjHA6zjUjSUNM+rhLG5r62KPSiScHjNGhVtqoEwj9fIUm6u+JGHtSjjxXd3pY9eSsl4j/eY1Idc6cmPlhpKhPpos6EUcqQEkaqM0EJYqPNMFEMP1XRHpYYKJ0Zjkdgj178jypHhdtq2jfneRL52kcWdiHAzgCG06hBDdQhgoQGMMzvMKb8WS8GO/Gx7Q1Y6Qzu/AHxucPj4aTIg==</latexit><latexit sha1_base64="HU0zD6pngZQxl3qgSBOvcdu8pV8=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsglAoMyIoglB1I7ipYB/QjiWTpm1o5kGSqS1DN/6KGxeKuPUz3Pk3ZtpZaOuBXA7n3MvNPW7ImVSW9W1kFhaXlleyq7m19Y3NLXN7pyqDSBBaIQEPRN3FknLm04piitN6KCj2XE5rbv868WsDKiQL/Hs1Cqnj4a7POoxgpaWWuTd8KKALdDlEBXQ1SMot1fWxZeatojUBmid2SvKQotwyv5rtgEQe9RXhWMqGbYXKibFQjHA6zjUjSUNM+rhLG5r62KPSiScHjNGhVtqoEwj9fIUm6u+JGHtSjjxXd3pY9eSsl4j/eY1Idc6cmPlhpKhPpos6EUcqQEkaqM0EJYqPNMFEMP1XRHpYYKJ0Zjkdgj178jypHhdtq2jfneRL52kcWdiHAzgCG06hBDdQhgoQGMMzvMKb8WS8GO/Gx7Q1Y6Qzu/AHxucPj4aTIg==</latexit>

z+ = Az +Bv
<latexit sha1_base64="cRkUMmEonMwjppwQBs/aZZ3Xm/M=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBKJREBEUQql48VrAf0May2W7apZtN2N0U2tJf4sWDIl79Kd78N27aHLT1wcDjvRlm5vkxZ0o7zre1srq2vrGZ28pv7+zuFez9g7qKEklojUQ8kk0fK8qZoDXNNKfNWFIc+pw2/MFd6jeGVCoWiUc9iqkX4p5gASNYG6ljF8ZPJXSNbsaohG7RMN+xi07ZmQEtEzcjRchQ7dhf7W5EkpAKTThWquU6sfYmWGpGOJ3m24miMSYD3KMtQwUOqfIms8On6MQoXRRE0pTQaKb+npjgUKlR6JvOEOu+WvRS8T+vlejg0pswESeaCjJfFCQc6QilKaAuk5RoPjIEE8nMrYj0scREm6zSENzFl5dJ/azsOmX34bxYucriyMERHMMpuHABFbiHKtSAQALP8Apv1th6sd6tj3nripXNHMIfWJ8/ILWQwQ==</latexit><latexit sha1_base64="cRkUMmEonMwjppwQBs/aZZ3Xm/M=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBKJREBEUQql48VrAf0May2W7apZtN2N0U2tJf4sWDIl79Kd78N27aHLT1wcDjvRlm5vkxZ0o7zre1srq2vrGZ28pv7+zuFez9g7qKEklojUQ8kk0fK8qZoDXNNKfNWFIc+pw2/MFd6jeGVCoWiUc9iqkX4p5gASNYG6ljF8ZPJXSNbsaohG7RMN+xi07ZmQEtEzcjRchQ7dhf7W5EkpAKTThWquU6sfYmWGpGOJ3m24miMSYD3KMtQwUOqfIms8On6MQoXRRE0pTQaKb+npjgUKlR6JvOEOu+WvRS8T+vlejg0pswESeaCjJfFCQc6QilKaAuk5RoPjIEE8nMrYj0scREm6zSENzFl5dJ/azsOmX34bxYucriyMERHMMpuHABFbiHKtSAQALP8Apv1th6sd6tj3nripXNHMIfWJ8/ILWQwQ==</latexit><latexit sha1_base64="cRkUMmEonMwjppwQBs/aZZ3Xm/M=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBKJREBEUQql48VrAf0May2W7apZtN2N0U2tJf4sWDIl79Kd78N27aHLT1wcDjvRlm5vkxZ0o7zre1srq2vrGZ28pv7+zuFez9g7qKEklojUQ8kk0fK8qZoDXNNKfNWFIc+pw2/MFd6jeGVCoWiUc9iqkX4p5gASNYG6ljF8ZPJXSNbsaohG7RMN+xi07ZmQEtEzcjRchQ7dhf7W5EkpAKTThWquU6sfYmWGpGOJ3m24miMSYD3KMtQwUOqfIms8On6MQoXRRE0pTQaKb+npjgUKlR6JvOEOu+WvRS8T+vlejg0pswESeaCjJfFCQc6QilKaAuk5RoPjIEE8nMrYj0scREm6zSENzFl5dJ/azsOmX34bxYucriyMERHMMpuHABFbiHKtSAQALP8Apv1th6sd6tj3nripXNHMIfWJ8/ILWQwQ==</latexit><latexit sha1_base64="cRkUMmEonMwjppwQBs/aZZ3Xm/M=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBKJREBEUQql48VrAf0May2W7apZtN2N0U2tJf4sWDIl79Kd78N27aHLT1wcDjvRlm5vkxZ0o7zre1srq2vrGZ28pv7+zuFez9g7qKEklojUQ8kk0fK8qZoDXNNKfNWFIc+pw2/MFd6jeGVCoWiUc9iqkX4p5gASNYG6ljF8ZPJXSNbsaohG7RMN+xi07ZmQEtEzcjRchQ7dhf7W5EkpAKTThWquU6sfYmWGpGOJ3m24miMSYD3KMtQwUOqfIms8On6MQoXRRE0pTQaKb+npjgUKlR6JvOEOu+WvRS8T+vlejg0pswESeaCjJfFCQc6QilKaAuk5RoPjIEE8nMrYj0scREm6zSENzFl5dJ/azsOmX34bxYucriyMERHMMpuHABFbiHKtSAQALP8Apv1th6sd6tj3nripXNHMIfWJ8/ILWQwQ==</latexit>
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How to consider feedback in the predictions?
• Use

The real system state satisfies:
And the nominal system:
The error dynamics are thus:

The uncertainty sets            can be made smaller  

u = v +K(x� z)
<latexit sha1_base64="U5pIPDXygcwIbnFawfESHiqm+yA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpZEBEUQCl4ELxXsB7SxbLabdulmE3Y31Rr6P7x4UMSr/8Wb/8Ztm4O2Phh4vDfDzDwv4kxp2/62MguLS8sr2dXc2vrG5lZ+e6emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/NfbrAyoVC8WdHkbUDXBXMJ8RrI10H6NLNEBH6Kb4ePx02M4X7JI9AZonTkoKkKLSzn+1OiGJAyo04VippmNH2k2w1IxwOsq1YkUjTPq4S5uGChxQ5SaTq0fowCgd5IfSlNBoov6eSHCg1DDwTGeAdU/NemPxP68Za//cTZiIYk0FmS7yY450iMYRoA6TlGg+NAQTycytiPSwxESboHImBGf25XlSOyk5dsm5PS2UL9I4srAH+1AEB86gDNdQgSoQkPAMr/BmPVgv1rv1MW3NWOnMLvyB9fkDiHiQjA==</latexit><latexit sha1_base64="U5pIPDXygcwIbnFawfESHiqm+yA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpZEBEUQCl4ELxXsB7SxbLabdulmE3Y31Rr6P7x4UMSr/8Wb/8Ztm4O2Phh4vDfDzDwv4kxp2/62MguLS8sr2dXc2vrG5lZ+e6emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/NfbrAyoVC8WdHkbUDXBXMJ8RrI10H6NLNEBH6Kb4ePx02M4X7JI9AZonTkoKkKLSzn+1OiGJAyo04VippmNH2k2w1IxwOsq1YkUjTPq4S5uGChxQ5SaTq0fowCgd5IfSlNBoov6eSHCg1DDwTGeAdU/NemPxP68Za//cTZiIYk0FmS7yY450iMYRoA6TlGg+NAQTycytiPSwxESboHImBGf25XlSOyk5dsm5PS2UL9I4srAH+1AEB86gDNdQgSoQkPAMr/BmPVgv1rv1MW3NWOnMLvyB9fkDiHiQjA==</latexit><latexit sha1_base64="U5pIPDXygcwIbnFawfESHiqm+yA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpZEBEUQCl4ELxXsB7SxbLabdulmE3Y31Rr6P7x4UMSr/8Wb/8Ztm4O2Phh4vDfDzDwv4kxp2/62MguLS8sr2dXc2vrG5lZ+e6emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/NfbrAyoVC8WdHkbUDXBXMJ8RrI10H6NLNEBH6Kb4ePx02M4X7JI9AZonTkoKkKLSzn+1OiGJAyo04VippmNH2k2w1IxwOsq1YkUjTPq4S5uGChxQ5SaTq0fowCgd5IfSlNBoov6eSHCg1DDwTGeAdU/NemPxP68Za//cTZiIYk0FmS7yY450iMYRoA6TlGg+NAQTycytiPSwxESboHImBGf25XlSOyk5dsm5PS2UL9I4srAH+1AEB86gDNdQgSoQkPAMr/BmPVgv1rv1MW3NWOnMLvyB9fkDiHiQjA==</latexit><latexit sha1_base64="U5pIPDXygcwIbnFawfESHiqm+yA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpZEBEUQCl4ELxXsB7SxbLabdulmE3Y31Rr6P7x4UMSr/8Wb/8Ztm4O2Phh4vDfDzDwv4kxp2/62MguLS8sr2dXc2vrG5lZ+e6emwlgSWiUhD2XDw4pyJmhVM81pI5IUBx6nda9/NfbrAyoVC8WdHkbUDXBXMJ8RrI10H6NLNEBH6Kb4ePx02M4X7JI9AZonTkoKkKLSzn+1OiGJAyo04VippmNH2k2w1IxwOsq1YkUjTPq4S5uGChxQ5SaTq0fowCgd5IfSlNBoov6eSHCg1DDwTGeAdU/NemPxP68Za//cTZiIYk0FmS7yY450iMYRoA6TlGg+NAQTycytiPSwxESboHImBGf25XlSOyk5dsm5PS2UL9I4srAH+1AEB86gDNdQgSoQkPAMr/BmPVgv1rv1MW3NWOnMLvyB9fkDiHiQjA==</latexit>

x+ = Ax+Bv +BKe+ w
<latexit sha1_base64="HU0zD6pngZQxl3qgSBOvcdu8pV8=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsglAoMyIoglB1I7ipYB/QjiWTpm1o5kGSqS1DN/6KGxeKuPUz3Pk3ZtpZaOuBXA7n3MvNPW7ImVSW9W1kFhaXlleyq7m19Y3NLXN7pyqDSBBaIQEPRN3FknLm04piitN6KCj2XE5rbv868WsDKiQL/Hs1Cqnj4a7POoxgpaWWuTd8KKALdDlEBXQ1SMot1fWxZeatojUBmid2SvKQotwyv5rtgEQe9RXhWMqGbYXKibFQjHA6zjUjSUNM+rhLG5r62KPSiScHjNGhVtqoEwj9fIUm6u+JGHtSjjxXd3pY9eSsl4j/eY1Idc6cmPlhpKhPpos6EUcqQEkaqM0EJYqPNMFEMP1XRHpYYKJ0Zjkdgj178jypHhdtq2jfneRL52kcWdiHAzgCG06hBDdQhgoQGMMzvMKb8WS8GO/Gx7Q1Y6Qzu/AHxucPj4aTIg==</latexit><latexit sha1_base64="HU0zD6pngZQxl3qgSBOvcdu8pV8=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsglAoMyIoglB1I7ipYB/QjiWTpm1o5kGSqS1DN/6KGxeKuPUz3Pk3ZtpZaOuBXA7n3MvNPW7ImVSW9W1kFhaXlleyq7m19Y3NLXN7pyqDSBBaIQEPRN3FknLm04piitN6KCj2XE5rbv868WsDKiQL/Hs1Cqnj4a7POoxgpaWWuTd8KKALdDlEBXQ1SMot1fWxZeatojUBmid2SvKQotwyv5rtgEQe9RXhWMqGbYXKibFQjHA6zjUjSUNM+rhLG5r62KPSiScHjNGhVtqoEwj9fIUm6u+JGHtSjjxXd3pY9eSsl4j/eY1Idc6cmPlhpKhPpos6EUcqQEkaqM0EJYqPNMFEMP1XRHpYYKJ0Zjkdgj178jypHhdtq2jfneRL52kcWdiHAzgCG06hBDdQhgoQGMMzvMKb8WS8GO/Gx7Q1Y6Qzu/AHxucPj4aTIg==</latexit><latexit sha1_base64="HU0zD6pngZQxl3qgSBOvcdu8pV8=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsglAoMyIoglB1I7ipYB/QjiWTpm1o5kGSqS1DN/6KGxeKuPUz3Pk3ZtpZaOuBXA7n3MvNPW7ImVSW9W1kFhaXlleyq7m19Y3NLXN7pyqDSBBaIQEPRN3FknLm04piitN6KCj2XE5rbv868WsDKiQL/Hs1Cqnj4a7POoxgpaWWuTd8KKALdDlEBXQ1SMot1fWxZeatojUBmid2SvKQotwyv5rtgEQe9RXhWMqGbYXKibFQjHA6zjUjSUNM+rhLG5r62KPSiScHjNGhVtqoEwj9fIUm6u+JGHtSjjxXd3pY9eSsl4j/eY1Idc6cmPlhpKhPpos6EUcqQEkaqM0EJYqPNMFEMP1XRHpYYKJ0Zjkdgj178jypHhdtq2jfneRL52kcWdiHAzgCG06hBDdQhgoQGMMzvMKb8WS8GO/Gx7Q1Y6Qzu/AHxucPj4aTIg==</latexit><latexit sha1_base64="HU0zD6pngZQxl3qgSBOvcdu8pV8=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsglAoMyIoglB1I7ipYB/QjiWTpm1o5kGSqS1DN/6KGxeKuPUz3Pk3ZtpZaOuBXA7n3MvNPW7ImVSW9W1kFhaXlleyq7m19Y3NLXN7pyqDSBBaIQEPRN3FknLm04piitN6KCj2XE5rbv868WsDKiQL/Hs1Cqnj4a7POoxgpaWWuTd8KKALdDlEBXQ1SMot1fWxZeatojUBmid2SvKQotwyv5rtgEQe9RXhWMqGbYXKibFQjHA6zjUjSUNM+rhLG5r62KPSiScHjNGhVtqoEwj9fIUm6u+JGHtSjjxXd3pY9eSsl4j/eY1Idc6cmPlhpKhPpos6EUcqQEkaqM0EJYqPNMFEMP1XRHpYYKJ0Zjkdgj178jypHhdtq2jfneRL52kcWdiHAzgCG06hBDdQhgoQGMMzvMKb8WS8GO/Gx7Q1Y6Qzu/AHxucPj4aTIg==</latexit>

S(i)
<latexit sha1_base64="O6WpTyJtawl4kfNM6HZaEk2/BBc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiguKp4MVjRfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmkx7q7HxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4ANieNpw==</latexit><latexit sha1_base64="O6WpTyJtawl4kfNM6HZaEk2/BBc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiguKp4MVjRfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmkx7q7HxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4ANieNpw==</latexit><latexit sha1_base64="O6WpTyJtawl4kfNM6HZaEk2/BBc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiguKp4MVjRfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmkx7q7HxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4ANieNpw==</latexit><latexit sha1_base64="O6WpTyJtawl4kfNM6HZaEk2/BBc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiguKp4MVjRfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmkx7q7HxYrbkNNwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4ANieNpw==</latexit>

S(i) :=
i�1X

j=0

Aj
KW

<latexit sha1_base64="yaXnyfn/TcmOL5rHjLOMD+Td/go=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqwpKIoBQKFTeCm4r2AU0aJtNpO+3kwcxEKCFf4MZfceNCEbeu3fk3TtostPXAhcM593LvPW7IqJCG8a0tLa+srq3nNvKbW9s7u/reflMEEcekgQMW8LaLBGHUJw1JJSPtkBPkuYy03PFV6rceCBc08O/lJCS2hwY+7VOMpJIcvXhXoseVKrRE5DnxqGok3ZiemMlld+TcWB6SQ9eFLUcvGGVjCrhIzIwUQIa6o39ZvQBHHvElZkiIjmmE0o4RlxQzkuStSJAQ4TEakI6iPvKIsOPpOwksKqUH+wFX5Us4VX9PxMgTYuK5qjM9UMx7qfif14lk/8KOqR9Gkvh4tqgfMSgDmGYDe5QTLNlEEYQ5VbdCPEQcYakSzKsQzPmXF0nztGwaZfP2rFCrZHHkwCE4AiVggnNQA9egDhoAg0fwDF7Bm/akvWjv2sesdUnLZg7AH2ifP8lOmqk=</latexit><latexit sha1_base64="yaXnyfn/TcmOL5rHjLOMD+Td/go=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqwpKIoBQKFTeCm4r2AU0aJtNpO+3kwcxEKCFf4MZfceNCEbeu3fk3TtostPXAhcM593LvPW7IqJCG8a0tLa+srq3nNvKbW9s7u/reflMEEcekgQMW8LaLBGHUJw1JJSPtkBPkuYy03PFV6rceCBc08O/lJCS2hwY+7VOMpJIcvXhXoseVKrRE5DnxqGok3ZiemMlld+TcWB6SQ9eFLUcvGGVjCrhIzIwUQIa6o39ZvQBHHvElZkiIjmmE0o4RlxQzkuStSJAQ4TEakI6iPvKIsOPpOwksKqUH+wFX5Us4VX9PxMgTYuK5qjM9UMx7qfif14lk/8KOqR9Gkvh4tqgfMSgDmGYDe5QTLNlEEYQ5VbdCPEQcYakSzKsQzPmXF0nztGwaZfP2rFCrZHHkwCE4AiVggnNQA9egDhoAg0fwDF7Bm/akvWjv2sesdUnLZg7AH2ifP8lOmqk=</latexit><latexit sha1_base64="yaXnyfn/TcmOL5rHjLOMD+Td/go=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqwpKIoBQKFTeCm4r2AU0aJtNpO+3kwcxEKCFf4MZfceNCEbeu3fk3TtostPXAhcM593LvPW7IqJCG8a0tLa+srq3nNvKbW9s7u/reflMEEcekgQMW8LaLBGHUJw1JJSPtkBPkuYy03PFV6rceCBc08O/lJCS2hwY+7VOMpJIcvXhXoseVKrRE5DnxqGok3ZiemMlld+TcWB6SQ9eFLUcvGGVjCrhIzIwUQIa6o39ZvQBHHvElZkiIjmmE0o4RlxQzkuStSJAQ4TEakI6iPvKIsOPpOwksKqUH+wFX5Us4VX9PxMgTYuK5qjM9UMx7qfif14lk/8KOqR9Gkvh4tqgfMSgDmGYDe5QTLNlEEYQ5VbdCPEQcYakSzKsQzPmXF0nztGwaZfP2rFCrZHHkwCE4AiVggnNQA9egDhoAg0fwDF7Bm/akvWjv2sesdUnLZg7AH2ifP8lOmqk=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="vST8wFM/2xnuLom6WtRqa+3p+L0=">AAACA3icbZDLSgMxGIX/8Vpr1dGtm2Ap1IUl40YRCoobwU1Fe4FehkyatmkzF5KMUIY+gRtfxY0LRXwHd76NmbYLbT0Q+DgnIf9/vEhwpTH+tlZW19Y3NjNb2e3czu6evZ+rqTCWlFVpKELZ8IhiggesqrkWrBFJRnxPsLo3uk7z+iOTiofBgx5HrO2TfsB7nBJtLNcu3Bf58UUZtVTsu8mwjCedhJ84k6vO0L1t+UQPPA/VXTuPS3gqtAzOHPIwV8W1v1rdkMY+CzQVRKmmgyPdTojUnAo2ybZixSJCR6TPmgYD4jPVTqbrTFDBOF3UC6U5gUZT9/eLhPhKjX3P3EwHVItZav6XNWPdO28nPIhizQI6+6gXC6RDlHaDulwyqsXYAKGSm1kRHRBJqDYNZk0JzuLKy1A7LTm45NxhyMAhHEERHDiDS7iBClSBwhO8wBu8W8/Wq/Uxq2vFmvd2AH9kff4AJx2ZOA==</latexit><latexit sha1_base64="vST8wFM/2xnuLom6WtRqa+3p+L0=">AAACA3icbZDLSgMxGIX/8Vpr1dGtm2Ap1IUl40YRCoobwU1Fe4FehkyatmkzF5KMUIY+gRtfxY0LRXwHd76NmbYLbT0Q+DgnIf9/vEhwpTH+tlZW19Y3NjNb2e3czu6evZ+rqTCWlFVpKELZ8IhiggesqrkWrBFJRnxPsLo3uk7z+iOTiofBgx5HrO2TfsB7nBJtLNcu3Bf58UUZtVTsu8mwjCedhJ84k6vO0L1t+UQPPA/VXTuPS3gqtAzOHPIwV8W1v1rdkMY+CzQVRKmmgyPdTojUnAo2ybZixSJCR6TPmgYD4jPVTqbrTFDBOF3UC6U5gUZT9/eLhPhKjX3P3EwHVItZav6XNWPdO28nPIhizQI6+6gXC6RDlHaDulwyqsXYAKGSm1kRHRBJqDYNZk0JzuLKy1A7LTm45NxhyMAhHEERHDiDS7iBClSBwhO8wBu8W8/Wq/Uxq2vFmvd2AH9kff4AJx2ZOA==</latexit><latexit sha1_base64="2purxoFOLUoAMLVzH+shuSRy0M8=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQF5bEjVIoVNwIbiraBzRpmEyn7bSTBzMToYR8gRt/xY0LRdy6duffOGmz0NYDFw7n3Mu997gho0IaxreWW1ldW9/Ibxa2tnd29/T9g5YIIo5JEwcs4B0XCcKoT5qSSkY6ISfIcxlpu5Or1G8/EC5o4N/LaUhsDw19OqAYSSU5eumuTE+qNWiJyHPicc1IejE9NZPL3ti5sTwkR64L245eNCrGDHCZmBkpggwNR/+y+gGOPOJLzJAQXdMIpR0jLilmJClYkSAhwhM0JF1FfeQRYcezdxJYUkofDgKuypdwpv6eiJEnxNRzVWd6oFj0UvE/rxvJwYUdUz+MJPHxfNEgYlAGMM0G9iknWLKpIghzqm6FeIQ4wlIlWFAhmIsvL5PWWcU0KuatUaxXszjy4AgcgzIwwTmog2vQAE2AwSN4Bq/gTXvSXrR37WPemtOymUPwB9rnD8gOmqU=</latexit><latexit sha1_base64="yaXnyfn/TcmOL5rHjLOMD+Td/go=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqwpKIoBQKFTeCm4r2AU0aJtNpO+3kwcxEKCFf4MZfceNCEbeu3fk3TtostPXAhcM593LvPW7IqJCG8a0tLa+srq3nNvKbW9s7u/reflMEEcekgQMW8LaLBGHUJw1JJSPtkBPkuYy03PFV6rceCBc08O/lJCS2hwY+7VOMpJIcvXhXoseVKrRE5DnxqGok3ZiemMlld+TcWB6SQ9eFLUcvGGVjCrhIzIwUQIa6o39ZvQBHHvElZkiIjmmE0o4RlxQzkuStSJAQ4TEakI6iPvKIsOPpOwksKqUH+wFX5Us4VX9PxMgTYuK5qjM9UMx7qfif14lk/8KOqR9Gkvh4tqgfMSgDmGYDe5QTLNlEEYQ5VbdCPEQcYakSzKsQzPmXF0nztGwaZfP2rFCrZHHkwCE4AiVggnNQA9egDhoAg0fwDF7Bm/akvWjv2sesdUnLZg7AH2ifP8lOmqk=</latexit><latexit sha1_base64="yaXnyfn/TcmOL5rHjLOMD+Td/go=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqwpKIoBQKFTeCm4r2AU0aJtNpO+3kwcxEKCFf4MZfceNCEbeu3fk3TtostPXAhcM593LvPW7IqJCG8a0tLa+srq3nNvKbW9s7u/reflMEEcekgQMW8LaLBGHUJw1JJSPtkBPkuYy03PFV6rceCBc08O/lJCS2hwY+7VOMpJIcvXhXoseVKrRE5DnxqGok3ZiemMlld+TcWB6SQ9eFLUcvGGVjCrhIzIwUQIa6o39ZvQBHHvElZkiIjmmE0o4RlxQzkuStSJAQ4TEakI6iPvKIsOPpOwksKqUH+wFX5Us4VX9PxMgTYuK5qjM9UMx7qfif14lk/8KOqR9Gkvh4tqgfMSgDmGYDe5QTLNlEEYQ5VbdCPEQcYakSzKsQzPmXF0nztGwaZfP2rFCrZHHkwCE4AiVggnNQA9egDhoAg0fwDF7Bm/akvWjv2sesdUnLZg7AH2ifP8lOmqk=</latexit><latexit sha1_base64="yaXnyfn/TcmOL5rHjLOMD+Td/go=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqwpKIoBQKFTeCm4r2AU0aJtNpO+3kwcxEKCFf4MZfceNCEbeu3fk3TtostPXAhcM593LvPW7IqJCG8a0tLa+srq3nNvKbW9s7u/reflMEEcekgQMW8LaLBGHUJw1JJSPtkBPkuYy03PFV6rceCBc08O/lJCS2hwY+7VOMpJIcvXhXoseVKrRE5DnxqGok3ZiemMlld+TcWB6SQ9eFLUcvGGVjCrhIzIwUQIa6o39ZvQBHHvElZkiIjmmE0o4RlxQzkuStSJAQ4TEakI6iPvKIsOPpOwksKqUH+wFX5Us4VX9PxMgTYuK5qjM9UMx7qfif14lk/8KOqR9Gkvh4tqgfMSgDmGYDe5QTLNlEEYQ5VbdCPEQcYakSzKsQzPmXF0nztGwaZfP2rFCrZHHkwCE4AiVggnNQA9egDhoAg0fwDF7Bm/akvWjv2sesdUnLZg7AH2ifP8lOmqk=</latexit><latexit sha1_base64="yaXnyfn/TcmOL5rHjLOMD+Td/go=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqwpKIoBQKFTeCm4r2AU0aJtNpO+3kwcxEKCFf4MZfceNCEbeu3fk3TtostPXAhcM593LvPW7IqJCG8a0tLa+srq3nNvKbW9s7u/reflMEEcekgQMW8LaLBGHUJw1JJSPtkBPkuYy03PFV6rceCBc08O/lJCS2hwY+7VOMpJIcvXhXoseVKrRE5DnxqGok3ZiemMlld+TcWB6SQ9eFLUcvGGVjCrhIzIwUQIa6o39ZvQBHHvElZkiIjmmE0o4RlxQzkuStSJAQ4TEakI6iPvKIsOPpOwksKqUH+wFX5Us4VX9PxMgTYuK5qjM9UMx7qfif14lk/8KOqR9Gkvh4tqgfMSgDmGYDe5QTLNlEEYQ5VbdCPEQcYakSzKsQzPmXF0nztGwaZfP2rFCrZHHkwCE4AiVggnNQA9egDhoAg0fwDF7Bm/akvWjv2sesdUnLZg7AH2ifP8lOmqk=</latexit><latexit sha1_base64="yaXnyfn/TcmOL5rHjLOMD+Td/go=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqwpKIoBQKFTeCm4r2AU0aJtNpO+3kwcxEKCFf4MZfceNCEbeu3fk3TtostPXAhcM593LvPW7IqJCG8a0tLa+srq3nNvKbW9s7u/reflMEEcekgQMW8LaLBGHUJw1JJSPtkBPkuYy03PFV6rceCBc08O/lJCS2hwY+7VOMpJIcvXhXoseVKrRE5DnxqGok3ZiemMlld+TcWB6SQ9eFLUcvGGVjCrhIzIwUQIa6o39ZvQBHHvElZkiIjmmE0o4RlxQzkuStSJAQ4TEakI6iPvKIsOPpOwksKqUH+wFX5Us4VX9PxMgTYuK5qjM9UMx7qfif14lk/8KOqR9Gkvh4tqgfMSgDmGYDe5QTLNlEEYQ5VbdCPEQcYakSzKsQzPmXF0nztGwaZfP2rFCrZHHkwCE4AiVggnNQA9egDhoAg0fwDF7Bm/akvWjv2sesdUnLZg7AH2ifP8lOmqk=</latexit><latexit sha1_base64="yaXnyfn/TcmOL5rHjLOMD+Td/go=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqwpKIoBQKFTeCm4r2AU0aJtNpO+3kwcxEKCFf4MZfceNCEbeu3fk3TtostPXAhcM593LvPW7IqJCG8a0tLa+srq3nNvKbW9s7u/reflMEEcekgQMW8LaLBGHUJw1JJSPtkBPkuYy03PFV6rceCBc08O/lJCS2hwY+7VOMpJIcvXhXoseVKrRE5DnxqGok3ZiemMlld+TcWB6SQ9eFLUcvGGVjCrhIzIwUQIa6o39ZvQBHHvElZkiIjmmE0o4RlxQzkuStSJAQ4TEakI6iPvKIsOPpOwksKqUH+wFX5Us4VX9PxMgTYuK5qjM9UMx7qfif14lk/8KOqR9Gkvh4tqgfMSgDmGYDe5QTLNlEEYQ5VbdCPEQcYakSzKsQzPmXF0nztGwaZfP2rFCrZHHkwCE4AiVggnNQA9egDhoAg0fwDF7Bm/akvWjv2sesdUnLZg7AH2ifP8lOmqk=</latexit>

e+ = AKe+ w
<latexit sha1_base64="T2LBVIBnJukiByGZJO21jFrklQ8=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMgBMKuCIogRLwIXiKYBySbMDvpJENmH8zMGsKS//DiQRGv/os3/8ZJsgdNLGgoqrrp7vIiwZW27W8rs7K6tr6R3cxtbe/s7uX3D2oqjCXDKgtFKBseVSh4gFXNtcBGJJH6nsC6N7yd+vUnlIqHwaMeR+j6tB/wHmdUG6mN7SK5JjedeyRFMurkC3bJnoEsEyclBUhR6eS/Wt2QxT4GmgmqVNOxI+0mVGrOBE5yrVhhRNmQ9rFpaEB9VG4yu3pCTozSJb1Qmgo0mam/JxLqKzX2PdPpUz1Qi95U/M9rxrp36SY8iGKNAZsv6sWC6JBMIyBdLpFpMTaEMsnNrYQNqKRMm6ByJgRn8eVlUjsrOXbJeTgvlK/SOLJwBMdwCg5cQBnuoAJVYCDhGV7hzRpZL9a79TFvzVjpzCH8gfX5A6AnkJs=</latexit><latexit sha1_base64="T2LBVIBnJukiByGZJO21jFrklQ8=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMgBMKuCIogRLwIXiKYBySbMDvpJENmH8zMGsKS//DiQRGv/os3/8ZJsgdNLGgoqrrp7vIiwZW27W8rs7K6tr6R3cxtbe/s7uX3D2oqjCXDKgtFKBseVSh4gFXNtcBGJJH6nsC6N7yd+vUnlIqHwaMeR+j6tB/wHmdUG6mN7SK5JjedeyRFMurkC3bJnoEsEyclBUhR6eS/Wt2QxT4GmgmqVNOxI+0mVGrOBE5yrVhhRNmQ9rFpaEB9VG4yu3pCTozSJb1Qmgo0mam/JxLqKzX2PdPpUz1Qi95U/M9rxrp36SY8iGKNAZsv6sWC6JBMIyBdLpFpMTaEMsnNrYQNqKRMm6ByJgRn8eVlUjsrOXbJeTgvlK/SOLJwBMdwCg5cQBnuoAJVYCDhGV7hzRpZL9a79TFvzVjpzCH8gfX5A6AnkJs=</latexit><latexit sha1_base64="T2LBVIBnJukiByGZJO21jFrklQ8=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMgBMKuCIogRLwIXiKYBySbMDvpJENmH8zMGsKS//DiQRGv/os3/8ZJsgdNLGgoqrrp7vIiwZW27W8rs7K6tr6R3cxtbe/s7uX3D2oqjCXDKgtFKBseVSh4gFXNtcBGJJH6nsC6N7yd+vUnlIqHwaMeR+j6tB/wHmdUG6mN7SK5JjedeyRFMurkC3bJnoEsEyclBUhR6eS/Wt2QxT4GmgmqVNOxI+0mVGrOBE5yrVhhRNmQ9rFpaEB9VG4yu3pCTozSJb1Qmgo0mam/JxLqKzX2PdPpUz1Qi95U/M9rxrp36SY8iGKNAZsv6sWC6JBMIyBdLpFpMTaEMsnNrYQNqKRMm6ByJgRn8eVlUjsrOXbJeTgvlK/SOLJwBMdwCg5cQBnuoAJVYCDhGV7hzRpZL9a79TFvzVjpzCH8gfX5A6AnkJs=</latexit><latexit sha1_base64="T2LBVIBnJukiByGZJO21jFrklQ8=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMgBMKuCIogRLwIXiKYBySbMDvpJENmH8zMGsKS//DiQRGv/os3/8ZJsgdNLGgoqrrp7vIiwZW27W8rs7K6tr6R3cxtbe/s7uX3D2oqjCXDKgtFKBseVSh4gFXNtcBGJJH6nsC6N7yd+vUnlIqHwaMeR+j6tB/wHmdUG6mN7SK5JjedeyRFMurkC3bJnoEsEyclBUhR6eS/Wt2QxT4GmgmqVNOxI+0mVGrOBE5yrVhhRNmQ9rFpaEB9VG4yu3pCTozSJb1Qmgo0mam/JxLqKzX2PdPpUz1Qi95U/M9rxrp36SY8iGKNAZsv6sWC6JBMIyBdLpFpMTaEMsnNrYQNqKRMm6ByJgRn8eVlUjsrOXbJeTgvlK/SOLJwBMdwCg5cQBnuoAJVYCDhGV7hzRpZL9a79TFvzVjpzCH8gfX5A6AnkJs=</latexit>

z+ = Az +Bv
<latexit sha1_base64="cRkUMmEonMwjppwQBs/aZZ3Xm/M=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBKJREBEUQql48VrAf0May2W7apZtN2N0U2tJf4sWDIl79Kd78N27aHLT1wcDjvRlm5vkxZ0o7zre1srq2vrGZ28pv7+zuFez9g7qKEklojUQ8kk0fK8qZoDXNNKfNWFIc+pw2/MFd6jeGVCoWiUc9iqkX4p5gASNYG6ljF8ZPJXSNbsaohG7RMN+xi07ZmQEtEzcjRchQ7dhf7W5EkpAKTThWquU6sfYmWGpGOJ3m24miMSYD3KMtQwUOqfIms8On6MQoXRRE0pTQaKb+npjgUKlR6JvOEOu+WvRS8T+vlejg0pswESeaCjJfFCQc6QilKaAuk5RoPjIEE8nMrYj0scREm6zSENzFl5dJ/azsOmX34bxYucriyMERHMMpuHABFbiHKtSAQALP8Apv1th6sd6tj3nripXNHMIfWJ8/ILWQwQ==</latexit><latexit sha1_base64="cRkUMmEonMwjppwQBs/aZZ3Xm/M=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBKJREBEUQql48VrAf0May2W7apZtN2N0U2tJf4sWDIl79Kd78N27aHLT1wcDjvRlm5vkxZ0o7zre1srq2vrGZ28pv7+zuFez9g7qKEklojUQ8kk0fK8qZoDXNNKfNWFIc+pw2/MFd6jeGVCoWiUc9iqkX4p5gASNYG6ljF8ZPJXSNbsaohG7RMN+xi07ZmQEtEzcjRchQ7dhf7W5EkpAKTThWquU6sfYmWGpGOJ3m24miMSYD3KMtQwUOqfIms8On6MQoXRRE0pTQaKb+npjgUKlR6JvOEOu+WvRS8T+vlejg0pswESeaCjJfFCQc6QilKaAuk5RoPjIEE8nMrYj0scREm6zSENzFl5dJ/azsOmX34bxYucriyMERHMMpuHABFbiHKtSAQALP8Apv1th6sd6tj3nripXNHMIfWJ8/ILWQwQ==</latexit><latexit sha1_base64="cRkUMmEonMwjppwQBs/aZZ3Xm/M=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBKJREBEUQql48VrAf0May2W7apZtN2N0U2tJf4sWDIl79Kd78N27aHLT1wcDjvRlm5vkxZ0o7zre1srq2vrGZ28pv7+zuFez9g7qKEklojUQ8kk0fK8qZoDXNNKfNWFIc+pw2/MFd6jeGVCoWiUc9iqkX4p5gASNYG6ljF8ZPJXSNbsaohG7RMN+xi07ZmQEtEzcjRchQ7dhf7W5EkpAKTThWquU6sfYmWGpGOJ3m24miMSYD3KMtQwUOqfIms8On6MQoXRRE0pTQaKb+npjgUKlR6JvOEOu+WvRS8T+vlejg0pswESeaCjJfFCQc6QilKaAuk5RoPjIEE8nMrYj0scREm6zSENzFl5dJ/azsOmX34bxYucriyMERHMMpuHABFbiHKtSAQALP8Apv1th6sd6tj3nripXNHMIfWJ8/ILWQwQ==</latexit><latexit sha1_base64="cRkUMmEonMwjppwQBs/aZZ3Xm/M=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBKJREBEUQql48VrAf0May2W7apZtN2N0U2tJf4sWDIl79Kd78N27aHLT1wcDjvRlm5vkxZ0o7zre1srq2vrGZ28pv7+zuFez9g7qKEklojUQ8kk0fK8qZoDXNNKfNWFIc+pw2/MFd6jeGVCoWiUc9iqkX4p5gASNYG6ljF8ZPJXSNbsaohG7RMN+xi07ZmQEtEzcjRchQ7dhf7W5EkpAKTThWquU6sfYmWGpGOJ3m24miMSYD3KMtQwUOqfIms8On6MQoXRRE0pTQaKb+npjgUKlR6JvOEOu+WvRS8T+vlejg0pswESeaCjJfFCQc6QilKaAuk5RoPjIEE8nMrYj0scREm6zSENzFl5dJ/azsOmX34bxYucriyMERHMMpuHABFbiHKtSAQALP8Apv1th6sd6tj3nripXNHMIfWJ8/ILWQwQ==</latexit>
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z0
<latexit sha1_base64="8mTmqljM8+q4nwK6c8V59c6SjdQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcK0I2Z</latexit><latexit sha1_base64="8mTmqljM8+q4nwK6c8V59c6SjdQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcK0I2Z</latexit><latexit sha1_base64="8mTmqljM8+q4nwK6c8V59c6SjdQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcK0I2Z</latexit><latexit sha1_base64="8mTmqljM8+q4nwK6c8V59c6SjdQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcK0I2Z</latexit>

z1
<latexit sha1_base64="McWOxcWgiPX7fuO7gTBaIW6Lj18=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099r1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcMVI2a</latexit><latexit sha1_base64="McWOxcWgiPX7fuO7gTBaIW6Lj18=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099r1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcMVI2a</latexit><latexit sha1_base64="McWOxcWgiPX7fuO7gTBaIW6Lj18=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099r1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcMVI2a</latexit><latexit sha1_base64="McWOxcWgiPX7fuO7gTBaIW6Lj18=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099r1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcMVI2a</latexit>

z2
<latexit sha1_base64="l+ujHsTvjkTRoM7Qg6IDjw6E30w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8N2I2b</latexit><latexit sha1_base64="l+ujHsTvjkTRoM7Qg6IDjw6E30w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8N2I2b</latexit><latexit sha1_base64="l+ujHsTvjkTRoM7Qg6IDjw6E30w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8N2I2b</latexit><latexit sha1_base64="l+ujHsTvjkTRoM7Qg6IDjw6E30w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyPU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8N2I2b</latexit>

z3
<latexit sha1_base64="H4i1w7euthoHArRgkLOVZDgtyYc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUDwVvHisaD+gDWWz3bRLN5uwOxFq6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1znvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PXI2c</latexit><latexit sha1_base64="H4i1w7euthoHArRgkLOVZDgtyYc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUDwVvHisaD+gDWWz3bRLN5uwOxFq6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1znvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PXI2c</latexit><latexit sha1_base64="H4i1w7euthoHArRgkLOVZDgtyYc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUDwVvHisaD+gDWWz3bRLN5uwOxFq6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1znvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PXI2c</latexit><latexit sha1_base64="H4i1w7euthoHArRgkLOVZDgtyYc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUDwVvHisaD+gDWWz3bRLN5uwOxFq6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1znvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PXI2c</latexit>

x3
<latexit sha1_base64="FsFp5SDaWDjvwmxpdt2PBoWBq3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUDwVvHisaD+gDWWz3bRLN5uwOxFL6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1znvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8MUI2a</latexit><latexit sha1_base64="FsFp5SDaWDjvwmxpdt2PBoWBq3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUDwVvHisaD+gDWWz3bRLN5uwOxFL6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1znvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8MUI2a</latexit><latexit sha1_base64="FsFp5SDaWDjvwmxpdt2PBoWBq3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUDwVvHisaD+gDWWz3bRLN5uwOxFL6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1znvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8MUI2a</latexit><latexit sha1_base64="FsFp5SDaWDjvwmxpdt2PBoWBq3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUDwVvHisaD+gDWWz3bRLN5uwOxFL6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1znvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8MUI2a</latexit>

x2
<latexit sha1_base64="958LDsa5w4EedPbIxPcFgVddcGo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8KzI2Z</latexit><latexit sha1_base64="958LDsa5w4EedPbIxPcFgVddcGo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8KzI2Z</latexit><latexit sha1_base64="958LDsa5w4EedPbIxPcFgVddcGo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8KzI2Z</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="wuMy5Zi9s76eqzjPInC233JnqW8=">AAAB33icbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyon1AO5RMetuGZjJDckcsQ3+CGxeK+K/c+W9MHwttPRD4OCch954oVdKS7397ha3tnd294n7poHx4dFw5KbdskhmBTZGoxHQiblFJjU2SpLCTGuRxpLAdTW7nefsJjZWJfqRpimHMR1oOpeDkrIfnfr1fqfo1fyG2CcEKqrBSo1/56g0SkcWoSShubTfwUwpzbkgKhbNSL7OYcjHhI+w61DxGG+aLUWfswjkDNkyMO5rYwv39IuextdM4cjdjTmO7ns3N/7JuRsPrMJc6zQi1WH40zBSjhM33ZgNpUJCaOuDCSDcrE2NuuCDXTsmVEKyvvAmtei3wa8G9D0U4g3O4hACu4AbuoAFNEDCCF3iDd095r97Hsq6Ct+rtFP7I+/wB8cSMTA==</latexit><latexit sha1_base64="wuMy5Zi9s76eqzjPInC233JnqW8=">AAAB33icbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyon1AO5RMetuGZjJDckcsQ3+CGxeK+K/c+W9MHwttPRD4OCch954oVdKS7397ha3tnd294n7poHx4dFw5KbdskhmBTZGoxHQiblFJjU2SpLCTGuRxpLAdTW7nefsJjZWJfqRpimHMR1oOpeDkrIfnfr1fqfo1fyG2CcEKqrBSo1/56g0SkcWoSShubTfwUwpzbkgKhbNSL7OYcjHhI+w61DxGG+aLUWfswjkDNkyMO5rYwv39IuextdM4cjdjTmO7ns3N/7JuRsPrMJc6zQi1WH40zBSjhM33ZgNpUJCaOuDCSDcrE2NuuCDXTsmVEKyvvAmtei3wa8G9D0U4g3O4hACu4AbuoAFNEDCCF3iDd095r97Hsq6Ct+rtFP7I+/wB8cSMTA==</latexit><latexit sha1_base64="KKJQ+y3KNpFDgdiB3LP3QRyDigM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SGKwCNpYRzQckR9jb7CVL9vaO3TkxHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjP3O49cGxGrB5wm3I/oSIlQMIpWun8a1Ablilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7VvXcqnfnVhrXeRxFOINzuAQPrqABt9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AEJjI2V</latexit><latexit sha1_base64="958LDsa5w4EedPbIxPcFgVddcGo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8KzI2Z</latexit><latexit sha1_base64="958LDsa5w4EedPbIxPcFgVddcGo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8KzI2Z</latexit><latexit sha1_base64="958LDsa5w4EedPbIxPcFgVddcGo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8KzI2Z</latexit><latexit sha1_base64="958LDsa5w4EedPbIxPcFgVddcGo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8KzI2Z</latexit><latexit sha1_base64="958LDsa5w4EedPbIxPcFgVddcGo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8KzI2Z</latexit><latexit sha1_base64="958LDsa5w4EedPbIxPcFgVddcGo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK90/9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uolK/zuMowgmcwjl4cAl1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8KzI2Z</latexit>
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<latexit sha1_base64="Gx1rB9K2pA68P1aOYP+U250HTz0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099r1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcJSI2Y</latexit><latexit sha1_base64="Gx1rB9K2pA68P1aOYP+U250HTz0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099r1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcJSI2Y</latexit><latexit sha1_base64="Gx1rB9K2pA68P1aOYP+U250HTz0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099r1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcJSI2Y</latexit><latexit sha1_base64="Gx1rB9K2pA68P1aOYP+U250HTz0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099r1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcJSI2Y</latexit>x0

<latexit sha1_base64="sj0Q4TTinasubccIzRWSrKXl10g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcHxI2X</latexit><latexit sha1_base64="sj0Q4TTinasubccIzRWSrKXl10g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcHxI2X</latexit><latexit sha1_base64="sj0Q4TTinasubccIzRWSrKXl10g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcHxI2X</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="SrJkHXS5qh1LHvZpbMDdoRqtan4=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQpuHFZ0bZCO5RMmmlDk8yQ3BHL0Edw40IR38qdb2P6s9DWA4GPcxJy74kzJR1S+h2UNja3tnfKu5W96v7BYe2o2nZpbrlo8VSl9jFmTihpRAslKvGYWcF0rEQnHt/M8s6TsE6m5gEnmYg0GxqZSM7QW/fPfdqv1WmDzkXWIVxCHZZq9mtfvUHKcy0McsWc64Y0w6hgFiVXYlrp5U5kjI/ZUHQ9GqaFi4r5qFNy5p0BSVLrj0Eyd3+/KJh2bqJjf1MzHLnVbGb+l3VzTK6iQposR2H44qMkVwRTMtubDKQVHNXEA+NW+lkJHzHLOPp2Kr6EcHXldWhfNELaCO8olOEETuEcQriEa7iFJrSAwxBe4A3eAxW8Bh+LukrBsrdj+KPg8wfu0oxK</latexit><latexit sha1_base64="SrJkHXS5qh1LHvZpbMDdoRqtan4=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQpuHFZ0bZCO5RMmmlDk8yQ3BHL0Edw40IR38qdb2P6s9DWA4GPcxJy74kzJR1S+h2UNja3tnfKu5W96v7BYe2o2nZpbrlo8VSl9jFmTihpRAslKvGYWcF0rEQnHt/M8s6TsE6m5gEnmYg0GxqZSM7QW/fPfdqv1WmDzkXWIVxCHZZq9mtfvUHKcy0McsWc64Y0w6hgFiVXYlrp5U5kjI/ZUHQ9GqaFi4r5qFNy5p0BSVLrj0Eyd3+/KJh2bqJjf1MzHLnVbGb+l3VzTK6iQposR2H44qMkVwRTMtubDKQVHNXEA+NW+lkJHzHLOPp2Kr6EcHXldWhfNELaCO8olOEETuEcQriEa7iFJrSAwxBe4A3eAxW8Bh+LukrBsrdj+KPg8wfu0oxK</latexit><latexit sha1_base64="HK6yYQUH4JQdjN6Y+4JopprMtW4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZsFKuAjWVE8wHJEfY2e8mSvb1jd04MIT/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8MFXSIqXfXmFtfWNzq7hd2tnd2z8oHx41bZIZLho8UYlph8wKJbVooEQl2qkRLA6VaIWjm5nfehTGykQ/4DgVQcwGWkaSM3TS/VOP9soVWqVzkFXi56QCOeq98le3n/AsFhq5YtZ2fJpiMGEGJVdiWupmVqSMj9hAdBzVLBY2mMxPnZIzp/RJlBhXGslc/T0xYbG14zh0nTHDoV32ZuJ/XifD6CqYSJ1mKDRfLIoyRTAhs79JXxrBUY0dYdxIdyvhQ2YYR5dOyYXgL7+8SpoXVZ9W/TtaqV3ncRThBE7hHHy4hBrcQh0awGEAz/AKb57yXrx372PRWvDymWP4A+/zBwaEjZM=</latexit><latexit sha1_base64="sj0Q4TTinasubccIzRWSrKXl10g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcHxI2X</latexit><latexit sha1_base64="sj0Q4TTinasubccIzRWSrKXl10g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcHxI2X</latexit><latexit sha1_base64="sj0Q4TTinasubccIzRWSrKXl10g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcHxI2X</latexit><latexit sha1_base64="sj0Q4TTinasubccIzRWSrKXl10g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcHxI2X</latexit><latexit sha1_base64="sj0Q4TTinasubccIzRWSrKXl10g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcHxI2X</latexit><latexit sha1_base64="sj0Q4TTinasubccIzRWSrKXl10g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePFY0X5AG8pmO2mXbjZhdyOW0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rF8MJME/YgOJQ85o8ZK9099t1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/uslK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcHxI2X</latexit>

X̂
<latexit sha1_base64="19xK/wAtr6YHT7LTm/iKTqh2qtw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSszukSNq9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/DhCOvw==</latexit><latexit sha1_base64="19xK/wAtr6YHT7LTm/iKTqh2qtw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSszukSNq9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/DhCOvw==</latexit><latexit sha1_base64="19xK/wAtr6YHT7LTm/iKTqh2qtw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSszukSNq9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/DhCOvw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="2yq9s5cmfOZs/p4lCV763fxs+lk=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWTZtrYTDIkd4Qy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzJR1S+h2UtrZ3dvfK+5WD6uHRce2k2nYmt1y0uFHGdmPmhJJatFCiEt3MCpbGSnTiyd087zwL66TRjzjNRJSykZaJ5Ay91e6PGZLuoFanDboQ2YRwBXVYqTmoffWHhuep0MgVc64X0gyjglmUXIlZpZ87kTE+YSPR86hZKlxULKadkQvvDElirD8aycL9/aJgqXPTNPY3U4Zjt57Nzf+yXo7JTVRIneUoNF9+lOSKoCHz1clQWsFRTT0wbqWflfAxs4yjL6jiSwjXV96E9lUjpI3wgUIZzuAcLiGEa7iFe2hCCzg8wQu8wXtggtfgY1lXKVj1dgp/FHz+AOjwjW8=</latexit><latexit sha1_base64="2yq9s5cmfOZs/p4lCV763fxs+lk=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWTZtrYTDIkd4Qy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzJR1S+h2UtrZ3dvfK+5WD6uHRce2k2nYmt1y0uFHGdmPmhJJatFCiEt3MCpbGSnTiyd087zwL66TRjzjNRJSykZaJ5Ay91e6PGZLuoFanDboQ2YRwBXVYqTmoffWHhuep0MgVc64X0gyjglmUXIlZpZ87kTE+YSPR86hZKlxULKadkQvvDElirD8aycL9/aJgqXPTNPY3U4Zjt57Nzf+yXo7JTVRIneUoNF9+lOSKoCHz1clQWsFRTT0wbqWflfAxs4yjL6jiSwjXV96E9lUjpI3wgUIZzuAcLiGEa7iFe2hCCzg8wQu8wXtggtfgY1lXKVj1dgp/FHz+AOjwjW8=</latexit><latexit sha1_base64="PRrSw07ps8jIpfJDAIEq6Usx4c4=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NYhWwsYxgPiA5wt5mL1mzt3vszgnhyH+wsVDE1v9j579xk1yhiQ8GHu/NMDMvSqWw6Pvf3tr6xubWdmmnvLu3f3BYOTpuWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4dua3n7ixQqsHnKQ8TOhQiVgwik5q9UYUSadfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu2UnDtlQGJtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhvF1mAuVZsgVWyyKM0lQk9nrZCAMZygnjlBmhLuVsBE1lKELqOxCCJZfXiWty1rg14J7v1q/KeIowSmcwQUEcAV1uIMGNIHBIzzDK7x52nvx3r2PReuaV8ycwB94nz8M0I67</latexit><latexit sha1_base64="19xK/wAtr6YHT7LTm/iKTqh2qtw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSszukSNq9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/DhCOvw==</latexit><latexit sha1_base64="19xK/wAtr6YHT7LTm/iKTqh2qtw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSszukSNq9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/DhCOvw==</latexit><latexit sha1_base64="19xK/wAtr6YHT7LTm/iKTqh2qtw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSszukSNq9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/DhCOvw==</latexit><latexit sha1_base64="19xK/wAtr6YHT7LTm/iKTqh2qtw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSszukSNq9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/DhCOvw==</latexit><latexit sha1_base64="19xK/wAtr6YHT7LTm/iKTqh2qtw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSszukSNq9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/DhCOvw==</latexit><latexit sha1_base64="19xK/wAtr6YHT7LTm/iKTqh2qtw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSszukSNq9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSazuBn2I4oQYFk3xa6maWp5SN6IB3HFU04TaczK+dkjOn9EmsjSuFZK7+npjQxNpxErnOhOLQLnsz8T+vk2F8HU6ESjPkii0WxZkkqMnsddIXhjOUY0coM8LdStiQGsrQBVRyIQTLL6+S5kU18KvB/WWldpPHUYQTOIVzCOAKanAHdWgAg0d4hld487T34r17H4vWgpfPHMMfeJ8/DhCOvw==</latexit>

S(1)
<latexit sha1_base64="nqRNyNbdBypE7yFz2YTwjjS3Tu4=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUS0lEUDwVvHisaD+kDWWz3bRLN5uwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrBxwn3I/oQIlQMIpWeryvdIUKcXzWK5XdqjsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbwhJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDKz8TKkmRKzZfFKaSYEym35O+0JyhHFtCmRb2VsKGVFOGNqOiDcFbfHmZNM+rnlv17i7Ktes8jgIcwwlUwINLqMEt1KEBDCJ4hld4c7Tz4rw7H/PWFSefOYI/cD5/AC17j/Y=</latexit><latexit sha1_base64="nqRNyNbdBypE7yFz2YTwjjS3Tu4=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUS0lEUDwVvHisaD+kDWWz3bRLN5uwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrBxwn3I/oQIlQMIpWeryvdIUKcXzWK5XdqjsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbwhJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDKz8TKkmRKzZfFKaSYEym35O+0JyhHFtCmRb2VsKGVFOGNqOiDcFbfHmZNM+rnlv17i7Ktes8jgIcwwlUwINLqMEt1KEBDCJ4hld4c7Tz4rw7H/PWFSefOYI/cD5/AC17j/Y=</latexit><latexit sha1_base64="nqRNyNbdBypE7yFz2YTwjjS3Tu4=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUS0lEUDwVvHisaD+kDWWz3bRLN5uwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrBxwn3I/oQIlQMIpWeryvdIUKcXzWK5XdqjsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbwhJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDKz8TKkmRKzZfFKaSYEym35O+0JyhHFtCmRb2VsKGVFOGNqOiDcFbfHmZNM+rnlv17i7Ktes8jgIcwwlUwINLqMEt1KEBDCJ4hld4c7Tz4rw7H/PWFSefOYI/cD5/AC17j/Y=</latexit><latexit sha1_base64="nqRNyNbdBypE7yFz2YTwjjS3Tu4=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUS0lEUDwVvHisaD+kDWWz3bRLN5uwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrBxwn3I/oQIlQMIpWeryvdIUKcXzWK5XdqjsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbwhJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDKz8TKkmRKzZfFKaSYEym35O+0JyhHFtCmRb2VsKGVFOGNqOiDcFbfHmZNM+rnlv17i7Ktes8jgIcwwlUwINLqMEt1KEBDCJ4hld4c7Tz4rw7H/PWFSefOYI/cD5/AC17j/Y=</latexit>
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Tube-based model predictive control
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How to guarantee constraint satisfaction?
• Impose tightened constraints for the nominal system

Stability is guaranteed if the nominal system and            are stable AK
<latexit sha1_base64="cJLDbDyIWcAm/oElG20WWRy56XI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDxVvAheKtoPaEPZbCft0s0m7G6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Ubz2h0jyWj2acoB/RgeQhZ9RY6eG6d9crV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZn+TfpcITNibAllittbCRtSRZmx6ZRsCN7iy8ukeVb13Kp3f16pXeVxFOEIjuEUPLiAGtxCHRrAYADP8ApvjnBenHfnY95acPKZQ/gD5/MH3NeNew==</latexit><latexit sha1_base64="cJLDbDyIWcAm/oElG20WWRy56XI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDxVvAheKtoPaEPZbCft0s0m7G6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Ubz2h0jyWj2acoB/RgeQhZ9RY6eG6d9crV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZn+TfpcITNibAllittbCRtSRZmx6ZRsCN7iy8ukeVb13Kp3f16pXeVxFOEIjuEUPLiAGtxCHRrAYADP8ApvjnBenHfnY95acPKZQ/gD5/MH3NeNew==</latexit><latexit sha1_base64="cJLDbDyIWcAm/oElG20WWRy56XI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDxVvAheKtoPaEPZbCft0s0m7G6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Ubz2h0jyWj2acoB/RgeQhZ9RY6eG6d9crV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZn+TfpcITNibAllittbCRtSRZmx6ZRsCN7iy8ukeVb13Kp3f16pXeVxFOEIjuEUPLiAGtxCHRrAYADP8ApvjnBenHfnY95acPKZQ/gD5/MH3NeNew==</latexit><latexit sha1_base64="cJLDbDyIWcAm/oElG20WWRy56XI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDxVvAheKtoPaEPZbCft0s0m7G6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Ubz2h0jyWj2acoB/RgeQhZ9RY6eG6d9crV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bnTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZn+TfpcITNibAllittbCRtSRZmx6ZRsCN7iy8ukeVb13Kp3f16pXeVxFOEIjuEUPLiAGtxCHRrAYADP8ApvjnBenHfnY95acPKZQ/gD5/MH3NeNew==</latexit>

z(i) 2 Z := X S(1)

v(i) 2 V := U KS(1)
<latexit sha1_base64="/oAtmeVO9VjRVjOYT42BNzylIfg="></latexit><latexit sha1_base64="/oAtmeVO9VjRVjOYT42BNzylIfg="></latexit><latexit sha1_base64="/oAtmeVO9VjRVjOYT42BNzylIfg="></latexit><latexit sha1_base64="/oAtmeVO9VjRVjOYT42BNzylIfg="></latexit>
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Tube-based MPC: Four main challenges
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1. Which objective should be optimized?
 Nominal objective
2.  Constraints should be satisfied for all possible outcomes
 Tighten constraints based on invariant sets
3.  Performance should not be overly conservative
 Ancillary feedback controller: stay close to nominal traj.
4.  The closed-loop should be stable for all possible outcomes
 Stable nominal and error closed-loop systems
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A simple 
example

Robust constraint 
satisfaction with the 
complexity of standard MPC
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Simple example
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Linear system

Constraints

Stage cost



Minimal RPI Set
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Terminal set obtained using inf. horizon LQR gain
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Tube with initial condition fixed
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State and control trajectories
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Tube with relaxed initial condition
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Faster convergence can be achieved!



State and control trajectories
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Other approaches

• General complexity and homothetic tube-based MPC
• Use a more complex description of the uncertainty sets to improve 

performance

• Tube-enhanced multi-stage MPC
• Use multi-stage MPC for significant uncertainties and use tube-

based MPC for less important ones to avoid too large scenario trees

81

[Kouvaritakis and Canon, 2016]

[Subramanian, Lucia, Paulen and Engell. International Journal of Robust and Nonlinear Control, 2021]

.

.

.

.

Multi-stage NMPC Tube-based NMPC TEMS NMPC
[Mayne et al., 2011]
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What can a scenario tree give you?

Sergio Lucia - Summer School on Robust MPC - Freiburg, September 2025 82

• Linear feedback policies are tractable but suboptimal even in 
the constrained linear MPC case
• Multi-stage MPC can lead to larger domain of attractions
• Example for a linearized CSTR [Subramanian, Lucia, Paulen and Engell. Int.  Journal of RNC, 2021]


