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Chapter 1

Introduction

1.1 Motivation and lecture overview

This course introduces the fundamentals of wind energy systems from resource analysis to
aerodynamics, mechanical design, and control. The objective is to provide students with
a thorough understanding of how wind energy can be harvested efficiently and integrated
into modern power systems.

Wind energy is a rapidly growing sector of renewable energy, combining concepts from
fluid dynamics, mechanical and electrical engineering, and control theory. These lecture
notes serve as a companion to the slides, exercise sessions, and video lectures. For slides:
Click here for slides (https://tinyurl.com/yb8xskhn).

1.2 Energy content of the wind

Consider a cylindrical volume of air flowing through an imaginary “window” of cross-
sectional area A [m?] with flow speed u [ms™'] and length L [m].

=

Figure 1.1: Power flowing through a 'window’ of air.

The mass of air m |kg| in this volume is:
m = pLA, (1.1)
where p is the air density [kgm™3], typically p = 1.225kg/m?.

The kinetic energy 7' [J] in this volume of air is:

1 1
T = ému2 = §pLAu2. (1.2)


https://tinyurl.com/yb8xskhn
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The power P [W] is defined as the rate of energy transfer through the “window.” And as
an average speed is the distance traveled divided by the time to travel, the time ¢ [s]| for
the air volume to pass through the window is ¢t = L/u. So the power becomes:

T 1

P=—=_pAu’. 1.3

= ppdu (1.3)
The key insight here is that the power P is proportional to the cube of wind speed
u.

The SI-unit consistency of this equation can be shown explicitly:

kg <m>3 kg
m?3 S I
~~

air density flow speed cubed

kg - m 1 1 J 1 W
— . = (N-m)- A
s2 m-s ~—— \m?-s s m2?2 m2

W

N—— J
N

Strong winds constitute a fairly concentrated form of sustainable energy of a similar power
density as solar power. Note that the cross-sectional area, A (shown in Figure 1.2), of
wind turbines is given by the whole disc over which the rotor blades sweep.

If we compare the power available in the wind to the average European’s power need of
about 5 kW:

e 2 m? of cross-sectional area in very strong wind,

e 16 m? of area in good wind (of u = 10 ms™'), or

e 128 m? of area in weak wind (of u =5 ms™!)
contains about 5 kW of power.

(Not all of this can be harvested due to the so-called “Betz-Limit,” which we will derive
and discuss in Chapter 3.)

o

Figure 1.2: The rotor blades (white) and the swept area (pink).

So, wind turbines can harvest from the entire area with relatively little blade area; this
is one explanation of why wind power is comparably cheap and competitive.
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Example: For u = 20 m/s, the power density is:

P 1 5 9
1= 5P = 4.8 kW /m*.

With a rotor radius of R = 35 m, the swept area is:

A= nR*= 3850 m”.
The total power is:

P =4.8-10> W/m? x 3850 m* = 18.5 MW.

At high wind speeds, a large amount of power is accessible to the wind turbine!

1.3 Power density and blade area

Let’s try to estimate how much power can be captured by a given blade area Ap [m?|.

We consider only the outer part of a rotor blade (close to the wing tips) which moves
with a blade speed Vz [ms™!] in the cross-wind direction.

Note that the inner part of the blade moves slower, but they are not our focus for
now.

Figure 1.3: The outer part of the rotor blade near the tip moves at high speed Vg; the
inner parts move slower.

We simplify further by assuming that the blade tip moves in a straight line (not along a
circular path).

With this simplification, the motion of the blade tip can be compared to a sailing boat
moving “half-wind” or “cross-wind.” This situation can be depicted from the top view as
shown in Figure 1.4.

The apparent wind V4 [ms™!] is given by the vector difference between the true wind V
[ms~!] and the blade speed Vg [ms™!]:

Vi=V-—Vg

3
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/Wing/ Sail/ Blade Tip

Wind 7

Figure 1.4: Top view analogy: the blade tip behaves like a sailboat moving “cross-wind.”

In component form:

Vo= (0) () = ()

The magnitude of the apparent wind is:

|VA’ =4/ Vg + V2=V, (1.4)

To determine the forces on the “wing” (we use this term for the blade tip with area Ap),
we use a basic fact from aerodynamics: the aerodynamic force on a body in a moving
fluid is proportional to the dynamic pressure %ij and the reference area Ap.

The aerodynamic force can be decomposed into:
e the lift force L [N], which is perpendicular to V4
e the drag force D [N], which is aligned with V 4

With the lift coefficient C, [-| and drag coefficient Cp [-| we can express the aerodynamic
forces on the blade tip as:

1
Fy = 5CLpApVj (1.5)

1
Fp=5CppApV} (1.6)

The coefficients C, and Cp depend upon:
e the angle of attack (orientation of the blade section relative to the apparent wind)

e the Reynolds number (a dimensionless ratio of inertial forces to viscous forces)

4



Lecture Notes Wind Energy Systems

Good wings are designed to produce high lift and low drag. A typical example is C, = 1.5
and C'p = 0.05.

The lift-over-drag ratio g—g has an important interpretation in sailplanes: it determines

how far a sailplane can glide, depending on its initial altitude. Because of this, the ratio
g—g is also called the "gliding number".

Altitude

Gravity

Distance Travelled

Figure 1.5: For a sailplane, the distance traveled equals the gliding number g—g times the
altitude.

For our rotor blade we obtain an analogous picture:

TV N

Va

Wind 16? n

Fo

|Three similar triangles!

F,

Figure 1.6: Illustration of lift and drag forces acting on the rotor blade tip.
For the rotation of the wind turbine, we are first interested only in the force component

in the direction of motion of the wing, FIl [N], since its product with the blade speed V3
[m s gives the mechanical power production:

Pg=Fl. (Vp) (L.7)

Here Fl represents the component of aerodynamic force parallel to the blade’s movement
direction.
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We decompose this as:

V V)
Fl—plypl - p . 2 _p 2B
¥ vy P v,

where Fp, and Fp are the lift and drag forces on the blade section, and the fractions V—‘;

and “;—f project these forces onto the direction of motion.

Bringing these together yields:

1 V Vs
Py = 2pAp V2 RO 1.
B = 5P BViVs <OLVA CDVA) (1.8)

To simplify further, we introduce the tip speed ratio

_ Vi(r)
T

Ar (1.9)

where Vp(r) [ms™!] is the local blade speed at radius r [m], and V [ms™!] is the free-
stream wind speed.

At the blade tip (at radius R), this simplifies to

Vp
A= —.
\%4
Thus,
Vg = AV
and

Vi=V1+ V.
Substituting these into Equation simplifies the power expression to:

1 / 1
PB:§,0ABV3)\2 1+F(CL—CD')\> (1.10)

[\
-~

:=( (Power Harvesting Factor)

This is often expressed in terms of the power harvesting factor (:

1
¢= )‘W(OL — CpA),

so that the power can be written compactly as:

6
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1
PB = §,OABV3C

At A = g—g, no power is generated. This value % represents the maximum possible tip
speed ratio — it is realized if the generator is switched off, meaning there is no torque

acting on the rotor.

Example: For a typical tip speed ratio of A\ = 7, with Cp, = 1.5 and Cp = 0.05,
we can calculate the power harvesting factor ( by evaluating the underbraced term in
Equation

Plugging in the values:

(~49 x1x(1.5—-0.05x7)~57.

(For A = 20, we would even get ¢ ~ 400 x 0.5 = 200.)

This is a remarkably high number. The factor ¢ shows how many times more power a
blade area can harvest compared to the energy in the wind which would pass through
the “window” of the same size as the blade area.

Compared to the energy in the air, for ¢ = 50 and V' = 10 m/s, we thus get a power
density of

P
IB — 50 x 600 Wm ™2 = 30 kW m 2.

For the inner parts of the blade we can calculate the local speed ratio

_ VB(T) ‘

Ar
v

As the inner parts of the blade move slower, their A\, is smaller and therefore also their
harvesting factors. This is one major reason why blades become thicker toward the center,
as shown by Figure 1.7:

1.4 Components of a modern wind turbine

With its five joints (yaw, rotor, and three pitch joints), a wind turbine can be regarded as
a gigantic robot arm, comparable to the six-joint robot arms used in car manufacturing.
However, it is an “energy-harvesting robot.”

For an illustration of the components of a modern wind turbine, refer to Figures 1.8, 1.9,
and 1.10.
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Figure 1.7: Blades become thicker toward the root because the local speed ratio A, is

smaller there.

Rotor Nacelle

Tower (25% cost)

Foundation (Footing)
Figure 1.8: Wind turbine components.

1.5 Blade & airfoil nomenclature
Note: the chordwise direction is along the chord line. The spanwise direction is
orthogonal, along the radial direction of the turbine.

The surface area of a blade element, dA, by definition, is the chord length ¢(r) [m]
multiplied by the span increment dr [m| (see Figure 1.12). Therefore, the whole blade
area A [m?| can be found by:

A /ORcm dr (1.11)
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Blade Root

Blade/ Rotor (20%cost)

Rotor Hub

Pitch System

Rotor Bearing

Figure 1.9: Rotor details.

Brake Converter &
Gear Box
HsyStem

| NANMANANAMANR AW |

Yaw System

Figure 1.10: Inner details of the nacelle.

Mean camber line

T —— (half way between top and
_ bottom surfaces)
N

{
Thickness [ o N\

\

\
la

Edge _ N\
Angle of attack T —— X Trailing edge

Chordline
with chordlength, C

Apparent wind, Va

Figure 1.11: The parts of an airfoil.
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c(r)
rf

Figure 1.12: Surface area of a blade element.
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Chapter 2

The Wind Resource

2.1 Origins

The movement of air that we experience as wind begins with heating from the sun. Solar
energy warms different parts of the Earth’s surface unevenly, and this imbalance sets the
atmosphere in motion.

e Air is heated up (by the sun, directly or indirectly).

e The air density drops as it warms.

e The lighter, warmer air rises and creates a low-pressure region.

e Cooler, denser air rushes in to fill the gap — this flow of air is what we call "wind."

The contrast between land and water plays a major role in shaping local wind patterns.
The heat capacityﬂ of land is lower than that of water, meaning land heats up and cools
down much faster than oceans or lakes.

During a sunny day, the ground temperature rises quickly. Air over land warms rapidly,
becomes lighter, and begins to rise, creating a zone of lower pressure. Over water, the
temperature rises more slowly, and the cooler, denser air remains closer to the surface.
The warmer air from land can be cooled by the ocean and eventually sinks back down.
This process is illustrated in Figure 2.1.

At night, the situation reverses. Land cools down much faster than water, so air over
land becomes colder and denser. Over the water, the air remains relatively warmer and
continues to rise, drawing the cooler air from land toward the sea. This reversal of air
movement is shown in Figure 2.2.

2.2 Global patterns

Air in the atmosphere does not move randomly — it follows large-scale circulation pat-
terns driven by solar heating, the Farth’s rotation, and the shape of the planet. Within
the troposphere, which extends from about 5—15 km above the Earth’s surface, air moves

!Heat capacity is the amount of energy it takes to increase the temperature of 1kg of a substance by
1 kelvin.

11
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Land
(Warms up quicker)

Figure 2.1: Sunny day at the coast: warm air rises over land, cooler air flows in from over
the water.

/’_—__\‘\‘
k\‘\_ “Wind”
///Sea /// Land
(still relatively warm) (cools down quicker)

Figure 2.2: Clear night at the coast: the situation reverses, and cooler air flows out
toward the water.

in three major "cells" per hemisphere: the Hadley cell near the equator, the Ferrel cell
in the mid-latitudes, and the Polar cell closer to the poles (Figure 2.3).

Note 1: The Ferrel cell is indirectly driven by the Hadley cell and the Polar cell.

Note 2: The distance along the surface of the Earth between the North Pole and the
equator is about 10,000 km. In comparison, the troposphere’s thickness is only 5-15 km
— very thin relative to the Earth’s diameter.

Due to the Coriolis force, winds are diverted to the right in the northern hemisphere
(relative to their direction of travel), and to the left in the southern hemisphere (Fig-
ure 2.4).

Closer to the Earth’s surface, strong wind shear exists in the Atmospheric Boundary
Layer (ABL). Both the magnitude and the direction of wind can change with altitude,
and friction with the ground plays a significant role (Figure 2.5).

2.3 Mechanics of wind

Four main influences determine the movement of wind:
e pressure differences;

e Coriolis force;

12
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North pole

p Polar cell

( 4—\ Polar jet stream

Tropopause
(Boundary of troposphere)

Ferrel cell

6300 km Subtropical jet stream
Earth surface
90°
60° Hadley cell
30°
Equator ~ 15km 7

Figure 2.3: Air movement within the troposphere (5-15 km altitude), organized into
three large circulation cells per hemisphere.

7 /@: bl 7
S Sed S LN
ey

Equator

Figure 2.4: The Coriolis effect diverts winds to the right in the northern hemisphere and
to the left in the southern hemisphere.

e centrifugal force; and

e {riction.

2.3.1 Pressure gradient

To understand how pressure differences drive wind, consider a simple control volume: a
cylindrical slice of air with length L [m] and cross-sectional area A [m?|.

The volume of this slice is:

Volume = L - A,

and its mass m [kg| is:

m=pLA,

13
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Stratosphere

Geostrophic
/Gradient Wind

Tropopause

Atmospheric Boundary Layer (ABL)
(500-1500m)

Troposphere

Figure 2.5: Strong wind shear in the Atmospheric Boundary Layer (ABL): magnitude
and direction change with altitude, with ground friction having a major influence.

where p [kgm™] is the air density.

P(m(]) D P(XU ' L>

Zo L (E0+L

Figure 2.6: A cylindrical control volume used to illustrate the effect of a pressure gradient.

Pressure in the atmosphere varies in both space and time, and is denoted P(x,t) [Pal.
Recall that:

1 Pa=1N/m’ and 1 millibar = 1 hectopascal = 100 Pa.

The standard atmospheric pressure at sea level is about 101.325 kPa.

Because pressure differs across the two ends of our control volume, there is a net force
on the air:

F = (force on the left side) — (force on the right side).

Expressing this mathematically:

F=AP(zy) —AP(xo+ L) (2.1)
~ AP(zg) — A |P(xg) + aa—];(xo) L (2.2)
——A (Z—f(xo) L. (2:3)

This simplified expression shows that a pressure gradient creates a force directed from
high pressure toward low pressure.

From Newton’s second law, the acceleration a [ms™2| of the air mass is:

14
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.
>

o -TO+L X

Figure 2.7: Pressure varies across space and time, creating differences that drive the
motion of air.

a =

F o —A%L 1P
S ¢ A __a_. (2.4)
m pLA p Ox

This final equation shows that the acceleration of air is directly proportional to the
pressure gradient and inversely proportional to air density: the steeper the pressure
difference, the stronger the resulting motion of the air.

2.3.2 Coriolis force
The Coriolis force arises from the rotation of the Earth.

Consider a point on the surface of the Earth in Freiburg. This point is moving eastward
because of the Earth’s rotation. Now consider another point much closer to the North
Pole: it too is moving east, but because it is closer to the Earth’s axis of rotation, it
moves eastward more slowly than Freiburg.

Now imagine air moving from the North Pole toward the south. As it moves farther south,
the ground below is moving eastward faster and faster. From the air’s perspective, the
ground "slides away" underneath it. When viewed from the ground’s frame of reference,
it appears as though the wind is curving or accelerating to the right (Figure 2.8). This
phenomenon is called the Coriolis Effect.

This rightward acceleration applies to air moving in all horizontal directions in the North-
ern Hemisphere. In the Southern Hemisphere, the acceleration is to the left.

The Coriolis effect can be described as either a virtual force or as an acceleration. At
the North Pole, it is given by:

15
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/) .

’ —

W0 = 317 3600s

Figure 2.8: As viewed from above the North Pole, with the Earth’s rotation wgy, an air
current traveling southward appears to curve to the right.

Foriolis = 2mwoVaro (2.5)

If we divide this Coriolis force Fooions |[N| by the mass, we get a specific-force foorions
[ms—2] which is just an acceleration:

fcoriolis = @Coriolis = 2woVGEO (2.6)

where:

e Vgro [ms™!| is the geostrophic wind velocity,

wo [rads™!| is the Earth’s angular rotation speed,

Feoriois [N] is the Coriolis force,

fcoriolis |N] is the Coriolis force-per-unit-mass, and
® UCoriolis [M 8_2] is the resulting Coriolis acceleration.

On a flat rotating body, the above would suffice. But, the Earth is a sphere. So, the
Coriolis effect depends on the latitude ¢. There is no Coriolis force at the equator
(sinp = 0). Accounting for latitude, the acceleration becomes:

QCoriolis = QWO sin QOVGEO - fCoriolis (27)

Effect of pressure gradient and Coriolis force

Geostrophic wind represents the balance between the pressure gradient force and the
Coriolis effect.

In a simple case with straight isobars, for example running east-west as shown in Fig-
ure 2.9, the pressure gradient pushes the air northward, while the Coriolis force deflects
the air southward. The result is that the wind flows parallel to the isobars, where the
two accelerations are in balance.

16
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Note: the geostrophic wind velocity Vg is proportional to the pressure gradient but
flows parallel to the isobars.

In a geostrophic balance, the Coriolis force would exactly balance out the pressure gra-
dient:

opl 1 0
——p— = 2sin QDUJOVGEO < Vaggpo=——"7-— ——p (28)
ox p —_—— 2pwy sin @ ox
S—— Coriolis effect

pressure gradient

where p [kgm™®] is air density and 2& [Pam™'] is the horizontal pressure gradient.

Space
Pressure Isobars
s Gradient
P e »Wind
7 Coriolis

; >

/ Space
f

+ Postive pressure

Figure 2.9: Geostrophic wind flows parallel to isobars: the pressure gradient force (to-
wards low pressure) is balanced by the Coriolis effect (opposite direction).

Weather maps often show isobars - lines of constant pressure. The concept of geostrophic
wind explains why, in many real cases, the wind direction follows the isobars instead of
cutting straight across them (Figure 2.10).

isobar

e

Figure 2.10: Weather maps depict isobars; geostrophic wind tends to flow parallel to
these lines.

2.3.3 Centrifugal acceleration

Geostrophic wind considers the pressure gradient and the Coriolis force. However, when
the isobars are curved — which is almost always the case — there is a third effect that

17
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influences the wind: the centrifugal force, which arises whenever an object travels along
a circular path.

A refinement of the geostrophic wind Vggo is called the gradient wind, denoted V.
Figure 2.11 illustrates a situation where there is a circular isobar and the wind is traveling
along the isobar.

V= Rw

N

w
oL

"

Incoming F

wind stream
Figure 2.11: The gradient wind: wind flowing along curved isobars experiences centrifugal
acceleration in addition to Coriolis and pressure-gradient forces.

Any rotating motion - with an angular speed w [rads™!| at a radial distance R [m]| from
the center of rotation - has a centripetal acceleration a [ms~2]. Since the angular speed
w could also be written in terms of the tangential speed v = wR [ms™!|, we can write
the centripetal acceleration a in different ways:

U2

Aotrpl = W?R = — = wv

R

And, since this acceleration represents the actual path of the rotating object, we know
that the resultant (net) force acting on the object must be:

Fctrpl = MActrpl ( _f‘> ) (2 9)

where m |kg| is the mass of the object, and (—r) is a vector pointing radially inwards
towards the center of rotation. If we’re talking in a specific sense, then the resultant (net)
force per unit mass ., [m s_2] of the rotating object must be:

Fct rpl

A

= actrpl(_r) =

(—1). (2.10)

o] S

fctrpl =

Now, we saw in the previous section a geostrophic wind (from the previous section) that
is moving along an isobar when the pressure gradient is horizontal. But, on a globe,
we're very likely to have curved isobars, circling around regions of high pressure, and also
around regions of low pressure. Either type of pressure (with corresponding direction of
rotation), the basic fact of saying that an air masses is ’circling around’ something, implies
that the resultant (net) force acting on the air mass must match the centripetal force given
in (2.10). And this means that the sum of the pressure gradient and the Coriolis force
acting on our air-mass must be equal (in the vector sense) to our centripetal force.

So, the defining characteristic of the gradient wind Vg [ms™!] is that:

feorpl = £ + fooriotis- (2.11)

18
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(Northern Hemisphere)

High Pressure Low Pressure

e e

centripetal force ferpl = Cetrpv?

Coriolis force fooriolis = CCoriolisV
pressure gradient f, = ¢,

Figure 2.12: The force balance acting on the fluid elements in a gradient wind must lead
to a resultant (net) force acting radially inwards. (The shown vectors are not-to-scale.)

The centripetal force is proportional to V3:
2 2 . 1
fctrpl X VG7 fctrpl = CctrprG with Cetrpl = E (212)
The specific Coriolis force (2.5) happens to be proportional to the velocity Vi:

fCoriolis X VG7 fCoriolis = CCoriolis with CCoriolis = 2sin Pwo. (213)
The pressure gradient is a constant:

. op 1
fp =cp, with ¢, = %E, (2.14)
where we’ve dropped the negative sign in order to make determining the direction of the

force easier.

Let’s consider what this looks like in the northern hemisphere, in Fig. [2.12] Here,
we’ve imagined a high pressure and a low pressure center in some line. In the northern
hemisphere, the Coriolis force pushes the flow around these centers in the clockwise and
anticlockwise directions, respectively. As we’ve already mentioned, the Coriolis force
pushes the air mass to the right (in the northern hemisphere) of it’s path, the pressure
gradient pushes the air mass from high pressure to low pressure, and the resultant (net)
centripetal force must be radially towards the center-of-pressure.

So, let’s treat these two centers in order.

Low pressure center Around the low pressure center, (2.11)) becomes:

fctrpl = fp - fCoriolis = Cctrplvé + CCoriolisVG —Cp = 0. (215)

By the quadratic formula, this means that:

— CCoriolis + Crorioli 4 ctr
VG _ CCoriol \/CCOI‘IOIIS + 4Ce p1Cp (216)

2Cctrpl
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When both terms are the same sign, the final velocity ends up negative. So, we will
choose the '+’ option:

— CCoriolis 2 orioli 4 Ctr a 1
Vg = _Coriol + V/ Corions + ACctmiy — \/ P | wi sin®(p) — Rwosin(p) (2.17)

2CCtrp1

High pressure center Around the high pressure center, (2.11)) becomes:

fctrpl = fCoriolis - fp = Cctrplvé - CCoriolis‘/(?- + Cp = 0. (218)

By the quadratic formula, this means that:

2
CCoriolis + \/CCoriolis - 4Cctrplcp
Vg = (2.19)
2Cctrpl

If both signs are positive, the speeds found are far too large. So, we’ll chose the -’
option:

CCoriolis — \/62 oriolis 4cctr 1C ap 1 .
Vo = 2gctrpll PP _ _R\/_%p_R + wi sin?(p) + Ruwo sin(p). (2.20)

Combined It turns out, that if we define a sign s, which takes values depending on
whether it’s a high-pressure or low-pressure center being rotated,

1 if high
¢ — + 1 1gh pressure (2.21)
—1 if low pressure,
then we have a defining equation:
Sfctrpl = fp - fCoriolis = Scctrplv(; + cComohs‘/G =0. (222)
Then we can combine (2.17) and ([2.20) into one expression:
VG _ —CCoriolis T \/C%oriolis + 4Cctrplcp3 (223)
2Cctrp15
0
= ( \/ b3 —i—wo sin?(p) — Rwy sin(gp)) .
Example Let’s followE] an example.
Suppose the pressure gradientg—i is
0 A 1-103Nm—2
P20 _ 2 7 1107 Nm (2.24)

O0r Az 1-10°m

2from Fovell, Robert. ’Some gradient wind examples’ in ’ATM 210: Atmospheric Structure, Ther-
modynamics, and Circulation’ (Fall, 2023). State Uni. of New York at Albany. https://www.atmos.
albany.edu/facstaff/rfovell/ATM210/ATM210_gradient_wind.pdfl
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Figure 2.13: Whether the geostrophic wind or the gradient wind is faster, depends on
the radius of curvature and the direction of the flow. Figure from: Kendall, G. R., "A

Slide Rule for Computing Gradient Winds". Bulletin American Meteorological Society.
Vol 26. Jan, 1945.

and the air density is 1kgm™ so that the pressure coefficient ¢, = 1-107*Nkg™'. Also,
at 43 deg. North, the Coriolis proportionality factor coopiolis & 1 - 107 4Hz.

Then, a fluid element rotating about a low pressure center s = 41 at a radius of R =

1-10%m, will have a centripetal-force proportionality factor ceyp = 1-107°m™t. This
gives a gradient wind of:

2
Vi o —CCoriolis T \/CCoriolis + 4Cctrplcp5 295
CetrplS

—107* 4+ /(107%)2 4 (4)(10-6)(10-3)(+1)
2(10-6)(+1)

= —50+5-10°\/10-8 + 4(1079)

= —50+5-10°V1.4-10-8

= —50+5-10°(1.1832-107%)

= 9.1608ms™!

And, what happens if it’s a high-pressure center? Then, the only thing we have to do, is
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to switch the sign of s = —1.

Ve — —CCoriolis T \/ Coioriolis T 4CetrplCp$ (2.26)
20ctrp15
—107" 4+ /(107%)% + (4)(10-%)(10-%) (1)
2(10-6)(—1)
= 50—5-10°/10"8 — 4(10°9)
— 50 -5-10°V6-10-°
— 50 —5-10°(7.7459 - 107°)
= 11.2702ms™"

(2.27)

(The other + alternatives give, respectively, -109ms~! and 88ms~!, which seem defini-
tively implausible.)

We could, in this example, figure out what the geostrophic wind Vggo [ms™!| would
be, by setting the radius to infinity (R = o00), or the centripetal coefficient to zero

(Cctrpl = O) :

¢,  Opcsco

CcoriolisVaro — ¢ =0, = Vgpo = 10ms™" (2.28)

CCoriolis 8ZE 2 PWo

Since R = oo is the case when the geostrophic wind and the gradient wind are the
same, the example demonstrates the following trend: when the flows rotate anticlockwise
(low pressure in the northern hemisphere, high pressure in the southern hemisphere, also
labelled as ’cyclonic’) the geostrophic wind Voo > V. The opposite is true for flows
rotating clockwise!

Assessing the importance of centrifugal force. To evaluate when the centrifugal

2
term matters, we compare the Coriolis term 2 sin pwy Vi with the centrifugal term V—}%’
by computing their ratio:

Coriolis ~ 2wp singp R

Centrifugal Ve

For typical values:
¢ =50° = sinp ~ 0.75, Vi ~50 km/h, R~ 500 km,
the ratio becomes:

Coriolis N 2 x 0.75 x 27 x 500 km

R ~ 4.
Centrifugal 24 x 50 km

Thus, in this scenario, the centrifugal term contributes about one-quarter of the Coriolis
force. Under strong circular wind conditions, this contribution is significant and cannot
be neglected.
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2.3.4 Friction

Wind Shear

Figure 2.14: In the Atmospheric Boundary Layer (ABL), friction slows down the wind.
At the Earth’s surface, wind speed goes to zero.

Figure 2.15: The logarithmic wind profile in the ABL: wind speed increases with height
according to surface roughness.

Friction is complex and depends on the surface properties of the Earth, but it generally
slows down the air — and this effect is confined to the Atmospheric Boundary Layer
(ABL)H This slowing of air also reduces the Coriolis and centrifugal forces. As a result,
very low-altitude winds tend to align more directly with the direction of the pressure
gradient. At the Earth’s surface, the wind speed drops to zero (Figure 2.12).

The change in wind speed with altitude is called wind shear. A common way to describe
the long-term, time-averaged wind shear is with a logarithmic profile (Figure 2.13):

3The Atmospheric Boundary Layer (ABL) is the thin part of the atmosphere closest to the ground
where friction effects are significant.
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NlN

I

o (2)
V(z) = Vg ——£& (2.29)
()

log

N

T

where:
e V(2) [ms!] is the wind speed at height z,
e Vo [ms™!] is the wind speed at reference height Z,

e Z, |m] is the “roughness length” (a few millimeters for flat ground).

2.4 Stable and unstable atmospheric stratification

Figure 2.16: Stable and unstable atmospheric stratification: how the temperature gradi-
ent affects rising air.

A hot parcel of air becomes lighter than the surrounding air and begins to rise. However,
as this air rises, it expands due to lower pressure and therefore cools. This cooling follows
the dry adiabatic lapse rate, which is about 1°C per 100 m — meaning that rising air
cools by roughly 1°C for every 100 m it rises in altitude due to its own expansion.

If the surrounding (ambient) air cools more slowly than 1°C per 100 m, the atmosphere is
considered stable: the rising air will become cooler than its surroundings and stop rising.
If the ambient air cools faster than 1°C per 100 m, the atmosphere is considered unstable:
the rising air remains warmer than its surroundings and continues to rise.

The standard atmospheric lapse rate is about 0.66°C per 100 m, which corresponds
to a generally stable stratification. Fven more stable is an inversion, where the air
actually becomes hotter with height.

Generally, the wind shear is stronger under stable conditions. "Stronger" means a larger
change in wind speed over a change in altitude, often with a thinner Atmospheric Bound-
ary Layer (ABL). Under stable conditions, there is less mixing between air layers. There-
fore, for a given high-altitude wind speed, there is less momentum transferred downward
within the flow than under neutral conditions (i.e. when the atmospheric lapse rate equals
the dry adiabatic lapse rate).
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"Normal" or

dist. | Gaussian Weibull Rayleigh
accepts | U € R U € [0,00) U € [0,00)
Ist param | mean U [ms™! scale A [ms™?] scale s [ms™?]
2nd param | variance o, [ms™!| | shape k [] -
_w-0)? k 2
)| e ) |yt ) 58
77 _ k—1 _ U22
FU) |3 (1 + erf <Z\/U§>> 1 — - 1— e( =)
mean | U Al (1 + %) $\/5
variance | o2 A (F (1+2)—-(T(1+ %))2> 5rs?
notes | typically used to | typically used to model long- | a special case of
describe measure- | term averaged wind speeds at | Weibull distribution,
ment errors and | sites with & = 2 and
gusts A = sv/2. Tt corre-

sponds to the PDF of
the vector magnitude
of a two-dimensional
Gaussian distribution

Table 2.1: Typical distributions for wind data, where erf() is the error function and

['(z) =

['(1) =1, T(2) =1, etc.

J,” e7't""1dt is the Gamma function. Some useful values are I'(n) =

2.5 Statistics of wind

(n_ 1)'7

At any given site, wind speed and direction vary with time. If we consider only the
wind speed, we can plot time series data similar to Figure 2.15. From such data, we can
compute quantities like the mean wind speed U and the variance o2 using hourly averages

over a year.

From the same data we can construct a histogram (see Figure [2.17a)), which shows how
often each wind speed occurs. Different statistical distributions can be used to describe
f(U), the probability density function (PDF) of wind speeds.
integral, F'(U), the cumulative distribution function (CDF).

The PDF satisfies the normalization condition:

The CDF is defined as:

/Ooof(U)dUzl

) = /0 f(U) U,

Closely related is its

(2.30)

(2.31)

meaning that the PDF can also be obtained as the derivative of the CDF:

f(U) = S F(U).
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” U || one location (anemometer)

0 T T T T T
Time (1)

(a) Hourly average wind speeds over one year.

p
Normal Distribution of Wind Speeds
*;._\ 0.16
0.08 7/ >> 0.14F
/ 0.12f
0.061 = Zo10f
a
2008
0.04} 2 006l
* .04l
0.02} 0.02f
0.00
0.00 - 0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
0 5 10 15 20 25 Wind Speed (m/s)
(b) Histogram of wind speeds over all time.  (c) Example of a Gaussian (Normal) probabil-
ity density function (PDF) for wind speeds.
Weibull Probability Distribution of Wind Speeds Comparison of Weibull and Rayleigh Distributions for Wind Speeds
—— Weibull (k=2, c=8)
0.10}F 0.10}F — = Rayleigh (0=6)
0.08} 0.08
Q0.06 0 0.06F
z z
3 0.04f 2 0.04f
0.02f 0.02
0.00} 0.00+
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(d) Example of a Weibull probability density (e) Example of a Rayleigh probability density
function (PDF) for wind speeds. function (PDF), which is a special case of the
Weibull distribution.

Figure 2.17: The wind measurements taken over a long period of time can be plotted in a
histogram, and the occurance vs wind speeds can be used to fit a probability distribution
function.
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The mean wind speed U and the variance o2 of the probability density function f(U) are
defined as:

- /Oo U f(U) U (2.33)

ol :/ (U—-U)? f(U)dU (2.34)

0

- </o° U? fU dU) ~- U2 (2.35)

0

There are a couple of types of distributions that are typically used to describe wind
speeds:

e the Gaussian distribution;
e the Weibull distribution; and
e the Rayleigh distribution.
The most important information about these distributions is included in Table

2.5.1 How to determine "What is the average power per year?’
from a wind speed probability density function

Question: What is the average power output of a wind turbine over a year?
To determine this, we combine two pieces of information:

e The power curve of the turbine, P(U), which shows how much power the turbine
produces at each wind speed U.

e The wind speed PDF, f(U), which shows how often each wind speed occurs at
the site.

Answer:

The average power output P [W] over a year is obtained by integrating the turbine’s
power curve weighted by the wind speed probability density function:

p= /OO PU)f(U) dU (2.36)

In other words, the contribution of each wind speed to the annual energy production is its
occurrence probability multiplied by the power the turbine generates at that speed. Sum-
ming (integrating) these contributions across all wind speeds yields the annual average
power.

2.6 Spectral properties of wind

2.6.1 Power Spectral Density

When a Fourier series is taken of wind speed data, the power spectral density S(f)
is obtained. The power spectral density describes how the variance of wind speed is
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Figure 2.18: Combining a turbine power curve with the site’s wind speed distribution
allows calculation of the average annual power output.

distributed across different frequencies.

Turbulence is most relevant at time scales shorter than about 10 minutes. The turbu-
lence intensity in a 10-minute window is defined as:

where U is the 10-minute mean wind speed [ms™'] and o, is the standard deviation of
the wind speed (e.g., computed from 1-second samples).

For a dataset of IV samples U;, the mean and variance are computed as:

1 N
U=+ ;le U (2.37)
1 N
2 2
_ o 2.
0= T ;:1 (U, — U) (2.38)
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Wind Speed

Figure 2.19: Autocorrelation and spectral analysis concepts for wind data.

Synoptic peak (weather system variation)

Diurnal peak (daily)

Turbulent peak (< 10min)

f-8(F)

Spectral gap

year

24hr Frequency

Figure 2.20: Example of a wind speed power spectral density S(f) from a Fourier trans-
form.

2.6.2 Autocorrelation

Another important quantity is the autocorrelation function r(¢), which helps charac-
terize repeating patterns, such as periodic wind fluctuations.

For discrete time steps, the autocorrelation at lag time ¢ = kAt is computed as:

N—k
r(kAt) = PG N 5 > (U (Uppr, — U), (2.39)
=1

where:
e At is the sampling time,
e k is the lag number,
e kAt is the lag time.

Between these discrete lag values, r(t) can be interpolated to provide a continuous auto-
correlation function for all ¢ > 0.

Figure 2.22 shows a typical autocorrelation function: wind speeds are strongly autocor-
related at very short lag times and progressively less correlated at longer lag times. This
is expected because wind conditions one second ago strongly influence the current wind,
while wind from a day ago has very little impact.
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Figure 2.21: Typical autocorrelation function for wind speed: high autocorrelation at
short lags, decaying at longer lags.

An important quantity derived from 7(¢) is the integral time scale T, defined as:

T - / T dt. (2.40)

Related to it is the integral length scale L, which links turbulence to a physical
length:

L =U T = size of turbulent eddies or interruptions.

Note: The Fourier transform of the autocorrelation function equals (up to scaling factors)
the power spectral density (PSD).
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Chapter 3

Aerodynamics of Wind Turbines

3.1 Wakes

Like a boat passing through water and leaving a wake, a wind turbine also disturbs
the flow of air blowing across it. The air downstream of the rotor is slower and more
turbulent, forming what is called the wake.

Figure 3.1: Photo of wakes forming behind turbines in a wind park. Source: Vattenfall.

The wake expands and mixes with surrounding air as it moves downstream. This phe-
nomenon is crucial for wind farm planning, because turbines positioned downstream in
another turbine’s wake will experience reduced wind speed and increased turbulence,
leading to lower power production and higher mechanical stresses.

In this chapter we're going to meet two non-dimensional values (the axial induction factor
a [-] and the tangential induction factor o’ |-]) that describe the change in the flow field.
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These values are functions of the radial position at which they’re located, and we care
about them for three reasons:

1. The turbine harvests power, conceptually, by pulling kinetic energy out of the wind,
with a describing the amount removed. More practically, the turbine harvests power
by transmitting the aerodynamic torque applied by the flow to the blades (which
depends on a’) down a shaft into a generator. So, without understanding how
these processes work, we won’t be able to determine how much power the system
produces.

2. We will later (see Chapter 4) talk about some of the structural aspects of wind
turbine design. But, that process will need an as-yet-unknown load-distribution
along the beam-like elements of the turbine, including along the length of the blades.
But, to find that load-distribution, we need to know what the flow is at radial-
position along the blades (a and a’) and what the corresponding forces are.

3. Not all of the blade-shape is determined by stuctural reasons, some of it is deter-
mined by aerodynamic arguments. It turns out, that some of the work we do to
address the previous questions, will give us insight into these aerodynamic consid-
erations.

3.2 Actuator Disc Model and Betz’ Limit (Momentum
Theory)

The wind slows down as it approaches the turbine, at the turbine rotor itself, and even
further downstream. Figure 3.2 shows a side view of a wind turbine and the surrounding
flow field. A stream tube is defined as a tube whose boundaries are parallel to the local
fluid velocity.

Stream tube —
y e
Uop e
Undisturbed H Us<U;
wind SR | R ST * Slower
velocity _— . - i —— wind
,. velocity
Actuator —_—
disc
0 2

Reference Position X (Distance behind

actuator disc)

Figure 3.2: Side view of a wind turbine and its stream tube. Position 0 is infinitely far
upstream of position 1; position 3 is infinitely far downstream of position 2.

First guess (not achievable): The power in the air that would flow through the
actuator disc area if the turbine were not there would be:
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1
P = 3 pAug,

where Py;; is the theoretical power of the undisturbed wind, p is the air density [kg/m3|
(which we will assume is constant), A is the area of the actuator disc [m?], and ug is the
undisturbed upstream wind speed [m/s|.

U(K) i U1
2
k US
0 112
Reference Position X

Figure 3.3: Axial wind velocity slows down as it approaches the turbine and is slowed
further as it passes through the rotor disk.

We define four positions along the wind direction = and the corresponding wind speeds
u(z):

e 1,: far upwind of the turbine (u(zg) = up),

e 11: just before the turbine (u(z1) = uy),

e 15 just after the turbine (u(xq) = uy),

e 13: very far downstream of the turbine (u(x3) = us).

Note: We assume the stream tube does not interact with surrounding air outside of the
tube, but that - still somehow - the pressure within the flow recovers to its freestream
value infinitely far downstream of the actuator at x3. That is: p3 = po.

The inflow through the actuator disc equals the outflow, and the cross-sectional area of
the stream tube at the rotor plane equals the rotor area A. Then, the mass flow through
the turbine can be determined:

m1 = pA'LLl, mz = pAUg (31)

Since the density and the area are the same, conservation of mass (1 = 1y = 1my) means
that the speed has to be continuous across the rotor:

U1 = Usp.

Thrust of the turbine

The thrust can be expressed in two equivalent ways. Either, from the pressure drop
across the disc:

T = A(p1 — p2) (3-2)

or from the change of momentum:

Notice that the pressure has to drop over the actuator (as opposed to rise), because
energy is being pulled out of the flow.
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P(x) P1=P(0.)
Po =P{—C¥\'}] PBZP{W}ZPD
0 1 '2 P=P(04) 3
Reference Position X

Figure 3.4: Pressure builds up as the wind approaches the wind turbine, and drops after
passing through the turbine.

Power extraction

Similiarly, we can find two ways to express the instantaneous power. First, from the
thrust:
P=Tu (3.4)

or from the change of kinetic energy of the air:

p- m% (i — u2) (3.5)

Governing equations

Remember, that we have u; = uy and p3 = pg and 'known’ values uy and pg. The things
we don’t know are: wuy, p;, and ps.

Luckily, we can assemble a number of relationships from above.

From (3.2)) and (3.3)), we have a thrust equation:

T = A(p1 — p2) = m(ug — ug). (3.6)

By a similar token as (3.6)), we can relate (3.4) and (3.5)) to give a power equation:

. 1
P =Tu; = m(uy — uz)uy = i (ug — u%) . (3.7)

Bernoulli’s principle (valid in regions where no energy is extracted, where the flow is adi-
abatic, inviscid, incompressible, and with a negligible altitude difference) says that:

1
p(z) + §pu(:p)2 = constant.

If we apply Bernoulli before the actuator, we get:

1 1
Po+ 5puG = p1+ 5 pus (3.8)
and, after the actuator:
Lo L
Ps + 5pus = P2+ SpU;. (3.9)
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Average speed

I propose to you that the flow crossing the annulus has a speed u; exactly average of the
far-upstream and far-downstream speeds ug and us.

We have two different ways to demonstrate this.

First, from (3.7]), we could notice that:

1 2 2)

. . 1
m(ug — ug)ug = m§ (uo — uj = (up —ug)ug = §(u0 — ug)(ug + us) (3.10)

1
= u1:§(u0+u3).

Alternatively, we can subtracting the Bernoulli pressure equations from each other, and
substitute in the known pressure and speed relations (p3 = po, w1 = uz):

1 1, 1 1

Po + §,ou(2) —DP3—ppuz = P + épu% —po — épug (3.11)
1
§P(uc2) —u3) = pi—p
Applying this pressure difference into the thrust equation ({3.6)
1 ) 1 .
Aip(ug —u3) = m(ug —uz) = Api(uo +uz)(ug — ug) = m(ug —uz)  (3.12)

1 1
= Api(u()—i-ug):m:pz‘lm = U1:§(U0+u3)-

Whichever derivation we like, we can further define a helpful value a |-], the axial induction
factor, as the nondimesional, axial-direction speed loss at the annulus:
_Up— U

w=1—-au <& a= : (3.13)
Ug

and use this induction factor a to help us say something about the far downstream speed
ug. Then, starting with the u; = (ugp + ug)/2 relation:

(1—a)uy = %(uo +uz) = uz=(1-—2a)u. (3.14)

Which means that, as we step from position 0 to position 1 to position 3, we're each time
losing the same amount of flow speed.
Power and thrust as a function of the induction factor a
Let’s recall that that power which was (not-acheivably) offered by the wind was (1/2)pAu3.
Now, if we return to the power relationship of (3.4):
P = m(uo - u3)u1 (315)

= pAul(ug — us)

= pA(1 — a)*ui(uo — (1 — 2a)ug)

= pAud(1l - a)*(2a),
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= UQ

up = ug(l —a)

—>  uz=up(l—2a)

Figure 3.5: Velocities defined for the actuator disc: upstream ug, at the disk u;, and far
downstream wusz. The axial induction factor a relates them.

and divide this value by the amount of power which was (not-achievably) in the wind,
we get a non-dimensional power coefficient Cp |-].

That is:
L pAud(1 — a)?(2a)
spAug spAug

Cp(a) = =4da(l —a)*. (3.16)

So, we can describe how much power can be harvested, proportionally, from the wind
with this power coefficient. This means that we can compare between different systems,
designs, operating modes, etc. with this nondimensional power coefficient Cp.

P=Cp (%pAug) = 4a(1 — a)? <%pAu3) . (3.17)

We can do a similar thing with the thrust -

= pAuq(ug — us)

= pAup(l —a)(ug — up(1 — 2a))

= pAud(l—a)(1 -1+ 2a)

= pAui2a(l — a)
- dividing the thrust we can actually achieve considering our induction factor by the
product of the dynamic pressure at the actuator and the area of the actuator, to create
a thrust coeflicient Cr [-| that we can compare.
T pAu32a(1 —a)

Cr(a) =
r(a) = 1pu2A TpudA

=4a(1l — a). (3.19)

Where telling someone a system’s thrust coefficient effectively tells them what the in-
stantaneous thrust is, under the environmental conditions.

T =Cr (%pu%A) =4a(1 — a) (;pqu) (3.20)

You can see that the two nondimensional coeflicients are related:
Cp(a) = (1 —a)Cr(a). (3.21)
which happens to be consistent with the relationship we’d expect from Eq. (3.4).
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Maximize power extraction

The goal is to find the value of the axial induction factor a that maximizes the power
coefficient Cp(a).

Cela) 7
=) —t—
Momentum
Max theory invalid
I a’=1 !’3 T I I I
0.0 0.2 0.4 0.6 0.8 1.0

Axial induction factor (a)

Figure 3.6: Power coefficient Cp as a function of induction factor a. The maximum occurs
at the Betz limit.

We differentiate the power coefficient:

‘m%—zu—ayaH41—@?4

da
Setting the derivative to zero:

dC 1
_daPZO & 2a=1—-a = a*:§.

This value a* = % is the optimal induction factor.

Substituting a* into Cp(a):

This upper limit is known as the Betz limit — meaning that, at most, about 59% of
the kinetic energy in the wind can be extracted by an ideal wind turbine.

Because Cr(a) = 4a(1—a), the thrust coefficient at the optimal induction factor is:

1 1\ 8
V=4 (1-2) =2

For comparison, if we substitute a = 1 into Cp(a) we get:

SRS
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CT{EI :| o) CT,max:1

e T ]
I | T | T |
0.0 0.2 0.4 0.6 0.8 1.0
Axial induction factor (a)

Figure 3.7: The Betz limit: theoretical maximum efficiency for an ideal wind turbine.

3.3 Wake Rotation & Rotor Disc Theory

Remember our approach in the previous section: we found the power-due-to-thrust and
set this equal to the power-due-to-changing-the-flow’s-momentum. We can do this in the
tangential direction as well as in the axial direction.

e

Figure 3.8: Blade tip speed and speed at radius r for a rotor spinning with angular
velocity €.

That is, we don’t just know the power from (3.17), we also know that the power should
be the rate of change of angular momentum (ri(Ly — Lg)) times the angular speed €
[rads™!]. Here L is the angular momentum [kg m?s™!| of the flow.

Now, far upstream of the turbine, the angular velocity wy has to be whatever the angular
velocity would have been if the turbine’d never been built or turned on. So:

wo = 0. (3.22)

When we determine how much angular velocity the actuator adds (w2 —wy = ws), we will
decide that this angular velocity will be added half on the upstream-side of the actuator at
position 1 and the other half on the downstream-side of the actuator at position 2:

Wy = 2&)1. (323)
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After this, the inviscid (friction-less flow) model assumes that the angular momentum
stays constant in the flow forever. So:

W3 = W2 (324)

This is sketched in Figures [3.9) and as well as philosophically motivated in Figure
29

Blade velocity
=rQ

Airflow

“1 Jtangential = 0 \

! 1 ,tangential

Tangential

Axial

Accelerationin

tangential direction Air pushes blade

upwards, and air is
deflected downwards

Figure 3.9: Tangential velocity induction: downstream air rotates opposite to the blade’s
direction of rotation.

collect the second half of the angular momentum
on the back side of the actuator

no angular momentum
far upstream of get the first half of the ...after that, nothing changes!
the actuator angular momentum on the

front side of the actuator

Figure 3.10: The actuator adds angular momentum to the flow: half of the ultimate value
at the upstream side of the actuator and the other half immediately afterwards, at the
downstream side. After this, the inviscid model assumes that the angular momentum
stays indefinitely.

Either way, if we define some helpful tangential induction factor a’ as the change in
flow speed in the indicated direction divided by the main velocity in that direction, this
gives:

w  w
a = 51 = ﬁ & wy =2d'Q (3.25)
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Here, Q@ = 27 is the angular velocity of the rotor [rad/s|, where T is the period of one

. T
rotation.

Now, let’s consider just one thin annular slice of the actuator disk (an actuator annulus),
at radius r from the center of the disk. If the annulus has a thickness dr, then the area
of the annulus is dA = 27rdr. (You'll notice that integrating fOR 2rrdr = TR?.)

The torque applied by the annulus to the flow must be equal to the change in angular
momentum.

(Remember, also, that the moment of inertia I [kgm?| of a thin circular loop of radius r
and mass m is [ = mr?.)

So, since the fluid didn’t have any angular momentum before position 1, the torque on
the infinitessimal annulus must be:

dQ(r) = dmriwy = puy (dA)r’w,. (3.26)

Substitute in u; = (1 — a)ug and wy = 2a/§2:
dQ(r) = p(1 — a)ue(2a'Q)r*(dA) (3.27)
And since power is torque times angular speed, the power harvested by our thin actuator

annulus is:

dP(r) = QdQ = 2d/(1 — a)pue*r’*dA. (3.28)

But, remember, we already know how much power our system is supposed to be harvest-
ing: we found it in (3.17)). Recall:

dP = 2a(1 — a)?puldA. (3.29)

So, in rotor disk theory, we’re going to set these two estimates of the power are equal.

2a/ (1 — a)pue¥r’dA = 2a(l —a)*puldA (3.30)

dr? = a(l —a)u}
Uo 2
a = a(l—a (—)
( ) Qr
But wait... Haven’t we seen this ratio (2r/uy somewhere before?

Yes, this is the local tip speed ratio A\, = Qr/ug [-] that we used in (1.9)!

d=a(l—a)\? & a(l—a)=dI\ (3.31)

And returning to our definition of the tangential induction factor (3.25))

2

wa(r) = 2a(l — a)Qu—;, (3.32)

which means that if the axial induction factor stays (roughly) similar at all radial po-
sitions, then our wake’s angular velocity is proprtional to 1/r%. Considering that the
radius can become quite small near the hub, this means that the wake should be rotated
substantially more near the hub than near the blade tips.
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3.4 Blade Element Momentum Theory (BEM)

dA

Figure 3.11: Rotor divided into annular elements for blade element momentum theory.

The blade element momentum (BEM) theory combines actuator disc momentum theory
with two-dimensional airfoil aerodynamics to predict turbine performance.

Figure 3.12: Each annulus of the rotor is treated like a small actuator disk.

Geometry and Speeds

Before anything else, we should remind outselves that the axial and tangential induction
both vary with radius:

At a given element, we define:
e [(r): the pitch angle at radius r,
e «: the angle of attack,
e o = o+ (3: the flow angle.

The effective wind speed at the element is:

W = oo/ (1 — a)2 + A2(1 + a')2, (3.33)
rQ)

where A, = == is the local speed ratio.

Element Forces

The area of a thin slice of a blade dAp [m?| is:

dAg = c(r)dr, (3.34)

41



Lecture Notes Wind Energy Systems

dr Blade speed
e S0
Induced . Blade element area
tangentlal dA:crr‘)*dr
wind C)

a'rQ
Axial Wind
Us = Us(1-a)

Figure 3.13: Blade element geometry: annular section at radius r.

Blade velocity I"dUCEd‘
JTangential

. : : \
Effective Tangential wlnd rQ(1+2') = rQ + rQla’
Rotor plane

Zero-lift line
{or chordline)

Axial
Wind
U:.h [1‘3]
Effective Wind, W

Figure 3.14: Blade element top view showing pitch angle [, angle of attack a, and flow
angle ¢.

where c is the profile’s chord-length [m)].

This thin slice is effectively a 2D airfoil sliced out of a much-longer wing. That means
that we have lift and drag force contributions dL [Nm™'| and dD [Nm™}|, as well as the
nondimensional 2D lift and drag coefficients ¢,(«) and cq(c).

1 1
dL = c€§pW2dAB, dD = cd§,ow2dAB. (3.35)

The directions that these force components are oriented depend on the local flow angle

o(r):

1 —a)u Q1 !
sing = %, cos g = LWM. (3.36)
This gives an angle of attack « [rad]:
) (3.37)
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Zero-lift line —
(or chordline) e =

Resultant
effective wind, W

Figure 3.15: Lift and drag on a blade element.

with the blade pitch angle g |rad].

We can resolve the forces into axial and tangential components over all blades: an axial
force dFy [Nm™|:
dFy = B(dLcos ¢ + dDsin ¢). (3.38)

and a tangential force:
dFr = B(dLsin¢ — dD cos ¢). (3.39)

Momentum Balance

The same axial and tangential forces can be written from momentum theory.

Figure 3.16: The axial and tangential force, imposed by the annulus.

Recall that we said in (3.3), that the thrust is the product of the mass flow rate and the
difference in speed between the far downstream and the far upstream. Remember, also,
that we’d determined in the Betz analysis (3.14) that the far-downstream flow speed is
(1 — 2a)uc. That means:
dFy = diius(1— (1 —2a)) = drius(2a) (3.40)
= p(2rrdr) us(l — a)(26uy)

— %pugo (2mrdr) (4a(l — a)).

The tangential force is exactly the same, it just depends on the tangential speed after the
actuator disk (which we’d previously called wor) and relies on the fact that the upstream
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tangential speed is zero. Refering back to (3.25), we have:
dFr = dm(2d'Qr) (3.41)
= p2mrdr) us (1l — a)(24d'Qr)
1
= 5Pl (rQ2) (2wrdr) (4a'(1 — a))

If we now set the two axial force equations (3.38)) and (3.40) equal, and then set the
two tangential force equations (3.39) and (3.41]) equal, we obtain two equations for the
unknowns (a and a), which have to be solved numerically.

Setting the force from the blades’ perspective equal to the force from the
annulus’ perspective

From Eq. and Eq. [3.40f

%pW2Bc(0g cos ¢ + cqsing)dr = %pugo(%rrdr)(lla(l —a)) (3.42)

From Eq. and Eq. [3.41}

1 1
épVVch(cE sing — cqcos g)dr = épuoorQ(Qwrdr)(éla’(l —a)) (3.43)

Using nondimensional parameters to simplify

We're already met the local speed ratio \.. The other nondimensional parameter that
might end up being useful here is the local ’solidity’” a radius r. This is defined as:

_ Be(r)

2rr

: (3.44)

r

which means that as we follow the circumpherence of an annulus, we compare the ’amount
of blade’ we 'walk over’ to the total path length. Here:

e B || is the number of blades,
e ¢(r) |m]| is the chord length at radius r [m].
The overall rotor solidity is the total blade planform area divided by the rotor disc
area; R
B o c(r)dr
B TR?
So, returning to 1) and 1) we can substitute in this local solidity o, = 2< and

(3.45)

g

express terms using the local speed ratio A\, = %
The effective wind speed simplifies to:
W = \/Ugo(l —a)?+ U2 N(1+da)? = Um\/(l —a)?>+ N(1+a)? (3.46)
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with:
Sin¢:um(1—a): l—a |
w VI = a2+ X1+ a)?
!/ /
COS¢:ATUM(1+a): A(1+d) |
w VI —a2+ X1+ a)
COS
¢
W sin

Figure 3.17: Trigonometric relations in the velocity triange.

Starting from (3.42) and plugging in the above non-dimensional parameters gives:

%pw%r(zma) (c@ (W) + cq (W)) dr = (3.47)

%puio(%rrdr) (4a(1 — a)).

If we divide each side by mrpu? (dr) and simplify, we get:

o/ (a—1)2 4 (@ + 1)2X2(—acq + (a' + 1)) + cq) = 4(1 — a)a. (3.48)

Doing the same thing from (3.43)), gives first:

m(dr)rpou? /(a —1)2 + (@ + 1)2X2((1 — a)ep — (a + 1D)ecg),) = (3.49)
47(1 — a)d' (dr)\rpu,,

which divides and simplifies to:

)% <Jr\/(a T2+ (@ + D)2A2((1 — a)er — (d' + 1)chr)) —4(1—a)d.  (3.50)

Solving via quadratic formula!

Dividing (3.48)) by (3.50)), gives:

ar(1+d)+cy(l—a) a
A\ - = — 0l
"l —a)—cg\(1+a) o (3:51)

Now, let’s multiply both sides by the denominators, move everything to one side of the
equality, and collect the terms:

—a’*cp+a(c — caly) —a' X\ (@ + 1) e, +¢cq) = 0 (3.52)
(a')2ce)? —d (—cd)\T — Cg/\z) + a*cy — alcy — ca\y) 0,
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which happens to be the quadratic relationship Hy(a’)* + Hya' + Hy = 0 if

Hy = c) N2, Hy = cq\ + ¢\, Hy=acy—a(ce — ca)y). (3.53)

This means that:

—H, ++\/H? — 4HyH,
! = 1 3.54
a o, (3.54)
—CqAr — A2+ \/(CdAr + ce)\ﬁ)2 + dac (1 — a)ep — cady)

265)\%
(and, the £ sign has to be a positive sign to keep the value of a' reasonable.)

So, we're left with:

_Cd/\r — Cg)\g + \/(Cd)\r + Cg)\%)z + 4&04/\%((1 - a)Cg — Cd/\r)
a = (3.55)
26@)\%

Special case when cq =0

, 1 a(l—a)

=51t (3.56)
B 1 4a(1 — a)
=5t 51t % (3.57)
11 14a(1 — a) 4
=—5+5 {1+§/\—Z+O(>\T )} (3.58)

a(l —a) 4

== +0 (A (3.59)

Recalling that by Taylor series:

1
\/1+x:1+§x+0(x2).

So, it turns out that - for vanishing drag coefficients and small values of A %, we get the
same result as we found in rotor-disk theory

a(l —a)
S VA
BEM example

Let us now assume a few typical values: A, € [1,7] and B = 3. For Az = 7, we assume
the induction factor a = % for all r (extracting maximum power according to Betz’
limit).
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A(R)=RQ~=7

\ A(r)=rQ/Us

Figure 3.18: Considering one particular slice of the blade...

Assume that the 2D lift and drag coefficients of each radial airfoil section can be chosen
as:

C —= 1 Cq — 0.01
The tangential induction factor o’ is approximated as:

, _a(l—a)
TN

Substituting a = % gives:

Local solidity o, From Eq. (3.48]) we have:

4a(l — a) . 1
ar(l+ad)+c(l—a) /N1 +d)?+ (1-a)?

Op =

With a = % we simplify:
da(l—a)=4-

8
9

Wl
Wl N

Given that ¢y < ¢; and @’ < 1 for large \,., we approximate:
cq(l —a) =0, (1+d)=~1
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Thus the local solidity simplifies to:

81
O N ——
92
a'
21%
5%
2.5% 0.5%
1 2 3 7

A(r) with increasing r

Figure 3.19: Relationship between local speed ratio A\, and tangential induction factor
a’, showing that o' decreases rapidly as )\, increases.

Or
89%|
22% .
. : t 2:‘4J N
1 2 3 7

A(r) with increasing r

Figure 3.20: Local solidity o, as a function of )., demonstrating the 1/\? dependency
derived above.

What does this mean for chord length ¢? Since we have derived that:

81
Or = ——
9 A2
and we know the definition of local solidity:
B
L _Be)
2nr
we can solve for the chord length ¢(r):
2
c(r) = gar
Substituting o, = 55:
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Recall that the local tip speed ratio is:

where 1 = 4 is the nondimensional radius fraction. Substituting A\, = pAg:

()_27T7’§ 1
B 9 ()

Simplify:
2rR 8 1

c(r) = =—— - = -
(r) BX% 9 o

This shows that the chord length is inversely proportional to u (the radial fraction).

We substitute Az = 7 and simplify further. Using 3+ ~ 2%:

2
)‘R

21 R

1

~
~

==

This shows that the chord length is roughly 4 % of the radius divided by the nondimen-
sional radius pu.

In our specific example, with R = 50m, B = 3 blades, and A\ = T:

¢(R)=2m and ¢(10m) = 10m.

2m
R=50m

10m

Figure 3.21: Resulting chord length distribution ¢(r) along the blade radius, illustrating
the 1/u dependency and showing wider chords near the hub.
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The most important equation to remember

Assumptions The following simplifying assumptions are made for the optimal chord
derivation:

Ar=F A1
}Assumptions
c
o> 1
This includes:

e the local tip speed ratio )\, is large. This means the blades are operating at a
high enough speed that cross-flow dominates, and the inflow angle is small.

e Drag is neglected (high C1/Cp).
e Axial momentum balance holds.

e Steady flow conditions.

Axial momentum balance The force on the blade area -

1
FB = épAB (ATUOO)Q CL
——

W2

- equals the thrust on the annulus:

1
Fa=pAaUs(1 —a) (2aUy) = 5pAAUgo 4a(1 — a)

Cr(a)

An
Ag

Figure 3.22: A conceptual sketch: the aerodynamic forces must equal the annulus thrust.

Local solidity The local solidity is defined as:

A Bec(r)

_A_A_ 2mr

Or
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Optimal chord By equating the blade lift force to the annular thrust, we obtain:

1 1
§pU020ABCL)\z = §pU020AA4CL<1 — (l)

This simplifies to:

0. C,p — 4a(1/\2— a)
For the Betz-optimal induction factor a = %:
0.CL = -+
Thus:
322(: ) Culr) = S_z
1 27R28

Or more neatly:

This shows that, for a fixed C, (and under the stated assumptions), the optimal chord
is inversely proportional to radius.

Clryec1/r

r

Figure 3.23: The outer portions of the inverse-radius rule seem give a close-to-linear
taper.

Practical blade design

In practice, linear taper is often used (see Figure [3.23)), meaning that the chord length
is treated as an affine function of the radius, which avoids the excessive chord growth
that the theoretical ¢(r) o< 1/r law would predict very close to the hub.

To compensate for the lower solidity in the inner part of the blade, the angle of attack
can be increased to raise C(r) accordingly. Here the extra drag in the inner part of the
blade is considered less critical.
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Linear taper

Figure 3.24: Linear taper approximation for chord length, avoiding excessive chord growth
near the hub.

Pitch, twist, and the flow angle

The flow angle ¢ [rad] is the angle between the effective velocity W and the blade’s path
(ie, the tangential direction). This means that it ranges from ¢ = 0 (if momentum keeps
the rotor turning while a gust momentarily drops the wind speed to zero or the rotor is
turning infinitely fast) to ¢ = 90deg (while the rotor is not turning or at the blade root).
This angle is the angle that we use, when we try to figure out how to project the lift and
drag forces into the axial and tangential directions.

With a range of ¢ € (0,90), we notice that this range is too large for the chord-line to
always lay along the tangential direction: because that would make the angle of attack
a too large, and the blades would stall.

(The angle of attack, remember, is the angle between the chord-line and the tangential
direction, and is one of the main inputs that determine the 2D lift and drag coefficients
co(@) and cq(«). It’s very important for finding the optimal ¢,/cq value.)

So, we'’re going to use two different ways to reduce the angle of attack:

e by pitching the blade by an angle 5 [rad|. 'Pitching’ is the deliberately controlled
rotation of the entire blade around the blade’s socket in the hub. In almost all
cases, the same [ is applied to all of the blades at the same time.

e by twisting the blade when we construct it. That is, the twist angle 6(r) [rad]
doesn’t have to be, and usually isn’t, constant over the whole blade length. But, of
course, since it’s literally fiber-glassed into the blade, it can’t be changed once the
turbine is operational.

When we substract the combined pitch and twist angles  and 0(r) from the flow angle
¢, whatever angle is left is the angle of attack a. You can see this in Figure |3.25

p=a+pB+0(r) & a=¢—05-0(r)

Remember that from the definitions of the trigonometic functions, we know that:

Uso(l — a) l—a l—a \/1+ (1 —a)?

sin¢ = W - V(L —a)2+ 22(1 +a')? - Ar(1+a’) A2(1+a')?
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combined pitch and twist angle g + 6

axial direction x

. w
tangential direction t

Figure 3.25: Definition of the flow angle ¢, twist 6, and angle of attack «.

Uy (1l —a)

If we now assume that (1 — a)* < A*(r/R)*(1 + o’)?, then the thing inside the square

root drops away. That is:
1l—a

sin ¢ ~ —Ar(l )

By the small-angle approximation:

l1—a
¢N)\,,(1+a’)

so in the case of Betz-optimal induction factor a = 3 (from axial momentum theory) and
a small tangential induction function a’ — 0, this give:

2 R
3N

This would argue that, towards the blade tips (where our simplifying assumption (1 —
a)? < N (r/R)*(1 + a’)? is most likely to hold) the flow angle ¢ must be inversely pro-
portional to the radius. (See Figure [3.26]).

So, if we know what angle of attack will give us the desired ¢y/cq value, then we can
achieve this by pitching and twisting the blade.
The power harvesting factor (

The power harvesting factor, denoted as (, is defined as the ratio between the power
actually harvested by the blade and the total power available in the wind passing through
the blade area. This can be written mathematically as

P

AT

where P is the mechanical power extracted by the rotor, p is the air density, Ag is the
blade area, and Uj is the free-stream wind speed.
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¢ [rad]
I | assuming (1—a)2 < /\r2(1+a')2
3
T
Z L
T
g ,

with a'= ad-2 i

IS me

Figure 3.26: Flow angle ¢ under Betz optimal a = % and the corresponding zero-drag

BEM o = a(1l — a)/(Au)? value (blue) fits quite nicely with the approximation of ¢ ~
(2/(3Aw)) on the outer part of the blade. Shown at A = 7.

Because the solidity and aerodynamic loading vary along the radius of the blade, ( can be
considered as a function of radius. We therefore define a local power harvesting factor,
((r), which can be expressed in terms of the local power coefficient Cp and the local
solidity o,

Neglecting blade drag and other aerodynamic losses, the power coefficient can be written
in terms of the axial induction factor a as

Cp(a) = 4a(l — a)*.

From earlier momentum balance derivations, we know that the local solidity, lift coeffi-
cient, and local tip-speed ratio are related by

0,0\ = 4a(l — a),
which can be rearranged to isolate the local solidity:

o 4a(1 — a)
T O

Substituting this expression for o, into the definition of ¢ gives

4a(1 — a)?
C - 4a(l—a)
CLa2

After simplifying, the result becomes
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This equation shows that the power harvesting factor increases with both the lift coef-
ficient and the square of the local tip-speed ratio, but decreases as the axial induction
factor a approaches one.

At the Betz-optimal induction factor, a = %, the expression simplifies further:

2
= S0
¢ 3 CLA

This optimal case provides a clear scaling law: the power harvesting factor grows propor-
tionally to C7 and to A%, the square of the local tip-speed ratio.

Examples

e Case A — outer blade element (tip): For \> ~ 7 and Cf, ~ 1, we get:
2
(~ 3 X 1x7~47

e Case B — half radius: For a smaller \? (about half of Case A’s value), ¢ ~ 8.

At a position halfway along the blade radius, where the local tip-speed ratio is lower, the
value of ( is substantially reduced, showing how the harvesting factor diminishes quickly
as one moves inwards toward the hub.
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Chapter 4

Mechanics & Dynamics of Wind
Turbines

4.1

Loads and Forces

Wind turbines experience a variety of loads from different sources. These include:

Aerodynamic loads, which arise from lift and drag forces acting on the blades.
Gravity, which produces constant weight forces on all structural components.

Inertial loads, which include both gyroscopic effects from yawing and pitching
motions and centrifugal forces from rotation.

Electromechanical loads, such as the torque generated by the electrical genera-
tor.

Operational loads, coming from actuators including brakes, the yaw system, and
blade pitch mechanisms.

The loads acting on the turbine can be classified by type:

Steady loads, which are static or rotational and do not fluctuate significantly over
time.

Cyclic loads, which occur as harmonics of the rotation frequency:
— 1P: loads occurring once per revolution.
— 3P: loads occurring three times per revolution.

— B.P: the blade passing frequency, which occurs B times per revolution where
B is the number of blades.

Resonant loads, which are associated with vibrations of the tower and blades.

Transient loads, which arise during events such as start-up, shut-down, or yaw
maneuvers.

Stochastic loads, which result from the random and turbulent nature of the wind.
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4.2 Steady loads in normal operation

When a wind turbine operates at constant speed and power, it is subject to steady
loads that do not fluctuate significantly with time. Two important steady loads are the
aerodynamic thrust on the rotor and the gravitational load from the nacelle.

The aerodynamic thrust force Fr [N] can be estimated from the mechanical power P [W]
produced by the turbine and the free-stream wind speed U, [ms™!] as

2P

Fr~ —.
TN

The gravitational force Fz [N] acting on the nacelle is given by

Fo =mng,

where my [kg| is the mass of the nacelle and g [ms™2| is the gravitational accelera-
tion.

— >
Thrust, Fr
Weight
Fe
&utant

Figure 4.1: Illustration of steady loads on a wind turbine, showing aerodynamic thrust
Fr acting on the rotor and gravitational force F; from the nacelle mass.

As an example, consider a turbine producing P = 6 MW at a wind speed of Uy, = 9ms™!,

with a nacelle mass of my = 360t.

The thrust force is calculated as:

2 x 6 MW
FTN a

~ ——+—— =1MN.
3Xx9ms1

The gravitational force on the nacelle is:

Fe =360t x 9.81ms 2 = 3.6 MN.

4.3 Stress and strain

When a material is subjected to tension, it experiences both stress and strain. Figure |4.2
illustrates a material sample under tension.

Stress, denoted by o [Pal, is defined as the internal force F' [N]| acting per unit cross-
sectional area A [m?|:
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=
Cross sectional L AL

Area

Figure 4.2: A material sample under tension, showing the applied force F' and elongation
AL.

_F
o=

Strain, denoted by ¢ [-], is the relative elongation of the material, calculated as the change
in length AL [m] divided by the original length L [m]:

Figure 4.3| shows a typical stress—strain curve.

Stress
Ultimate tensile strength
™ Fracture
Yield Strength
Linear Rise
Run
Young's Modulus = Rise = Slope
Run
Strain

Figure 4.3: A stress—strain curve showing the elastic region, yield point, and plastic
deformation region.

For example, consider a steel material with a Young’s modulus £ = 200 GPa, a yield
strength Y = 250 MPa, and an ultimate tensile strength U = 500 MPa.

At which strain does steel start to deform plastically /permanently? Hooke’s
law relates stress and strain in the elastic range:

Oy = EEy,

where oy |Pa] is the stress at the yield point and ey [-] is the corresponding strain. Since
at yielding oy =Y, we can solve for the strain:
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Y
€Y:E.

This equation shows that the yield strain is simply the yield strength divided by Young’s
modulus.

When does a beam start to deform? Figure illustrates the geometry of a bent
beam. The strain at the outermost fiber can be expressed in terms of curvature:

C|, distance from :
Neutral axis to surface Elongation Thickness 2d

- Compression

Neutral Axis

Radius of curvature P

Q
Center of curvature

Figure 4.4: Relationship between strain € and beam curvature, with outer fibers at a
distance d from the neutral axis and radius of curvature p.

&y = —,
p

where d [m] is the distance from the neutral axis to the outermost fiber, and p [m] is the
radius of curvature of the bent beam.

4.4 (Static) beam bending (Euler-Bernoulli theory)

Hooke’s law Hooke’s law relates stress, strain, and the stiffness of a material. It is
written as

oc=Fe,

where o [Pa] is the stress, E [Pa| is the Young’s modulus of the material, and € [-] is the
strain (deformation).
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Cross-sectional Area

Neutral Axis
(Not elongated or
ompressed)

Figure 4.5: Conceptual illustration of bending beam’s cross-section

% E——
)

w(x) << X
Assume displacement is orthogonal

Figure 4.6: Schematic showing displacement of a bending beam

Strain In a bent beam, the strain € [-] at a distance z |m| from the neutral axis is
related to the radius of curvature p [m| by

z
€= —.
P
Because curvature is defined as the reciprocal of the radius, we can also write

d*w(x)
p  da?

)

where w(z) |m| is the beam deflection as a function of position = [m|. Substituting this
curvature relation into the strain expression gives

E=z
dax?

Bending moment The bending moment M (x) [N m| along the beam can be calculated
by integrating the stress distribution:

where d [m] is the half-depth of the beam cross section and dA [m?] is an infinitesimal
cross-sectional area.

d?w(x)

Substituting o(2) = Ez= 5 into the integral yields:

M(z) = /ZzEz (de“;gx)) dA.
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p: bending radius

z € [—d,d]

_—e——em e o = = = = = =

Comprugmom

E_H_ﬂ(distance away
“from neutral axis)

_~Neutral Axis i fz
Neutral Axis

Zero Stress

Tension

Side View Front View

Figure 4.7: Ilustration of strain variation across the cross section of a beam.

The terms F and % are constant over the cross section and can be taken outside the
integral:

M (x) —EM/_dzsz.

The integral

d
/ 22dA
—d

is defined as the second moment of area I [m*]. Thus we can write:

d*w(z)

M(x)=EI =

Alternatively, using the curvature notation %, this relationship is often written as:

M=FEI-.
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Static beam equation (Euler—Bernoulli) The Euler-Bernoulli beam equation con-
nects the applied load to beam deflection:

dd_; [E(x)f(x)dz";f)} = q(),

where g(z) [Nm™!] is the distributed load along the beam.

The related definitions are:
e The shear force Q(x) [N] is the first derivative of the bending moment:

_ dM (z)

Q) = =

e The distributed load ¢(z) [Nm™!| is the derivative of the shear force:

_ dQ(z)
4.4.1 Examples
Let’s try this on two examples:
e a cantilevered beam with an end load, and

e a cantilevered beam with constant loading.

Cantilever beam with end load

Consider a cantilever beam with a point load applied at its free end. Figure illustrates
the setup.

x=0 L @ Force, F
) =1
\\,\A,I'((%))::% W(X)/ w(L)
M(x)
Q(x)

Figure 4.8: Cantilever beam with a force F' applied at its free end, length L, and fixed
boundary on the left side.
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The bending moment M (z) [Nm]| along the beam is given by

d*w(x)
dx?

M(x)=FEI =F(L —x),

where E [Pa] is the Young’s modulus of the beam material, I [m?] is the second moment
of area, w(x) [m] is the deflection at position x [m], F' [N] is the applied force, and L |m)]
is the beam length.

The shear force Q(z) [N] is the derivative of the bending moment:

_ dM (x)

=_—F
dx

Q(x)

Because () is constant, the derivative of Q(x) with respect to x is zero:

dQ(z)
dx

This reflects the fact that there is no distributed load on the beam (¢(z) = 0) and gravity
of the beam itself is neglected.

=0.

Since E and [ are constant and there is no distributed load, the Euler-Bernoulli equation
simplifies to:

d*w(z)
da?

= F(L — x).

Integrating twice with respect to x yields the deflection:

F z3
w(x) = i (Lx2 iy +co+ clx> :

where ¢y and c¢; are integration constants determined by boundary conditions. For a
cantilever beam with the root clamped at x = 0, both deflection and slope are zero at
that point, which sets co = 0 and ¢; = 0.

Substituting these values simplifies the deflection to:

F
2 (3L — 7).

w(x) = o0

At the free end (x = L), the displacement becomes:

FL3
L)=—.
w(l) =357
This final expression can be interpreted as a spring relationship:
FIL3? L3
v =5 oL 3E
force S—~—

displacement .
P spring constant
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where the effective spring constant £ is:

3ET

Cantilever beam with constant loading

Now consider a cantilever beam of length L [m| with a constant distributed load ¢ [Nm™!].
Figure [4.9] illustrates this loading case.

Load, q
]a(x) = constant along beam

Q(x)

Distributed load case
Figure 4.9: Cantilever beam with a constant distributed load q.

With constant Young’s modulus F [Pa] and second moment of area I [m?], the Eu-
ler—Bernoulli beam equation becomes:

d*w(zx)

dxt

q=FEI

Integrating four times with respect to x gives the general deflection:

w(x) = 24qEIx4 + e37° + cox® + 11 + ¢,

where ¢y, c1, ¢o, and c3 are integration constants to be determined by boundary condi-
tions.

Let’s step-quickly to the side, and list the derivatives of w(z):

dw
dw q (36391:2 + 2co + €1 + %)
dat El (42)
dPw gz (12c5 + x) 4 4cy) (4.3)
da? 2FT ‘
dBw q (6cs + )

v (4.4)
dz EI
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Boundary conditions If you have a cantilevered beam clamped at x = 0, then the
clamped side should be undeflected (i.e., ’clamped’), and it should not be moving:

w(0) =0 = ¢ =0,

dw
%(O) =0 = ¢ =0.

The bending moment M (z) [N m] is related to the curvature:

d*w(z) _ L (1265 + 2) + 4cy)

M(r) = BT — > =

And the shear force Q(x) [N] is the derivative of the moment:

dM (z)
dx

Qz) = =q(6es+ ).

At the free end (z = L), the moment and shear force must vanish, because there’s no
force acting past that end:

M(L)=0 = ¢ (GCgL + 2¢o + %2) =0 (4.5)
QL)=0 = q(6cz+L)=0 (4.6)

Determining constants This means, we have four independent equations with four
variables [co, ¢1, ¢2, c3):

Coq
— =0 4.7
Fohi (4.7)
aq
=0 (4.8)
L2

q(6cs+L) = 0. (4.10)

Since E and I are positive real values, they aren’t zero! So, we can solve (4.7)), (4.8)),
(4.10) right away, and then plug the solved c3 into (4.9):

L 5 L?
J— C —_—
67 > q 2 9

— Cy =

0 (4.11)

co=0, =0, c3=-—

.4>.| &

(4.12)
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We can plug these constants back into the forms we defined for the deflection, the moment,
and the shear force:

2 L2 — 4], 2
w(z) = 24%[$4+03$3+62x2+019:+00 _ 4’ (6 24E[x+x ) (4.13)
d*w(z) q (z (12¢3 + x) + 4cy) L? x?

M(z) — EIW_EI( - —q( 5~ Lo+ ) (414)

1
= §CI(L - 1‘)2

dM (x

Qlx) = dm<’ ) _ q(6cs+x) =q(x— L) (4.15)

These expressions describe the internal forces and deflections in a cantilever beam un-
der a constant distributed load, and are shown (in nondimensionalized form) in Figure
4.101

_/ )
. - [
L

Figure 4.10: The deflection, moment, and shear-force distribution for the cantilever beam
with a constant distributed load g¢.

4.4.2 Moment at the blade root

The maximum bending moment at the blade root can be derived using the Euler-Bernoulli
beam equation:

% {E(:p)](m)d ;“x(fq = q(x), (4.16)

where E(z) [Pa] is the Young’s modulus of the blade material, I(z) [m*| is the second
moment of area, w(x) [m| is the blade deflection as a function of the spanwise coordinate
x [m], and ¢(x) [Nm™] is the distributed load.

In this context: - The bending moment M (z) [Nm] is defined by

- The shear force Q(z) [N] is the derivative of the moment:

dM (x)

Q) = ——.
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Maximum strain The maximum strain in the blade, ey [-], is related to the blade
curvature:

€max —

where d [m] is the distance from the neutral axis to the outermost fiber and p [m] is the
local radius of curvature.

Using the curvature form of the FEuler-Bernoulli relation, this strain can be written in
terms of the bending moment:

d(0) M (0)

€max = W, (4.17)

where M(0) [Nm]| is the bending moment at the blade root, I(0) [m?| is the second
moment of area at the root, and E(0) [Pa] is the Young’s modulus at the root.

Maximum bending moment Rearranging Equation (4.17) to solve for the maximum
moment that the blade can support gives:

1Y
Mmax = E‘:maXFy (418)

where Y [Pa] is the yield strength of the blade material.

Equation (4.18)) shows that the maximum bending moment scales with the material’s
yield strain and stiffness, and with the geometry of the blade root cross-section (via the
second moment of area I and the distance to the outer fiber d).

4.4.3 Loads at blade root (in flapwise direction)

For a blade in an ideal design, the distributed load ¢(r) [Nm™!| can be obtained from
the thrust of the corresponding annulus (see Figure [4.11]).

The differential force dF [N| on the annulus is given by:

1
dF = 4a(1 —a) §PU30 27r dr, (4.19a)
1
= Cr(a) §pU02O 27r dr, (4.19Db)
where a [-] is the axial induction factor, p [kgm™3| is the air density, Uy, [ms™'] is the

free-stream wind speed, r [m] is the local radius, dr [m] is the annulus width, and Cr(a)
[-] is the thrust coefficient.

Since this load is shared between B blades, the distributed load per blade is:

q(r) = CTéa) %pro 27r. (4.20)
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ASSUME all thrust force
is concentrated here

B, number of blades =3

Figure 4.11: Force distribution on an annular section of the rotor blade.

Bending moment at the blade root The bending moment M (0) [N m]| at the blade
root is computed by integrating ¢(r)r from r = 0 to the rotor radius R:

R
M(0) = / o(r) rdr, (4.21a)
0
1 1 2 f 2
= —=Cr(a) zpUL 27 [ r3dr, (4.21Db)
B 2 0
1 1, 42
= BC'T(a) QpUOo TR 1 (4.21¢)
12
= 53R Cr(a) =pUZ (7 R?). (4.21d)

The term (7 R?) represents the swept area of the rotor disk, and the force acting on it is
the total thrust Fr [N].

_ Lo o
Fr = C’T(a)QpUOO(WR ).

total force on actuator disk

Thus, the bending moment at the blade root can be interpreted simply as:

2 _Fr

Approximate thrust The thrust force Fir can also be approximated from the mechan-
ical power P [W| and the wind speed Uy:

(4.22)
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Example For a turbine producing 6 MW at a wind speed U, = 9ms~! with rotor
radius R = 75m and Fr ~ 1 MN;, the blade root bending moment is:

2 _F 1 MN
M(0) = §R§T ~50m x —— ~ 16 MNm.
%R Fi/3 at 2/3 of R
on each blade

Figure 4.12: Illustration of total thrust Fr and blade root bending moment M (0).

Maximum bending stress at the blade root Consider the annular cross-section of
the blade root shown in Figure [4.13) with outer radius ro [m| and wall thickness b [m)].
The second moment of area I [m?] is:

T 4 T 4 3
I =—-r5——ri~aryb
42 41 20

assuming the inner radius r; = ro — b and that b < rs.

Neutral
Axis

2

Figure 4.13: Cross-section of the blade root, showing outer radius r, and shell thickness
b.

The maximum bending stress oyay, [Pa| is given by:
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_ r2M(0) _ M(0)

Umax - [

rab

Example thickness calculation If 7y = 1m, op,x = 250 MPa, and M (0) = 5 MNm,
the required shell thickness b is:

M(@©)  5MNm

b— _
Tr30max  m(1)%2 x 250 MPa

~ 0.02m = 2 cm.

4.5 Oscillations & eigenmodes

4.5.1 Intro: spring—mass—damper system

The dynamics of a wind turbine blade, tower, or drivetrain component can often be
approximated by the classical spring—mass—damper model. The governing differential
equation is:

mi + B + kx = F(t), (4.23)

where z [m] is the displacement, m [kg| is the mass, F'(t) [N] is the external force, k [N m™!|
is the spring constant, and 8 [Nsm™!| is the viscous (linear) damping coefficient.

\AAAA mass ::>F

X

—>

Figure 4.14: The spring—mass—damper model: a mass m connected to a spring with
stiffness k£ and a damper with damping coefficient 3, subject to external force F'(t).

Harmonic forcing Assume a harmonic external force of the form:

F(t) = Foeth,

where F, [N] is the force amplitude and w [rads™!] is the forcing frequency. In design,
we consider the real part of the solution.

We assume a solution of the form:
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z(t) = xoe’', x5 €C, (4.24)

where xy [m] is a complex amplitude.

Differentiating this assumed solution gives:
@(t) = (jw)wee’™, (4.25)
i(t) = —w?zoelt. (4.26)
Substituting Equations (4.24])—(4.26)) into Equation (4.23)):

—mw?zye?t + Biwree’t + kagelt = Fyel*t, (4.27)

Canceling e/“t throughout, we get:

zo (k — mw?) +x¢ (jBw) = F. (4.28)
rea imaginary

The magnitude of x is given by:

Fo

: 4.29
V (k= mw?)? + (Bw)? 429

|[zo| =

where the denominator combines the real stiffness term (k — mw?) and the imaginary
damping term (fw).

Natural frequency The maximum response |zg| occurs approximately at the natural
(resonant) eigenfrequency wyg:

k
k—mwyp=0 & wyg=1/—. (4.30)
m

How much can F; be amplified? The spring force is:

FO,spring = kx.
At steady state, its amplitude is:
Fy
2\ 2 7
w Buw 2
\/(1— (m) ) + (%)

which shows how the spring force depends on frequency.

|F0,spring| = k|x0| = (431)
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At resonance (w = wyr), the expression simplifies to:

|F0,spring’ _ k
Fo Buwnr’

(4.32)

which indicates that the amplification factor is inversely proportional to the damping
coefficient.

k/(Bwnr)

|:Ospring/|:0

WnNR w

Figure 4.15: Bode diagram showing amplification of the spring force relative to applied
force Fy as a function of frequency. Amplification factors can reach 5-10 if damping (3 is
low, so resonance should typically be avoided.

At very low forcing frequencies, the spring force equals the applied force, meaning static
analysis is sufficient (as discussed in Section [4.3)).

4.5.2 Eigenmodes

For spring-mass—-damper systems with more than one degree of freedom, the displacement
is described by a vector w(t) € R™. The equation of motion becomes:

Mw + Dw + Kw = F(t), (4.33)

where M [kg| is the mass matrix (n x n), D [Nsm™!] is the damping matrix, K [Nm™|
is the stiffness matrix (n x n), and F(¢) [N] is the external force vector.

If damping is neglected (D = 0), the natural resonance modes must satisfy the condition
that the solution takes the form:

w(t) = wel*', (4.34)
where w € R™ is the mode shape vector and w [rads™!] is the angular frequency.
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I I I
V V V

Figure 4.16: Multi-degree of freedom spring-mass—damper system. The displacement is
described by vector w(t).

Substituting Equation (4.34]) into the equation of motion (4.33) with D = 0 gives:

Mw + Kw = 0. (4.35)

This leads to the algebraic condition:

—WMw+Kw=0 < (M'K-ww=0. (4.36)

This is an eigenvalue problem for the matrix MK € R™*", There are n eigenvalues,
each with an associated eigenvector w (the eigenmode). Because both M and K are
positive definite, the eigenvalues of MK are real and positive.

In practice, we are often most interested in the eigenmode with the lowest eigenfrequency,
because this mode typically dominates the system’s dynamic response.

4.5.3 Rayleigh’s method

Assume we have a good guess of an eigenmode vector w € R". To find the corresponding
eigenfrequency w? [rad?s~2], we start with the eigenvalue equation:

Kw = w’Mw, (4.37)

where K [Nm™!] is the stiffness matrix and M [kg| is the mass matrix.

Equation (4.37) is overdetermined if w is fixed. To proceed, we multiply Equation (4.37))
on the left by sw”:

1 1
—w! Kw = wr-w! Mw : (4.38)
2 2
| S ~—_————
elastic/potential energy at max. displacement kinetic energy at max. speed

Notice, this becomes an expression of energy conservation, one that we can rearrange to
give us the natural frequency w:

wlKw _
w =1/ “TMw f(w). (4.39)

If the guess of w is good, this method can give a surprisingly accurate estimation of w.
(To check, one can insert w and w into Equation (4.37).)
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What is the error of Rayleigh’s method? Assume wy [rads™!| and wy € R"™ are
the true eigenpair, i.e., they satisfy:

KW() = ngWO. (440)

Let our guess be w = wy + Aw, where Aw is the error in the guess. Substituting this
into the Rayleigh quotient:

f(W) = f(wo) +V f(wo)' Aw + O([|[Aw|]?), (4.41)
= o

where the gradient is:

Y f(wa) = (AwiMw) Kwo — (Wi Kwo) Mw, (4.42)
0) — (%WgMWO)Q 3 .

~ Kwy — wSMWO

(4.42b)

1.,T
§W0 MWO

Since wq satisfies Equation (4.40]), the numerator in (4.42b)) vanishes, and we see that
the error in Rayleigh’s method is second-order:

W2 = w2 + O(||Aw]?). (4.43)

We're going to try out Rayleigh’s method on some examples -
e a simple pendulum, and

e a two-mass system

- before moving on to wind energy system components in Sections [4.5.4] and [4.5.5|

A simple pendulum

N>

F
Figure 4.17: A very simple test problem to see how Rayleigh’s method finds natural
frequencies, imagines a simple pendulum.
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We already know that the natural frequency of a simple pendulum - a mass m [kg|
hanging from the end of a massless, frictionless, rigid string-or-rod of length L [m], under
the acceleration of gravity g [ms™2| - will be w = 1/g/L. So, now let’s use Rayleigh’s
method to get the same resultﬂ

The harmonic displacement here, is the angle # [rad| between the pendulum and the
vertical-line-of-symmetry:

O(t) = Omax sin(wt), (4.44)

where we're pretending not to know the angular speed and natural frequency w [rads™!|
so that we can try to find it again.

Then, the amplitude 60,,., is the literally the maximum displacement of the pendulum:
O max = Omax- This gives the potential energy of the system as

U(t) =mgL(1l — cos(6)) = mgL <% —5 1 % + 0(98)) : (4.45)

using a series expansion.

Now, assuming 6 is small enough that the contribution of it’s higher-order power terms
doesn’t overwhelm the expansion (* < 126?), we can find the potential energy at maxi-
mum displacement U,y [J] as:

2

0
Upax = mgL%. (4.46)

The maximum kinetic energy Tinax [J] occurs at the bottom of the swing when cos 01 ax =
cos O(wtr max) = 1. Since the kinetic energy depends on the angular speed of the pendulum
(0), we'll differentiate first:

. 1
0(t) = Opaxw cos(wt), = T(t) = §m(L6man cos(wt))z, (4.47)
= Tmax = %m(Lemax)2w2

So, when we set the maximum kinetic energy equal to the maximum potential energy, we
get:

1 02
Tmax = Unax = §m(L0maX)2w2 = mgL%. (4.48)

When we cancel terms, we find a natural frequency that matches our expectations.

=g = w= % (4.49)

Lthis follows the example given in Irvine, T. "Rayleigh’s Method", Revision D. https://citeseerx.
ist.psu.edu/document?repid=repl&type=pdf&doi=9ce169da44£898d8688599a4alc946e0f59b1b74

76


https://citeseerx.ist.psu.edu/document?repid=rep1&type=pdf&doi=9ce169da44f898d8688599a4a1c946e0f59b1b74
https://citeseerx.ist.psu.edu/document?repid=rep1&type=pdf&doi=9ce169da44f898d8688599a4a1c946e0f59b1b74

Lecture Notes Wind Energy Systems

Two-mass system

Now, let’s take a slightly more complicated example. Consider a simple system with two
masses m; |kg| and my [kg], and two springs with stiffness k1 [Nm™'] and ko [Nm™!].
The equations of motion are:

mgjfz + k’z(lEQ — 1‘1) = O,

mlil + ]{311'1 — k’g(ﬂfz — {L'1> = 0,

where x; [m| and x5 [m]| are displacements.

Define the displacement vector:

The system can be written in matrix form:

[ml 0 ] o [(lﬁ + kz) —kz} w—0. (4.50)

0 mo — k?Q k’g

/

M EVRQXQ K GVRQXQ

X1 X2

m: [VWWW] m2
k1 ko

Figure 4.18: Two-mass, two-spring system for Rayleigh’s method Example 1.

Now, let’s assume my > m; and k; &~ ky. An approximate eigenvector guess is:

ol mo-fiz)

The kinetic energy is:

1 1
D — §WTMW WA = §(m1 + 4my)w? A, (4.51)

and the potential energy is:
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X2 =2mm
—>
X1=1mm
—
ms>>m
m MWW o
k1 k2

Figure 4.19: Approximate eigenvector for Example 2, showing relative displacements of
the two masses.

Epot = %V_VTKv_vAg, (4.52a)
1, (k1 + ko) —kof |1
=54 1 2] [ hy k| l2] (4.52b)
1
= S AN (k1 — ka4 2k2), (4.52¢)
1
= §A§(k1 + k). (4.52d)

From Rayleigh’s quotient, the squared natural frequency is:

btk kidk 1 k1
et It L R (4.53)

my + 4ms 4 ma 2 my

4.5.4 Dynamic beam equation

Of course, if we want to use Rayleigh’s method for the long beamlike components of
the wind turbine, we’ll need some way to estimate the "potential energy at maximum
displacement” and "kinetic energy at maximum speed" terms.

For this purpose, we look at the equation that Euler-Bernoulli and Lagrange derived
for a beam, known as the Dynamic Beam Equation. Unlike the static case, this
formulation includes time dependence, which is why it is referred to as the “dynamic”
beam equation:

o |[F@n@ | = o0 - ) 3. (1.54)

where: - p(x) [kgm™!] is the mass density per unit length, - ¢(z,¢) [Nm™!] is the dis-
tributed load along the beam, and - w(x,t) [m] is the time-varying deflection of the beam
(assuming no damping).
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X =L

\w(x,t)

Figure 4.20: The dynamic beam equation describes a beam with spatially variable stiffness
E(z)I(z), mass density u(x), and a time-varying deflection w(z, t).

Note that Equation (4.54) is a linear partial differential equation. After spatial
discretization, it becomes:

Kw = —Mw,
where K is the stiffness matrix and M is the mass matrix.

The result of the dynamic beam equation, is that we can find the energies of beam-like
components (the tower and blades) that we will next apply into Rayleigh’s method. That
is, the kinetic energy of the beam is given by:

1 [F ow\ >
Fn = /0 (@) (5) dz, (4.55)

and the elastic (strain) energy is:

Fuy = % /0 " B (%)2 dz, (4.56)

where L [m]| is the beam length, F(x) [Pa] is Young’s modulus, and I(z) [m?| is the
second moment of area.

4.5.5 Rayleigh’s method applied to a wind turbine tower

Let’s make a more wind-energy specific example of Rayleigh’s method, than we’d previ-
ously given. Specifically, let’s consider the tall slender beam topped with a point-mass
that we call the "tower".

Both the tower and the nacelle have significant mass. For example, the MHI-Vestas
V164 (9.5 MW) has a heavy nacelle mounted on top of a tall flexible tower (see Fig-

ure [4.21)).

Because of the large mass imbalance, the eigenmodes of the tower must be computed for
a very unequal mass distribution. Remember that we looked at a demonstration example
for this sort of situation in the "two-mass" example, and - there - we had to guess at the
eigenmodes. Here, we happen to be able to make decent guesses about what the main
eigenmodes look like, because the tower is so beam-like and beams have very typical
ways of deforming. The lowest two eigenmodes look approximately as shown in Figure
4.221
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Mtower = 400 t

Myacelle = 400t

L= 100m s

100m

Figure 4.21: Example of a heavy nacelle on a tall flexible tower: MHI-Vestas V164 (9.5

Determine the kinetic and potential energies The kinetic energy of the tower
is:

i = % /0 " ) (%)2 d, (4.57)

and the elastic (potential) energy is:

(a) Lowest eigenmode of the (b) Second-lowest eigenmode
tower. of the tower.

Figure 4.22: Eigenmodes of tower deformation. Notice that these shapes look like in-
creasing fractions of a sinusoid.
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Fa = % /0 " B (%)Qd:@ (4.58)

where: - u(z) [kgm™!] is the mass per unit length of the tower, - E(z) [Pa] is Young’s
modulus, - I(x) [m?*] is the second moment of area, - and w(z, t) [m] is the time-dependent
displacement.

After assuming a particular displacement (eigen)mode Assume for this example
that the displacement is approximated by:

w(z,t) = w(x)e, w(z) = A0%7

for a rough approximation of the lowest eigenmode. Assume constant mass density p(z),
Young’s modulus E(x), and moment of inertia I(x) along the tower.

Applying the energy equations derived with dynamic beam theory, we write the kinetic
energy as:

" Miower 422 1
Ekm ( ¢ Agﬁd,ﬁv + §mnaceueA§) s (459&)
242 Mtower 4 Mpacelle
= WQA% (% + mnacelle) 5 (459C)

where Mmyower [kg| is the total mass of the tower and mpacene [kg| is the mass of the
nacelle.

The elastic energy is:

1 0 22\ \?
Eela = 5/0v El (8_ (A0ﬁ>) dl’, (460&)

1 24,
= — EI d 4.60b
2/0 (LQ) . (4.60b)

4FE1

where F [Pa and I [m?| are assumed constant.

Eigenfrequency estimate Now, equating Ey;, = Fe. yields an expression for the
square of the eigenfrequency:

AET

2 [ Mtower
W —— —.
L3

: (4.61)

+ mnacelle) =

This result provides an estimate for the tower’s lowest eigenfrequency using Rayleigh’s
method, given the tower mass, nacelle mass, stiffness, and geometry.
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4.6 Site and weight of wind turbines

This section provides examples of the size and weight of modern wind turbines.

Example 1: Vestas V90 (1.8 MW)

Tower height: 120m

Blade length: R = 45m

Nacelle weight: 75t

Weight of 3 blades: 40t

Total nacelle + blades: 115t

e Tower weight: 1521t

Figure 4.23: Example weights and dimensions of a Vestas V90 1.8 MW wind turbine.

Example 2: MHI-Vestas V164 (9.5 MW)
e Tower height: 105 m

e Blade length: R =82m

Nacelle weight: 390t

Weight of 3 blades: 105t (approximately 150t total including hub)

Tower weight: 400t

Base diameter: 6.5m

82



Lecture Notes Wind Energy Systems

Figure 4.24: Example weights and dimensions of an MHI-Vestas V164 9.5 MW wind
turbine.

4.6.1 Stiff & soft towers

The tower’s dynamic behavior is strongly influenced by its lowest excitation frequen-
cies.

Lowest excitation frequencies Two key excitation frequencies come from the ro-
tor:

e 1P: the rotor rotation frequency, which can cause excitation due to blade asymme-
tries.

e B.P: the blade passing frequency, where B is the number of blades.

Given the rotor radius R [m| and wind speed U, [ms™!], and with the tip speed ratio
defined as

RO
A= —
Uso
the rotational frequencies can be written as:
PYUS
wip = Q= T, (462)
DYUS

Note that we always have:
wp.p = Bwip.

The fundamental rotor frequency w;p typically varies with wind speed.

Tower design considerations If w;p or wg p coincide with the tower eigenfrequencies,
resonance can occur. This must be avoided through:

1. tower design, and
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2. controller design.

Given the range of operational speeds, the tower can be classified into three frequency
domains (see Figure [4.25)):

e “soft—soft”: if the lowest tower eigenfrequency wiower is below the rotor frequency
range.

o “soft—stiff””: if wiower lies between wip and wp p.
o “stiff—stiff”: if wiyer is higher than wpg p, i.e., all tower eigenfrequencies are above

the blade passing frequency.

Mechanical resonance frequencies should be designed
to be in these regions, to avoid being excited.

(No y-axis)

® ©

soft-soft soft - stiff stiff-stiff
1P Excitation 3P excitation force frequencies
force frequencies
(VAN
w=0 W1p, min W1p, max Ws3p, min Wap, max z

Figure 4.25: Classification of towers into “soft—soft”, “soft—stift”, and “stiff—stiff” based on
their eigenfrequencies relative to rotor and blade passing frequencies.

Example: MHI-Vestas V164 For the MHI-Vestas V164 turbine:

Tip speed ratio: A =8
Rotor radius: R = 80m
Wind speed: Uy, = 10ms™!

Rotor speed: Q = 1rads™!

| 1rad/s 2rad/s

Figure 4.26: Excitation frequency ranges and tower classification for the MHI-Vestas
V164.

4.7 Blade oscillation & centrifugal stiffening

Blade oscillations mostly occur flapwise, meaning forward-backward motion (see Fig-
ure [4.27)).

Interestingly, due to rotation, the blades stiffen and have higher eigenfrequencies than
they would have without rotating. The following sections explain why.
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Figure 4.27: Flapwise blade oscillation mode.

4.7.1 Rotating, hinged beam (no elasticity)
Consider a beam rotating about a hinge.

The moment of inertia I [kgm?| about the hinge is:

I—/O p(r)ridr, (4.64)

where p(r) [kgm™!| is the mass per unit length and R [m] is the blade length.
Define:

e ¢ |rad|: flapwise oscillation angle,

e Q [rads™!]: rotation frequency,

e M(¢) [Nm]|: restoring moment.

The equation of motion is:

I = M(p). (4.65)

The restoring moment M (¢) comes from centrifugal forces:

R
M(¢) = —/ w(r)Q2r cos(¢) sin(¢) r dr, (4.66a)
0 - ~~ o
. R
~ —¢Q2/ p(r)rdr, (4.66b)
0
= Q0?1 (4.66¢)
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Figure 4.28: Rotating, hinged beam model for flapwise blade oscillations.

Substituting into Equation (4.65) gives:

Ip=—-Q*¢p <&  P(t) = Asin(Qt). (4.67)

Thus, the eigenfrequency equals the rotor frequency.

4.7.2 Rotating beam with torsional spring

Now assume the beam is attached to a torsional spring with stiffness K [Nmrad ™| (see

Figure [4.29)).

Torsional Spring

Figure 4.29: Rotating beam with torsional spring stiffness K.

The natural resonance frequency due to the spring alone is:

WNR = s (468)

~[=
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and the moment becomes:

M(¢) = —Q*Ip — K.

The equation of motion is:

Ip=— (I + K) ¢.

Dividing by I:

1
- — (QQ +w]2VR> ¢,

i=—(2+7)o

where w3 = K/I.

Finally, the total resonant frequency of the rotating beam is:

2 2 2

(4.69)

(4.70)

(4.71a)

(4.71b)

(4.72)

showing the effect of centrifugal stiffening: rotation adds an extra Q? term, increasing

the overall eigenfrequency of the blade.
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Chapter 5

Control of Wind Turbines

There are two different ways of controlling wind turbines:

1. Passive control by mechanical design. For example, some turbines rely on
passive elements such as tails and vanes to orient themselves into the wind.

Figure 5.2: Vane used for passive orientation of a wind turbine.

2. Active control by sensor—actuator systems. This method typically uses digital
controllers and actuators to actively manage turbine operation.
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Digital Power -
—p _.I Act |_.I Turb |_.| Sensor
Controller Amplifiers Cinator MERIS |

A

Figure 5.3: Example of an active control system using sensors and actuators.

5.1 Sensors and Actuators in wind turbines

Wind turbines rely on a variety of sensors and actuators to monitor their state and control
their operation.

Sensors Typical sensors found in a modern wind turbine include:
e Generator speed, rotor speed, wind speed, yaw rate

e Temperature of gearbox oil, generator winding, ambient air, etc.

Blade pitch, blade azimuth, yaw angle, wind direction

Grid power, current, voltage, and grid frequency

Tower top acceleration, gearbox vibration, shaft torque, blade root bending mo-
ment, etc.

e Environmental sensors for icing, humidity, and lightning detection

Actuators Common actuators used in wind turbines include:

e Generator (acting as both actuator and energy conversion device)

Electric motors for pitch and yaw systems
e Linear motors, magnets, and switches

Hydraulic power units and pistons (for high-power and high-speed control)

Resistance heaters and fans for temperature regulation

Mechanical brakes for the rotor and yaw system

5.2 Control system architecture

Usually, the supervisory control operates at a high level, determining the turbine
operating status. The dynamic control operates at a lower level, handling fast-changing
variables such as torque, pitch, and power.

5.3 Control of variable speed turbines

For speed control, the main actuators are:
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[ Wind farm operator

1 A
/\
/ / \

Start up

Fault
monitoring

Dynamic
Component < Online control

Controllers

2

Figure 5.4: Overview of control system architecture for a wind turbine.

Emergency
shut down

Shut down

\\ J9]j01u0) Asosiasadng /J

e Blade pitch

e Generator torque (this is controlled slowly to avoid drive-train oscillations)

Rated power

Q [rad/s]

Owax

[ ITA [IB [Ic, III IV

Firie Subrated regime Pitch in Shut down
Pitch pitch=0 Feather
A @ optimal
Cut-in Rated Shut um[m/s]
Speed Speed down

Figure 5.5: Rotation speed as a function of wind speed.

Because the wind speed on the rotor disc cannot be perfectly known, we must consider
what the maximum power production and power coefficient Cp(A, 5) can be.

The power function is given by:

P = SpAUR.Co(0 ), (5.1)

where:
e P |W]is the mechanical power,
e p [kgm™? is air density,

e A |m?| is the swept area of the rotor,
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o U, [ms™!]is the free-stream wind speed,
e Cp [ is the power coefficient,

o \= S—R is the tip-speed ratio, and

oo

e (3 [°] is the collective blade pitch angle.

The power coefficient Cp is maximized at A = \* (e.g. A\* = 7) and 8 = 8*. The optimal
power coefficient is denoted C} = Cp(\*, 8*). (Note: The asterisk * denotes the optimal
value.)

\ = Qgen
A A —A

/ OJ\ﬂax

I Flik I § 1§18 \}-IJ\ IV

\ Shut down
O.-’C:c—r‘ ~ Uo p
>
Cut-in Rated Shut Uoo[m/s]
Speed Speed down

Figure 5.6: Pitch angle (3, generator torque Qgen, and tip-speed ratio A as functions of
wind speed, in the different control regions.

The generator torque is denoted QQgen, and in equilibrium we have:

QGen = QAero-

Operating regions The turbine’s operation is divided into several wind speed re-
gions:

e Region ITA: The tip-speed ratio X is fixed to A\f/! = Qg—zR, and the blade pitch j3
is maximized. The power coefficient is then:

Cp = Cp(\iz B).
e Region IIB (subrated): A = \* and 8 = $*. The power coeflicient is optimal:
Cp=Cp =Cp(A\,3").

This means that:
P U3,

 Region IIC & III: The tip-speed ratio A is again fixed to MS = Q@—ZR, and 3 is
regulated to control power. Region III is the maximum power region.
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The blade pitch 5* is centered at 0 degrees because the blades are designed such that the
power coefficient is maximized at that pitch.

5.4 Torque control at partial load (in region I1IB)

The generator torque Qge, [Nm| can be controlled directly and should counteract the
aerodynamic torque Q ero [Nm].

Given the rotor inertia I [kgm?|, the rotor speed Q [rads™!] satisfies the ordinary differ-
ential equation:

IQ - QAero - QGen' (52)
The aerodynamic torque @ 4., depends on wind speed U, rotor speed €2, and blade
pitch angle §.

The aerodynamic power is given by:

PAero =0 QAerm

Ao

7 we can express (acpo as:

and since ) =

P ero 1 C )\, 6
QAero - ?2 = §P(7TR2)U§O%, (53&)
1 A
= §pr3U§O %ﬁ) (5.3b)
N—
=Co(\8)
1 Cp(A
= om0 (530

How to choose ()¢, when only () is measured? The goal is to find the function
Qcen(§2) that keeps the turbine at the optimal tip speed ratio A* in Region IIB.

Intuitively:
e Apply a higher Qg., if €2 is too high.
e Apply a lower Qgep, if Q2 is too low.

At the optimal speed Q* = % we must have:

QAETO(Q*7 Uooa 6*) = QGen(Q*>‘ (54)
Thus, the generator torque control law is defined as:
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RQ
QGen(Q) = QAero (Qa 776*> ) (55&)
1 SCp(N*, B%)
= 2p7TR SOE 0 (5.5b)
where the term
1 sCp(\*, B%)
2p7TR ()\*)3
::I},Gen

is a constant torque coefficient.

Stability at Q* From Equation (5.2) we write the rotor speed derivative:

Q= F(2) = 7 (Qaero(2. U ) ~ Qien(€2). (5.6)

Question 1: Is f(2*) =07

Yes. If QO = ’\*g“, then by construction:

QAero(Q*7 U007 ﬁ*) = KGen(Q*)Qa

so indeed f(Q2*) = 0.
Question 2: Is the equilibrium stable?

We look at the derivative of f with respect to €2

ﬁ _ 1 dQAero _ dQGen
dQy 1 dQ2 dQQ ’

At Q = Q*, we evaluate:

dQGen
= 2K genf)
dQ Gen3 b,
and similarly:
dQAero
= 2K enQ7
0 “

but because Qgen is actively controlled, the net slope is negative.

Simplifying:

94



Lecture Notes Wind Energy Systems

df R Te/ 05

aQl,. 1277 T

This derivative is strictly negative, meaning the control law is stable.

The settling time is inversely proportional to 2* (or equivalently, proportional to Qi or
o)
U/

5.5 Thrust jump at nominal wind speed

Figure 5.7: Power and thrust as functions of wind speed.

The reason for the reduction in thrust for Uy > Uyem 18 the reduction of the induction
factor a.

Recall some facts from Betz theory The power coefficient and thrust coefficient
are given by:

P
CP: _4a(1_a)2,
3PAUS
T
Cr= =4a(l —
T %pAUOQ a( a)7
P
T =
(1 — a)U()

The optimal power harvesting is achieved for induction factor a* =

Wl
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How does a depend on U;? At the Betz limit we have:

16
Ch:=Cp(a") = 77
and
dCp
—1 =0.
da | .

a

For Uy > U,om we must ensure P = P,,,,, which is only possible if we reduce Cp.

In a pitch-controlled system, Cp is reduced by reducing the induction factor a (alterna-
tively, one could also increase the induction factor to reduce the power).

For Cp < C} we have a < a*. Applying a Taylor expansion:

1d2Cp

Cp =4a(l —a)*=Cp + §F(a — a*)? 4 higher order terms. (5.7)
a

The derivatives are:

ddip =4(1 —a)* - 8a(1l — a),
d? d?
CP:-J&1—@+@a B Y

da? da?

a*

Plugging this into Equation (5.7 gives:

Cp=Cp—4(a—a*)?

so that:

a—a*:—\/#. (5.8)

How does T depend on Uy — U, > 07 Starting from:

d
Cp=Cp+ diUP(UO — Upom) + higher order terms. (5.9)
0

For P = Py, and Uy = Upom:

Pmax

C .
T 1A

Differentiating:
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dCp _ _ 3Pum _ dCp _ 3G}
AUy~ LpAU¢ dUp — Unom’

Plugging into Equation ({.9):

U - Unom
Cp=Ch— 3@;@7
Unom
or equivalently:
U - Unom
Ch—Cp = 30;;(0(]—).

Substitute this result into Equation (5.8)) to get the relationship between induction factor
and wind speed:

3C%
—a"=— ) 5.10
¢ ¢ \/4Unom (UO - Unom) ( )

Effect on thrust The thrust is given by:

1 1
T=Cr- 5,0AU§ =4a(l—a)- ipAUg.
Differentiating thrust with respect to Uy:

dT Prax

Uo
ErTraie THOIH a1t 74 N
dUy * 2Unom(1 — a)

(UO - Unom) + (a(UO) o a*)m’

which simplifies to:

T = Tnom

UO - Unom 301*3
1 - - — Ynom
Unom \/4Unom (Uo = Unom)

97



Lecture Notes Wind Energy Systems

98



Chapter 6

Alternative Concepts

6.1 Vertical axis wind turbines

There are two main differences between horizontal axis wind turbines (HAWTs), which
we have been studying so far, and vertical axis wind turbines (VAWTs):

e A VAWT’s generator is mounted at ground-level, simplifying the structural require-
ments on the tower and also making construction easier.

e HAWT blades are always passing through similarly ’fresh’ flow, whereas VAWT
blades have a ’front pass’ through fresh flow, and a 'back pass’ through a slowed
(and turbulent) flow. This usually makes VAWTSs less effecient (smaller Cp) that
HAWTs.

Two main vertical axis wind turbine types are presented here: the Darrieus rotor and the
Savonius turbine.

There main difference between the two, is in how each system produces power. In the
case of the Savonius turbine, it’s a drag force from the wind on the "cup" side of the
blades that causes the rotor to turn. In the case of the Darrieus turbine, the blades pass
perpendicular to the freestream (as they do in the 'normal’ horizontal axis wind turbines
(HAWTSs)), meaning that it’s a lift force that drives rotation. But, different from HAWTs
and Savonius rotors, when Darrieus rotors are not rotating, there generally is not enough
aerodynamic force pointed in the tangential rotation for the turbine to start on it’s own.
Because of this, it’s common practice to pair the two systems, with a more-efficient
(higher Cp) Darrieus turbine intended to produce power in normal operation mounted in
combination with a small Savonius turbine intended to start the system.

6.2 Airborne wind energy (AWE)

For further detail, see the lecture slides (link provided in the notes): https://www.
syscop.de/files/2018ss/WES/lectures/20180711WES-AWE.key.pdf

There are two main system concepts:

e In the first, there are generators and propellers on-board the kite, whose generated
electricity is sent down through an electrified tether to the ground. This concept is
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(a) Side view of a Darrieus vertical axis wind
turbine. (b) Top view of a Darrieus rotor.

Rotation
Direction
Windl,:
(c) Side view of a Savonius wind turbine. (d) Top view of a Savonius rotor.

Figure 6.1: Typical vertical axis wind turbine system types

variously called: "drag-mode" or "ground-gen" or "on-board generation".

e In the second, the tether is wrapped around the generator drum, and the kite flies
variable-lift trajectories, so that the tether unwinds the generator at high tension
before the tether gets re-wound at low tension. This concept is variously called:
"lift-mode" or "fly-gen" or "pumping-cycle".

Variant 2: Generator on ground (pumping cycle) We assume the following:

e The effect of gravity is neglected.

e The cable is parallel to the wind W.

e The kite flies crosswind with high speed.

Where the variables are defined as:

o V=X\W

e W: real wind speed [ms™!]

e V: kite speed [ms™!]

e «: roll-out speed as a fraction of the real wind speed

6.2.1 Loyd’s formula

Regard a kite or airfoil under idealized conditions:
e The tether is parallel to the wind.
e Gravity is neglected, steady wind W = U..

e Steady crosswind flight with downward components.
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Figure 6.2: Ground-based airborne wind energy concept with a pumping cycle.

Given Cp, Cp, roll-out speed aW, wing area A, and tip speed ratio A\, the wind and
motion vectors in the x—y frame are:

W = [_W] (6.1)
0
—aW
ve [ 6
The effective wind is:
v.-w_v= [l-aW (6.3)
¢ —\W '
with magnitude:
Vel = WA/ (1 —a)? + N2
Drag and lift forces The drag force is:
1 \%
FD = _pAHVeH2CD = (64&)
2 Vel
1 (1—-a) 1
= —pAV?C 6.4b
ey ] 1—a)2+ X\ (64)
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> (I_Q)W >=R0" out speed = aW |

Figure 6.3: Kite crosswind configuration for Loyd’s formula.

and the lift force is:

1 Vv
F; = —pA|V.|*Cp = 6.5a
L 9 || || L ||Ve|| ( )
1 A 1
= —pAV2(Cy (6.5b)
2 -] Vi-a7+x
Sum of forces
1 1 Cp(l —a)+CpA
F +Fp = -pAV? D :
S e /sy E e S anTy (66)

Force balance In steady state there is no acceleration, so the force in the y-direction
must be zero. This yields:

)\CD = (1 — Oé)CL. (67)
Rearranging:
CL
A=—(1—-a). .
Gel-a) (6:5)

Power generation The generated power is equal to roll-out speed alWW times the
x-component of tether tension Fr:

P =aWF; (6.9a)
1
=aW - §pAW2 (1 —=a)2+ X (Cp(l —a)+CLA) (6.9b)
_ 1 3 2 (C1
= 2pAT/V all —a) (CD (6.9¢)
1 C?
= —pAW* =L (14 2a(1 — )?) . (6.9d)
2 Cp
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Optimization The maximum power is reached when (1 — «)? is maximized:

fla@) =a(l—a). (6.10)
Differentiating:
f'(a)=(1—-a)®—2a(l —a)=0. (6.11)
From Equation (6.11]), we find:
(1-a)=2a = a*:%.

Evaluating at o*:

0 a*=1/3 Roll out factor, a

Figure 6.4: Optimal reel-out factor a* and Loyd’s formula derivation.

Loyd’s formula The final Loyd’s formula for maximum power is:

1 4 (% C?
P= pAW?. —. 2L (1+C—§) (6.12)
L
~1
Example Consider C;, = 1, Cp = 0.05, W = 10 m/s, and p = 1.2 kg/m®.
We compute:
2o

S —1)
Cp  0.05

Substituting:
P 1 4 C? C?
N 1V S Nyt T i [Tt 04
a2 ey LCD( +Cg)

N J/

TV
¢ “Harvesting factor zeta”
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4 1
= — 400 (14 — ) ~ 59
‘=5 <+400>

This yields a harvesting factor (“zeta”) of approximately 59 and a maximum specific
power:

P/A =~ 36 kW /m”.
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