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Bonus Exercise

Prof. Dr. Moritz Diehl, Jakob Harzer

This is a bonus exercise, to apply the learned knowledge of the MSI course.

Consider a bathtub is filling up with water from two faucets, one for cold water and one for warm
water. Unfortunately, we don’t know the temperatures of water from the faucets. The (water) mass
flow rate of both faucets is known as F = 0.2 kg s−1, and they can be either turned on or off, which
we denote by the controls ucold(t) ∈ {0, 1} and uhot(t) ∈ {0, 1}.

The temperature of the water will change over time, depending on the controls applied. We have
noisy measurements of the temperature as well as exact knowledge when the faucets were turned
on and off, shown in the figure below. Initially, there is m0 = 5kg of water in the bathtub, at the
environment temperature of T0 = 20 ◦C.

0 1 2 3 4 5 6 7 8

Time [min]

5

10

15

20

25

30

T
em

p
er

at
u

re
[°C

]

Temperature

0

1

In
p

u
t

ucold

uhot

We can model the temperature in the bathtub by considering both the total heat energy Q(t)
(relative to 0 ◦C) and the mass m(t) (in kg) of the water inside the tub. These then relate to the
temperature T (t) (in ◦C) of the water by

Q(t) = cm(t)T (t)

where c = 4200 J kg−1K−1 is the heat capacity of water. The heat energy of the water changes
because of heat flows from incoming hot and cold streams from the faucets as well as heat flows
from and to the surrounding environment with temperature T0 = 20 ◦C, depending on an unknown
conduction constant k. We can summarize this as a differential equation for the heat energy Q
given by

d

dt
Q(t) = −k(T (t)− T0) + F (Tcolducold(t) + Thotuhot(t))

The mass of the water changes due to the controls as

d

dt
m(t) = F (ucold(t) + uhot(t))
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We can summarize these equations as a nonlinear continuous state-space model, with state x(t) =
[Q(t), m(t)]⊤

ẋ = f(x(t), u(t)) =

[
−k(T (t)− T0) + F (Tcolducold(t) + Thotuhot(t))

F (ucold(t) + uhot(t))

]
y = g(x(t), u(t)) = T (t) + ϵ(t)

where ϵ(t) is i.i.d. Gaussian measurement noise with a standard deviation of σϵ = 0.2 ◦C.

Your Task Estimate the unknown temperatures of the faucets Tcold, Thot (both in ◦C) and the
constant k (in WK−1) from the given measurement data. Also give the 1-sigma confidence interval
of the estimate. You can find the data along with this sheet on the course website.

Hints Here are two ways to do this:

1. Since this problem only contains measurement noise, you can use Nonlinear least squares.
Discretize the dynamics, construct a residual function R(θ) and minimize the squared residu-
als.

2. Apply an EKF to estimate the parameters online. For this you will need to extend the state
vector, discretize the dynamics, linearize both the dynamics and the output, and iterate the
prediction and update steps of the Kalman filter.
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