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Temperature Control Units

Temperature Control Units (TCU) are machines that aim to control the temperature of a
circulating fluid for the purpose of controlling the temperature of another device. J
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Temperature Control Units

Temperature Control Units (TCU) are machines that aim to control the temperature of a
circulating fluid for the purpose of controlling the temperature of another device. J

@ It uses cooling water and electrical
resistances

@ Context: a new control system is being
implemented.
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System to control : TCU + exterior

T external
return system

| S |

Tfeed

L Vo p——

Relation between the internal and external systems.

@ Goal: control the temperature of the external system, using the actuators of the TCU.
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Relation between the internal and external systems.

@ Goal: control the temperature of the external system, using the actuators of the TCU.
@ The internal system is modelled using physics and experimental data.
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System to control : TCU + exterior

T external
return system

| S |

Tfeed

L Vo p——

Relation between the internal and external systems.

@ Goal: control the temperature of the external system, using the actuators of the TCU.
@ The internal system is modelled using physics and experimental data.
@ The exterior system is unknown and changing, hence it has to be learned online.

Léo Simpson MSI : Parameter Estimation



A modelling question

@ Context and Motivation

@ A modelling question

Léo Simpson MSI : Parameter Estimation



A modelling question

Using physics knowledge about the system, we make a very simple model

Ttank hcool cool ( Tcool Ttank) +

Qheat uhcat +
hambient( Tambient _ Ttank)+

|ON / OFF HI
u“""’(t)\;j } }

Tank Coll

=)

Treturn )

Vhreturn( Treturn . -I-tank)7
Electrical Resistance

uheat () Tfeed = hfeed( Ttank - Tfeed),
Tamblent — 07

Thermometers

Simplified physics of a TCU Tfeed _ Tfeed

o The state of the system is x := (Ttank  Tleed Trambient)
o The inputis u:= (v u®°l <l Tretum) and the output is y = T°*I(¢)
@ The unknown parameters are § = (h°°! Qheat pambient  preturn  pfeed

Léo Simpson MSI : Parameter Estimation



A modelling question

If the sampling time of the data is constant, it is more convenient to learn a discrete-time

system:
Ttank(t + 1) _ Ttank(t) + Qheat uheat(t)+
ON / OFF I | | 1 | tank
Tml(t)ﬂ | + peo° (t) <0 ( Jcool _ tan (t))
- 0 - c; hambient( Tambient ( t) - Ttank( t))+
= ] V(t)hreturn( Treturn(t) o Ttank(t)),
Teed ) ﬂ Elecct)r:\fjlg:;isi?;it(t) Tfeed(t + 1) _ Tfeed(t) + V( t)hfeed( Ttank( t) _ Tfeed(t))’
Thermometers \—‘ Tamb' (t + 1) _ Tamb'(t),

Simplified physics of a TCU Tf%d(t) = Tfeed(t)

@ The state of the system is x = (Tta’nk T feed Tambient)
o The inputis u:= (v u®°l el Tretum) and the output is y = T°*I(¢)

e The unknown parameters are § := (h<°l Qheat  pambient  preturn  pleed)
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A modelling question

A model is never perfect, and disturbance are usually present

Ttank(t + 1) _ Ttank(t) + hcoolucool(t)(-,-cool _ Ttank(t))+
I:‘ON/O(FF) I ” Qheat uheat(t)+
ucoote) Al |
hambient( Tambient(t) _ Ttank(t))+
7777777 V(t)hreturn(-rreturn(t) _ Ttank(t)) 4 Wm“k(t),
Tfeed(t + 1) _ Tfeed(t) + V(t)hfeed(-,-tank(t) _ Tfeed(t)),
Tambient(t + 1) _ Tambient(t) + anhien‘r(t)’

_ Tfeed(t) + V(i‘)

Simplified physics of a TCU Ted(t) =

Tank Coil.

ON / OFF u’“—"“(t)

o The state of the system is x := (Ttank Tieed Tambient)
o Theinputis u:= (v wu°l ¢l Trem) and the output is y == T°°(t)

@ The unknown parameters are g = (hcool Qheat hambient hreturn hfeed)

MSI : Parameter Estimation 10/59
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A System ldentification question

=

— 4
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A System ldentification question

@ Datasets have been collected by
conducting experiments on the machines

@ Each dataset contains a sequence of input
together with a sequence of outputs

@ How to use this data to infer the
parameters of our physics-based model?

Tig

Luw
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Experimental data
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E Lo A | g ity | g — T_coolin (u)
w 100 N E. DO _cool (u)
=
© = <D £ NS 100 S 100 - DO_heat (u)
§® 5
) 2
=
@ 50 50 4 50
e T B s ey p— —— - —— T A —
0 500 1000 1500 2000 2500 0 1000 2000 3000 4000 5000 0 2000 4000 OO0 8000 10000

6 datasets collected from experiments on one of the TCU.
(in total, 16 datasets are available for more than 7 machines)
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System Identification Task

@ This shows the need for an efficient method to estimate parameters of a linear dynamical
system.

@ Estimating the deterministic part together with the noise model also has the advantage
to design a good online state estimator.

@ Such an algorithm could also be used online, to learn the external system.
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Typical external systems

100 — input u 10.0
7.5 — output y <54
5.0 4 5.0 4
257 2.5 1
0.0 4 0.0 4
T T T T ! ! I |
0 50 100 150 1 50 Loo 150
1009 = input u 10.0°4
7.5 — output y 754
5.0 1 5.0 4
251 2.5
0.0 4 0.0 4
T T T T } I I I
0 50 100 150 1 50 Loo 150

Impulse responses for some examples of external heat transfer systems

— input u

— output y

= input u

— output y
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© Problem Statement
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Parametric Linear Time-Variant models

© Problem Statement
@ Parametric Linear Time-Variant models
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Parametric Models

Parametric Dynamical Models with Random Noise

Xk+1=f(Xk, Uk; 9)+Wk, k=0,....,N—1,
Yk = 8(xk: 0) + v, k=0,...,N.

@ The functions f and g are known, but it depends on unknown parameters 6.

@ The variables xi are the state of the system (usually unknown), while y, are
measurements (known). The initial state xg is in general, also unknown.

@ The variables vy are the inputs of the system (known). They can come from feedbacks
from past measurements yp, ..., Vi 1.

@ The random variables w; and v, are called the process noise and the measurement noise
respectively. They are assumed to be independent with each other, and with zero-mean:

E[Wk] = E[vk] =0

Léo Simpson MSI : Parameter Estimation 18 /59



Parametric Models

Parametric Dynamical Models with Random Noise

Xk+1=f(Xk, Uk; 9)+Wk, k=0,....,N—1,
Yk = 8(xk: 0) + v, k=0,...,N.

@ The functions f and g are known, but it depends on unknown parameters 6.

@ The variables xi are the state of the system (usually unknown), while y, are
measurements (known). The initial state xg is in general, also unknown.

@ The variables vy are the inputs of the system (known). They can come from feedbacks
from past measurements yp, ..., Vi 1.

@ The random variables w; and v, are called the process noise and the measurement noise
respectively. They are assumed to be independent with each other, and with zero-mean:

E[Wk] = E[vk] =0

= Goal: estimate the parameters ¢ € R" from data data wo, yo, ..., UN_1,YN-
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Parametric Models

Parametric Linear Dynamical Model with Random Noise

Dynamical model:
Xk+1 =A(uk;9)xk+b(uk;9) + wy, k=0,....,.N—1,
yk = C(0)xk + vk, =0,...,N,
Probabilistic model:
Cov[wk]:Q(uk;Q), k=0,...,N—1,
Cov[vk]:R(H, k=0,...,N—1,
E[x] = %o,
Cov[xo] =Py
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Parametric Models

Parametric Linear Dynamical Model with Random Noise

Dynamical model:
Xk+1 =A(uk;9)xk+b(uk;9) + wy, k=0,....,.N—1,
yk = C(0)xk + vk, =0,...,N,
Probabilistic model:
Cov[wk]:Q(uk;Q), k=0,...,N—1,
Cov[vk]:R(ﬂ, k=0,...,N—1,
E[x] = %o,
Cov[xo] =Py

@ The functions A(-), b(-) and C(-) are known functions that parameterize the model.
@ The functions Q(-) and R(-) parameterize the uncertainty model.
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Parametric Models

Parametric Linear Dynamical Model with Random Noise

Dynamical model:
Xk+1 =A(uk;9)xk+b(uk;9) + Wy, k=0,....,N—1,
yk = C(0)xk + vk, =0,...,N,
Probabilistic model:
Cov[wk]:Q(uk;Q), k=0,...,N—1,
Cov[vk]:R(H, k=0,...,N—1,
E[x] = %o,
Cov[xo] =Py

@ The functions A(-), b(-) and C(-) are known functions that parameterize the model.
@ The functions Q(-) and R(-) parameterize the uncertainty model.
@ The prior knowledge on ¢ is in the form h(f) < 0.
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Two tutorial examples

© Problem Statement

@ Two tutorial examples
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Two tutorial examples: the random walk model

Random walk model with noisy
measurements

Xk+1 = Xk + W, k=0,....,N—1,
Ve =Xk + v, k=0,...,N,

we ~N(0,q), k=0,...,N—1,
kaN(O,r), k=0,...,N,
xp = 0,

9:[q r]
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Two tutorial examples: the random walk model

Simulation of random walk for q=0.1, r=0.9

Random walk model with noisy 10 - == gtates x
= measurements y
measurements 51 W&Mm

Xkt1 = Xk + Wi, k=0,...,N—1, 01

Yk =Xk + Vi, k=0,...,N, 70 2 40 60 80 100 10 140 160 180
time step k

we ~N(0,q), k=0,...,N—1,
v~ N(0,r), k=0,...,N,
xp = 0,

9:[q r]
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ial examples: the random walk model

Simulation of random walk for q=0.1, r=0.9

Random walk model with noisy 10 - == gtates x
= measurements y
measurements 5
Xk+1 = Xk + W, k=0,....,N—1, 01
_ _ -5 . . . . : : T T T
Yk =Xk +Vvi, k=0,...,N, 0 20 40 60 80 100 120 140 160 180
time step k
Simulation of random walk for q=0.6, r=0.4
we ~N(0,q), k=0,...,N—1,
10 - states x
Vk ~ N(07 r)7 k = 07 MR | N7 - measurementby
5 -
X0 = Oa
0 -
= r
0=lq r] S

0 20 40 60 80 100 120 140 160 180
time step k
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Two tutorial examples: a heat transfer model

A heat transfer model

X1 = (1 = 3/7)xk + b/rux,

dk+]_ = dk + Wk,

Yk = Xk + di + v,
wi ~ N(0,1073),
v ~N(0,1073),

X0 = 0,
dy =0,
0=1[1/r b]
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Two tutorial examples: a heat transfer model

A heat transfer model

Simulation for parameters T = 20, b = 1.0

X1 = (1 = 3/7)xk + b/rux, 101 [—
i1 = dic + Wi, ;] output y

Yk = Xk + di + vy, N

wi ~ N (0, 10_3), : - - -

vie ~ N (0, 10_3), time step k

xo =0,

do = 0,

0=[1r b

Léo Simpson MSI : Parameter Estimation



Two tutorial examples: a heat transfer model

A heat transfer model

Simulation for parameters T = 20, b = 1.0

Xk4+1 = (]_ _ 1/7')Xk + b/TUk, 10 1 ——— input u
— output y
di41 = di + wy, 5 -
Yk = Xk + dk + v,
N 1 -3 01 T T T T
wi ~ N (0,1073), 0 50 100 150
Vi ~ ./\/'(07 10—3), time step k
Xg = 0’ Simulation for parameters 7 = 35, b = 0.9
do = 0 107 —— input u
’ = output y
0=[ b 5
y .
0 50 100 150

time step k
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Is the noise model that important?

© s the noise model that important?
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Is the noise model that important?

Xip1 = F(Xk, ug; 0) + wi, k=0,...,N—1,
Yk = &(Xk, u; 0) + vi, k=0,...,N,

As we will see in the next part, estimating a noise model is useful for the design of a good
state estimator.

But what if one is only interested by estimating a nominal model?

Could we ignore the noise, and estimate a deterministic model?
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Is the noise model that important?

Xk+1=f(Xk7Uk;9)+Wk, k=0,....,N -1,
Yk = &k, u; 0) + v, k=0,...,N,

Could we ignore the noise, and estimate a deterministic model?
A positive answer: There exists methods that provide estimates 6y that are robust against
the noise given some (reasonable ) assumptions

Robust estimation

In robust estimation, we look for an estimate 6 that converges to the true value 6* if the
process and measurement noise goes to zero when k — +00. A sufficient condition:

o= 7| < Cunll + Ca max B K llwill + G max oYK 1w

. but can't we do better by using E[w,] = E[v,] =07
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A simple instructive example

Let us have a look at one simple example:

A simple example

Xk+1 = Oxk + Wi,
Yk = Xk + Vi,
Wi NN(O,q),
v ~ N(0,r),

XOZO,

One greedy idea to estimate 0:
Since we have a (noisy) measurement of x,, we could just replace it
with vy, on the first equation, then do linear regression to find 0...

Yir1 = 0(yk — vic) + wi + vier1,
= Oyk + wi + Vi1 — Ovg,
known known noise

~ =~ ~~ |~
Yirr =0 "y +wit+ v — Oy,

Linear regression to find 6:

N
i Zk:1 Yk+1Yk
- N
Zk:l Yk2

Léo Simpson
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A simple instructive example

known known noise

A~ =~
Yirr =0 "y +we+ v — vy,

Linear regression to find 6:

N
_ Zk:l Yk+1Yk

= Sh v
_ Zivzl Oyiyk 22121 [Wi + Vi1 — Ovid] v
T >t Vi ’
04 ® Yk (Wi + Vierr — Ovic] yi
% ZLV:1 Vi? ’
E|\wkyk] = E|vki1yk E | viyk E[v?
o E[[yf]] ! é[m Lo E[[ykz]] ‘Q‘GEM
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A simple instructive example

T L Conclusion:

If one tries to estimate parameters "as if the measurements weren't
X1 = Ok + Wi, noisy”, the estimate would be biased, even for infinite amount of
Yk = Xk + Vg, data:

Wi NN(qu)’ . E[vkz]
Ve N (0,r), Q’V@;‘QGEW])
Xo0 = 0,

Léo Simpson MSI : Parameter Estimation



The Kalman Filter

@ The Kalman Filter
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Linear Time Variant system

Parametric Linear Dynamical Model with Random Noise

Dynamical model:
Xk+1 :A(uk;H)Xk—{—b(uk;H) + wyg, k=0,...,N—1,
vk = C(0)xk + vk, k=0,...,N,
Probabilistic model:
Cov[wk]:Q(uk;G), k=0,...,N—1,
Cov[vk}:R(G, k=0,....,N—1,
E[x] = %o,
Cov[xo] =Py
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Linear Time Variant system

In this part, we omit the dependency in 6 and vy, and focuses on the estimation of the state

Linear Time-Variant System with Random Noise

Dynamical model:
X+1 = Arxk + bi + wy, k=0,...,N—1,
Vi = Cxie + vi, k=0,...,N,
Probabilistic model:
Cov|[wi] = Qx, =0,...,N—1,
Cov[vk] =R, =0,....,N—1,
E[xo] = %o,
Cov[xo] =Py
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The Kalman Filter

Dynamical model:

Xk+1 = AXk + b + wy,

i = Cxx + vi,
Probabilistic model:
COV[W/(] - Qk7

Léo Simpson

@ We initialize our estimate with Xg = X

@ Everytime a new measurement yy is available, we
update our state estimate:

ex = Yk — C Xik—1,

Rilk = Xuk—1 + Krex
@ Then we predict the state at the next time step

Rer1k = ARk + bis

... But how to choose K 7

MSI : Parameter Estimation



The Kalman Filter

Define
Dynamical model:
Xk+1 = ArXk + b + wy, Pk|k = Cov [Xk — )?k|k]7
Yk = Cx + Vi, Pyk—1 = Cov [xi — Rk
Probabilistic model: ) i
Then the following equations hold:
COV[Wk] = Qk7
Cov|[v] =R, Pk = (I = Kk C)Pype—1(1 — Kk C) T + KkRK,
Elx] = %o, Pk = AcPrkAr + Qx,
COV[X()] = Po, 1
_ T T -
The Kalman Filter: ? We chose Ky = P/;:\)kflc (CPk(Ijklc +(R) ]
o % A ecause it minimizes P, in every direction. (proo
Rt = R + Kic(yie = € Sgua), on the blackboard) |
)?k-i-l\k = Ak)?k|k + by.

W
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The Kalman Filter Equations

To summarize, the Kalman Filter is given by the following equations

Dynamical model |
Xk+1 = Arxk + bk + wy, @ Initialize the state and covariance estimates
vi = Cxk + Vi, with Xo and Py
Probabilistic model: o Compute the Kalman gain
Cov[w] = Qi, Ki = Pk—1CT (CPig—1 €T+ R) ™
Cov[vk] =R, o Update with respect to new measurement yj:
E[x0] = %o, Kipk = Xujk—1 + Kic(yk — C Rujk—1),
Cov|[xo] = Py, Pijk = (I = K C)Pr—1(1 — KiC) T + KkRKi ™
o Predict the next state:

K1k = ARk + bi,
Pk = AkPikAp + Qk.

Léo Simpson MSI : Parameter Estimation 34 /59



The Kalman Filter Equations

There are many other equivalent ways of formulating the Kalman Filter equations. Here is
another, more compact:

The Kalman Fliter Equations (more compact)

Sk=CPy-1C" +R, k=0,...,N,

L = AcPyr—1CT S, k=0,...,N,
K1k = (Ak — L) Rik—1 + Lieyi + bx, k=0,...,N—1,
Pryajk = AkPkalAZ — LSkl T+ Qx, k=0,...,N—1.
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The Kalman Filter in the case of Gaussian Noise

In the case of Gaussian noise :

The following properties hold
Dynamical model:

Xk+1 = Akxk + bk + wy, (% | 05+ V1) ~ N (Rir—1 Prjk—1)
Yk = Cxx + vk, (X | Y05 -5 vic) ~ N (Rejier Prji)
Probabilistic model:
wi ~ N(On,, Qk),
Vi ~ N(On,, R), (Vi | Y055 V1) ~ N (CRijk—1, Sk)»
xo ~ N (X0, Po)-

We have also a similar property on the output y;:

J with Sy innovation covariance, defined as follows

Sk = CPk|k_1CT +R

Léo Simpson : Parameter Estimation



Prediction Error Method: an appropriate method for our problem

9 Prediction Error Method: an appropriate method for our problem
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Parametric Models

Let us recall our initial problem:

Parametric Linear Dynamical Model with Random Noise

Dynamical model:

Xk+1 :A(uk;H)xk—i—b(uk;H) + wy, k=0
vk = C(0)xk + vk, k=20
Probabilistic model:
Cov[wk] :Q( Ug; ) k=20
Cov[w] = R(6), k=0
[Xo] = Xo,
Cov[xo] = P,.

LN -1,
N,
N1,
LN -1,

Léo Simpson MSI : Parameter Estimation
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Kalman Filter on our problem

The equations of the Kalman Filter

For given parameters ¢, the Kalman Filter is given by the following equations:
Sk = CP.CT + R(6), k=0,...,N,
Ly = A(uk; 0) P CT S 71, k=0,...,N,
Xkr1 = (A(uk; 0) - LkC)%k + Lyyx + b(uk; 9), k=0,....N—1,
Prsr = Auk; 0) PeA(uk; 0) T — LiSkLi " + @ (u; 6), k=0,...,N—1.
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Kalman Filter on our problem

The equations of the Kalman Filter

For given parameters ¢, the Kalman Filter is given by the following equations:
Sk = CP.CT + R(6), k=0,...,N,
Ly = A(uk; 0) P CT S 71, k=0,...,N,
Xkr1 = (A(uk; 0) - LkC)%k + Lyyx + b(uk; 9), k=0,....N—1,
Prsr = Auk; 0) PeA(uk; 0) T — LiSkLi " + @ (u; 6), k=0,...,N—1.

We define the functions " i (vo, ..., yk-1,0) = CX¢" and "Sk(0) = Sk
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Kalman Filter on our problem

The equations of the Kalman Filter

For given parameters ¢, the Kalman Filter is given by the following equations:
Sk = CP.CT + R(6), k=0,...,N,
Ly = A(uk; 0) P CT S 71, k=0,...,N,
Xkr1 = (A(uk; 0) — LkC)%k + Lyyx + b(uk; 9), k=0,....N—1,
Prsr = Auk; 0) PeA(uk; 0) T — LiSkLi " + @ (u; 6), k=0,...,N—1.

We define the functions " i (vo, ..., yk-1,0) = CX¢" and "Sk(0) = Sk

= When the noise is Gaussian, the following holds:

(vk | o5, yk-1,0) NN()A/k(YOw--:)/kl:H), 5k(9)>
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The Kalman Filter in the random walk model example

@ We generate data with the

random walk model, with Random walk simulation with ¢* = 0.3, r* = 0.7.
covariances g* = 0.3 and
r*=0.7 14 e— true states x
. —eo— output y
@ We apply a KF with other
values of g and r. 01

0 2 4 6 8
Random walk model Random walk simulation with ¢* = 0.3, r* = 0.7.

Xk+1 = Xk + Wi,

@ true states x

Yk = Xk + Vi,
Wi NN(O7 q)’
Vi NN(O, r),

X0 = 0 time step k

—o— output y
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Kalman Filter in the random walk model example

@ We generate data with the

random walk model, with Kalman Filter for random walk with g = 0.9, r = 0.1.
covariances g* = 0.3 and .
r*=0.7 14 e— true states x

predictions Jjx—1

Random walk model Kalman Filter for random walk with ¢ = 0.1, r = 0.9.

Xk+1 = Xk + Wi,

. A o —— output y
@ We apply a KF with other N estimations i
values of g and r. 01 ! .
0 2 4 6

@~ true states x

Yk = Xk + Vi,
Wi NN(O7 q)’
Vi NN(O, r),

X():O

—o— output y

estimations x

®  predictions Pyx_1

time step k
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The Kalman Filter in the heat transfer model

@ We generate data with the heat transfer model, with parameters 7% = 20 and b* = 0.8

@ We apply a KF with other values of 7 and b.

Simulation for parameters 7 = 20, b = 0.8

10

input u

output y

T T
0 40 80 120 160
time step k
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The Kalman Filter in the heat transfer model

@ We generate data with the heat transfer model, with parameters 7% = 20 and b* = 0.8

@ We apply a KF with other values of 7 and b.

Kalman filter for parameters 7 =5, b= 1.0

10 ~ .
= input u

; /. - output y

estimations §j

®  predictions Yy x_1

T T
0 40 80 120 160
time step k
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The Kalman Filter in the heat transfer model

@ We generate data with the heat transfer model, with parameters 7% = 20 and b* = 0.8

@ We apply a KF with other values of 7 and b.

Kalman filter for parameters 7 =5, b= 1.0

10 i .
7 | input u
T -
| output y
5 1 4 . A
uncertainty Yy + o
. estimations yj,
T T T T T L] redictions yjx_
0 40 80 120 160 P sl
time step k
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Qualitative description

One can apply a Kalman Filter to the measurement data for given parameters 6.

We seek for the parameters resulting in the "best KF".

We measure the quality of the KF with the prediction error yi — 9 (yo, ..., yi—1,0).
This is refined by considering not only the prediction error, but also its estimated
covariance S(0).

This method belongs to the class of prediction error estimation methods 1 anditis a
Maximum Likelihood Estimation method. 2.

L. Ljung, "Prediction error estimation methods,” Circuits, Systems and Signal Processing, vol. 21, no. 1,
pp. 11-21, 2002.

2R. Kashyap, "Maximum likelihood identification of stochastic linear systems,” IEEE Transactions on Auto-
matic Control, vol. 15, no. 1, pp.25-34, 1970
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Some optimization steps in the heat transfer model

@ We generate data with the heat transfer model, with parameters 7% = 20 and b* = 0.8

@ We apply a KF with other values of 7 and b.

Kalman filter for parameters 7 = 2.0, b = 1.0

101 = input u
/_“.'H:’ =~ output y
5 1 fé‘ uncertainty Yy, + o
estimations yjx
0 - ®  predictions Pyx_1

T T
0 40 80 120 160
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Some optimization steps in the heat transfer model

@ We generate data with the heat transfer model, with parameters 7% = 20 and b* = 0.8

@ We apply a KF with other values of 7 and b.

Kalman filter for parameters 7 = 7.4, b = 0.9

10

input u

/."c‘ T S S S output y
5 1 uncertainty Yy, + o

estimations yjx

0 - ®  predictions Pyx_1

T T
0 40 80 120 160
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Some optimization steps in the heat transfer model

@ We generate data with the heat transfer model, with parameters 7% = 20 and b* = 0.8

@ We apply a KF with other values of 7 and b.

Kalman filter for parameters 7 = 14.6, b = 0.9

10

input u

/ ) output y
5 1 uncertainty Yy, + o

estimations yjx

0 - ®  predictions Pyx_1

T T
0 40 80 120 160
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Some optimization steps in the heat transfer model

@ We generate data with the heat transfer model, with parameters 7% = 20 and b* = 0.8
@ We apply a KF with other values of 7 and b.

Kalman filter for parameters 7 = 18.2, b = 0.8

101 input u
) ) output y
5 1 uncertainty Yy, + o
estimations yjx
0 4 e——e ®  predictions Pyx_1

T T
0 40 80 120 160
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Some optimization steps in the heat transfer model

@ We generate data with the heat transfer model, with parameters 7% = 20 and b* = 0.8
@ We apply a KF with other values of 7 and b.

Kalman filter for parameters 7 = 20.0, b = 0.8

101 input u
) =) output y
5 1 uncertainty Yy, + o
estimations yjx
0 4 e———e ®  predictions Pyx_1

T T
0 40 80 120 160
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The optimization problem

N
minié’nize Z H)/k — Yk ()/07 s Yk—1, 9) Hik(e)*l + log [Sk(0)]
k=0
subject to  h(6) < 0.
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The optimization problem

N
N N 2 Notations:
m|n|6m|ze kz_:o Hyk — Vi (yo, e Vi1, 0) Hsk(e)*l + log | Sk (6)] — Ixlly == T Mx
subject to  h(6) < 0. |M] = det(M)
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The optimization problem

N
D N 2 Notations:
mlnlé’nlze kzz:o‘lyk _yk(y07~"7yk71a9)‘|5k(9)—1 +|Og‘5k(9)’ TH/V]:: XTMX
subject to  h(6) < 0. |M] = det(M)
Lifted form: o
o 2
pinimizg > lledls - +loglsi
subject to S = CPC' + R(6), k=0,...,N,
Ly = A(uk; 0) PcCT S 7L, k=0,...,N,
ek:yk—qu( k:O,...,N,
)A<k+1:A(uk;9)§<k+Lkek+b(uk;0), k=0,....N—1,
Prs1 = A(u; 0) PeA(uk; )T — LeSkli " + Q(u; 6), k=0,...,N—1,
h(6) < 0.
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Stationary Kalman Filter for Liner Time-Invariant Systems

Linear Time-Invariant Systems :

Dynamical model:

Xk+1

Cov [vk

E[x
Cov [XO

| =
|
|

= A(H)xk + b(uk; 0) + wy,
Wik =

C(0)xk + vi,
Probabilistic model:

Cov [Wk] = Q(G),

X0,
Po.

R(9),

Léo Simpson

In the present case, the Kalman Filter equations
would converge (exponentially) to its steady state

(aka Ricatti Equation):
=y — CX, k=0,...
Res1 = A(0) % + Lex + b(ug;0),  k=0,...
S=CPC" +R(0),
L=A(0)PCTS™,
P=A0)PA(6)" — LSLT + Q(0),

Now also the optimization problem also simplifies a
lot:

MSI : Parameter Estimation
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The optimization problem for LTI systems

P,x

=gl g

subject to

N
minimize Iog|5|—|—Tr(5_ Nkz_:ekek )

ex = Yk — CXy,

S=CPC" +R(9),
L=A(®)PCTS™,
P=A0)PA(6)" — LSLT + Q(6),
h(0) < 0.

k=0,...
Xkr1 = A(Q))?k + Ley + b(uk;G), k=0,...

N1

Léo Simpson
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Optimizing over L and S directly

When @ and R are fully unknown, it might be more convenient to optimize over L and S:

N
1
minimize log|S|+ Tr (5_1,\/ Z ekekT>
k=1

0,S,L,x
subject to  ex = v, — Cxg, k=0,...,N
K41 = A(0) % + Leg + b(u; 0), k=0,...,N—1
h(0) < 0.

The optimization over S can be done analytically: S = % ZQ’ZI exer !,

= N
. 1 T
minimize det| — exe
0,L,x <N§ Kok >

subject to e = yx — CXy, k=0,....,N
Kk1 = A(0) Xk + Lex + b(uk; ), k=0,...,N—1
h(0) < 0.
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Theory about this estimation method

@ Theory about this estimation method
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Theory about this estimation method

In this section, we will define

N
VN(yN70) = VN(y07 s )yNa Z H}/k —)/k }/07 s 7)//(71,9)";(9)_1 + |0g|5k(0)|
k:

Then, our estimation method can be stated as follows:

~

On(yn) = arg mgin Vn(yw, 0)
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Relation with Maximum Likelihood Estimation

Maximum Likelihood Estimation

Theorem: In the case of Gaussian noise, the former optimization problem is equivalent to the
Maximum Likelihood Estimation:

Vn(yo,---,yn,0) = —2log <p(y0,...,y,\/\9)> + cst

Proof :
N

N
p(yo)' -y YN I 9) = H P()/k | Yo, - -- 7yk*179) = H fGauss()/k;)A/kM—l(e)vSk(e))7
k=0 k=0

with faauss(X; 1, S) = (2 |S|) =2 e 2l=#lls—1 Hence the following holds

N
~210g (p (0 [ 0)) = 3 1k = Sk 1 (D)2 2 + 108 |Sk(0)] + (N + 1) log(2r)
k=0
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Expected value of the objective function

Assume that yg, ..., yy follows the distribution of given by the same probabilistic model, with
some parameters 0*. Then 6* is a minimizer of the expected value of the objective function:

H*Eargmin E |:VN(y0,...,y/\/,9) ‘9*:|

9 Yor-YN
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Expected value of the objective function

Assume that yg, ..., yy follows the distribution of given by the same probabilistic model, with
some parameters 0*. Then 6* is a minimizer of the expected value of the objective function:

0* € argmin E [VN(yo,...,yN,H) ‘9*].
9 Y0soYN

§o=0g

Proof : (in the Gaussian case) This property is inherited from the fact that the objective is
the negative log likelihood of the measurements (up to multiplicative and additive constants).
For some arbitrary parameters 0, let us define the probability densities g(-) = p(- | #) and
qg*(-) == p(- | 0*) . One can show the desired property using Jensen's inequality on the convex
function — log(-):

IyE{— log (p(y | 0))

0*] =/y—log (é(y))q*(y)dyz/—log (a°(»)a*(v)dy

y
9*] |
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Convergence of the estimate

Consistency of the estimate

Assume that yg, ..., yy follows the distribution of given by the same probabilistic model, with
some parameters 0*. Let Oy(y) be the parameter estimate given by the presented method.
Then, under some reasonable assumptions:

On(y) N 0% with probability 1.
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Convergence of the estimate

Aymptotic convergence

Furthermore, the following holds for some constant c:

IR

#[Jir -
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Performance on the heat transfer model

N =50

1.0 EEE constraints
+ 0 estimates

08 N 0*
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0.0

T T T T T T
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01
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Performance on the heat transfer model
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Performance on the heat transfer model
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Performance on the heat transfer model
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Performance on the heat transfer model

N = 1000
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Performance on the heat transfer model

N = 2000
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Performance on the heat transfer model

Mean Squared Error of the estimates

—&— MSE
C
N
o 1072 7
X
Ss)
|
>
1077 1
™ T T T T L R
10° 10°
number of data points N
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Performance on the Random Walk example
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Performance on the Random Walk example
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Performance on the Random Walk example
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Performance on the Random Walk example
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Performance on the Random Walk example

Mean Squared Error of the estimates

—e— MSE
C
N
.
°|° 1072 4
>
1073 i

10 10°
number of data points N

Léo Simpson
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Conclusion

@ Conclusion
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Conclusion

@ The presented method has capabilities of joint estimation of parameters in the system
dynamics and the noise covariances.

@ Even with noisy data, it can recover the right parameters when the amount of data goes
to infinite.

@ We propose a change of paradigm: from "State and Parameter estimation” to
"Identification of a State-Estimator”.

@ Thank you for your attention !
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