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Nonsmooth Dynamics (NSD) - a classification

Regard an ordinary differential equation (ODE) with a nonsmooth right-hand side (RHS).
Distinguish three cases:

¥ NSD1: non-differentiable RHS, e.g., © =1 + |z|
t
= y NSD2: state dependent switch of RHS, e.g., & = 2 — sign(z)
: t
s ‘/ NSD3: state dependent jump, e.g., bouncing ball, v(t1) = —0.9 v(¢-)
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Controlled complementarity Lagrangian systems

Controlled CLS

g=v

M(q)0 = f.(g,v) + Bu(q)u
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Controlled complementarity Lagrangian systems

Controlled CLS

g=v
M(@)6 = fulg,v) + Bul@u+ 3 (@A )
/=1

» C={1,...,n.} - number of contact, J¢(q) - contact normal, €’ - coeff. of restitution

» blue terms: impact model f/(q) = 0 becomes active, triggers state jump
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Controlled complementarity Lagrangian systems

Controlled CLS

g=v
M(g)o = fo(g,0) + Bulghu+ 3 (@)X, )
/=1
Ve eC

0< M L fh(g) >0,
if (f2(q(ts)) < 0 then
)

Tala(ts)) To(td) 2 —erdi(a(ts)) To(ty), Veec

» C={1,...,n.} - number of contact, J¢(q) - contact normal, €’ - coeff. of restitution
» blue terms: impact model f£(q) = 0 becomes active, triggers state jump
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Controlled complementarity Lagrangian systems

Controlled CLS

g=v
M(g)o = fo(a,0) + Bulgu+ 3 (@)X )
/=1

0< X, L fi(g) >0, VlecC
if f(q(ts)) <0 then
Ji(q(ts) To(d) >0, Veec

» C={1,...,n.} - number of contact, J¢(q) - contact normal, €’ - coeff. of restitution
» blue terms: impact model f£(q) = 0 becomes active, triggers state jump

> green terms: Coulomb'’s friction model (maximum dissipation principle)

> Ji(q) € RMax™ ny € {1,2} spans the tangent plane
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Controlled complementarity Lagrangian systems

Controlled CLS

g=v
M(@)b = fulg) + Bulghu+ S (TH@X + F@X)
/=1

0< X, L fi(g) >0, VlecC
if f(q(ts)) <0 then
Ji(q(ts) To(d) >0, Veec

Mearg min  —v' Jf(g)N
AfER™s

st Xl < pfA, weec

» C={1,...,n.} - number of contact, J¢(q) - contact normal, €’ - coeff. of restitution
» blue terms: impact model f£(q) = 0 becomes active, triggers state jump

> green terms: Coulomb'’s friction model (maximum dissipation principle)

> Ji(q) € RMax™ ny € {1,2} spans the tangent plane
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Controlled complementarity Lagrangian systems - single contact

qg=v
M(q)0 = fu(g,v) + Bu(@)u + Jn(@)An + Je(q)Ae
0< AL fe(g) >0
if f.(q(ts)) <0 then
Tn(g(ts)) To(t5) > 0

Ay € arg min —vTJt(q)S\t
At ER™t

st [ Al < pAn

» Ju.(q) - contact normal

» blue terms: impact model f.(q) = 0 becomes active, triggers state jump
> green terms: Coulomb'’s friction model (maximum dissipation principle)
> Ji(q) € R?a*™ n, € {1,2} spans the tangent plane
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The friction cone

‘ M(q)U = fv(qv U) + Bu(Q)U + Jn(Q))\n + Jt(Q))\t ‘

Ju(q)

arctan(u)

Solution map of friction model

FC(q)

[IAll2 < pAn

e {{—uxnm}, if fJol|2 >0

Ju(9)An

» Tangential velocity defined as v; :== Ji(¢) "v
> In 2D solution map reduces to Ay € —puA,sign(vy)

Ji2(q)
> Set of all possible contact forces

FC(q) = {/n(@)An + Je(@Ae [ A =0, [[Atllz < pAn}

Jea(q)
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The friction cone

‘ M(q)U = fv(qv U) + Bu(Q)U + Jn(Q))\n + Jt(Q))\t ‘

arctan(u) Ja(a)

Solution map of friction model

FC(q)

[Aellz < pAn

c {—pAin if [|vgl|2>0
t < .
e HIAellz < pAn}, i flogllz =0

» Tangential velocity defined as v; :== Ji(¢) "v

> In 2D solution map reduces to Ay € —puA,sign(vy) )
,2\q,
> Set of all possible contact forces

FC(q) = {/n(@)An + Je(@Ae [ A =0, [[Atllz < pAn}

Je1(q)
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Controlled complementarity Lagrangian systems - single contact

g=v
M(q)0 = fu(g,v) + Bu(@)u + Ju(q) A + Ji(@) A
0< Ay L fe(g) >0
if fo(q(ts)) < 0 then Ju(q(ts)) Tv(t) >0

S

At € arg min —UTJt(q)S\t
At ER™t

st [ Aellz < pAa

» J,(q) - contact normal

» blue terms: impact model f.(¢) = 0 becomes active, triggers state jump
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Controlled complementarity Lagrangian systems - single contact

g=v
M(q)9 = fu(g,v) + Bu(@)u + Jn(q)An
0< XL fo(q)>0
if fo(q(ts)) < 0 then Ju(q(ts)) Tv(t) >0

S

» J,(q) - contact normal

» blue terms: impact model f.(¢) = 0 becomes active, triggers state jump

» For a moment let us study the CLS without friction (no green terms)

> We consider the two modes when f.(q) > 0 (free flight) and f.(¢) = 0 (active contact)
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CLS modes and the contact LCP

When should an active constraint become inactive?

Unconstrained ODE mode (free flight)

qg=v
M(Q)U = fv(qv U) + Bu(q)u

The contact LCP tells us if the system will stay in contact mode or switch to the ODE mode:
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CLS modes and the contact LCP

When should an active constraint become inactive?

Unconstrained ODE mode (free flight) Contact moce - DAL of incex s

qg=v
M(Q)U = fv(q7 U) + Bu(q)u

The contact LCP tells us if the system will stay in contact mode or switch to the ODE mode:

d2
0 S @fe(q(t)) 1 )‘n(t) 2 0
0 < D(@)An + ¢(x) L A\, >0,

An = max(0, —D(q) " "¢(x))

where D(q) is the Delassus’ matrix (scalar in single contact case) and
D(q) = Vafe(a) " M(@)7'Vofelq) = 0, () = Vofel@) " fela,v,u) + Vo(Vofel@) ) "o,
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CLS modes and the contact LCP

When should an active constraint become inactive?

Unconstrained ODE mode (free flight) Contact moce - DAL of incex s

qg=v
M(Q)U = fv(q7 U) + Bu(q)u

The contact LCP tells us if the system will stay in contact mode or switch to the ODE mode:

d2
0 S @fe(q(t)) 1 )‘n(t) 2 0

> If p(x) < 0 contact stays closed with A, >0
0 < D(@)An +¢(z) L A 20, > If p(x) > 0 contact becomes inactive with
An = maX(O, —D(Q)_lw(if)) )\n =0

where D(q) is the Delassus’ matrix (scalar in single contact case) and
D(q) = Vafe(@) " M(@)7'Vofelq) = 0, () = Vofel@) " fola,v,u) + Vo(Vofe(@) ) "o,
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Summary od CLS modes and switches

» Summarized state z = (q,v)
» The free flight ODE:

%1‘ = fODE(«r, U) = 1j ) fV(Q7 v, u) = fV(Qa 7-]) + Bu(q)u
M(q)~ fulg, v, u)

» The ODE during persistent contact obtained after index reduction:

d v
at™ foag(z,u) = 1 .
M(q)~ (fv(q,v,u) — Ju(g)D(q) ™ ¢(x))
The possible transitions are:
1. From ODE to DAE - with a state jump in the normal contact velocity

2. From DAE to ODE - solution continious, conditions given by contact LCP
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Outline of the lecture

2 Time-freezing for inelastic impacts
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Warm up example

A 2D particle without friction

Trajectory with u(t) = 0:

2D frictionless particle with an inelastic impact 2 :
1
0
0.8
q=v, . _.
0.6
0 0 U1 & =,
mo = + An + , 04
—mg 1 U 3
0.2
0< A Lg2>0, . "
va(tT) =0, if ga(ts) =0 and wa(t; ) <O0.
0T 1 15 e Co o5 1 15 2
q t
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Warm up example

Phase plots: elastic vs. inelastic impact

i (7) | | Y (0)
0} z(0) |
- 2 of $2(T) 1
2L ] oL ]
3l 1
4+ 7]
s 1
1 0.5 0 0.5 1 15 '(_51_5 1 .(;5 0 0‘5 1 1.5
. . q qz
elastic impact inelastic impact
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Time-freezing for inelastic impacts

Back to the more general setting

> State space in numerical time 7: y = (¢,v,t) € R™, n, =n, + 1 and z = (q,v)

Switching functions —(t)  —eVe(y)
— Ve (y)

&) = £
) =Vata o (=)

ca(y)

01(9)
» R; - unconstrained dynamics

» Ry - auxiliary dynamics
> After impact: ¢1(y) = c2(y) =0
» sliding mode on X={y | c1(y) = 0,c2(y) = 0}
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Time-freezing for inelastic impacts

Back to the more general setting

> State space in numerical time 7: y = (¢,v,t) € R™, n, =n, + 1 and z = (q,v)

—, =
— Ve (y)
b
c1(y) = fe(q) Ry
dfe
c2(y) == Vafela)Tv (: J (q))

Ry

e (y)

Ry

Regions

1={yeR™|aly) >0} c1(y)
R’{ ={y e R™ | c1(y) <0, c2(y) > 0} » R; - unconstrained dynamics
R1 = RAU Ry’ » Ry - auxiliary dynamics
Ry = {y € R™ | c1(y) < 0,ca(y) < 0} > After impact: ¢1(y) = c2(y) =0
» sliding mode on X={y | ¢1(y) = 0, c2(y) = 0}
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Unconstrained and auxiliary dynamics

Unconstrained free-flight ODE in R;
‘—y(f) — 05 (y)
v — Ve (y) —= fopE(y)
, : T N
Y = fope(y,v) = | fu(g,v,u) 1 Voo
— Ra
1 2 g
. bl
Auxiliary ODE in Rs e TR
. / /Y
y,(T) = faux,n(y) = M(Q)_lJn(Q)an )
0 » fopr(y,u) stops y(7) on X!
with ag > 0. » dynamics on X is ¢’ € conv{ fope(Y) fauxn(Y)}

M. Diehl and A. Nurkanovi¢
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Unconstrained and auxiliary dynamics

; NN\ #:yv(;)(m ::Z)(?;)
R LoV e\ LI §
Y = fope(y,u) = (g, v,u) \ %?1 \ Vo
= Ry
Vol
B
. /)
y,(T) = faux,n(y) = M(Q)_lJn(Q)an W)
0 » fopr(y,u) stops y(7) on X!

with a, > 0. » dynamics on X is 3 € conv{ fope(¥) faux,n(¥)}

M. Diehl and A. Nurkanovi¢
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Unconstrained and auxiliary dynamics

. SRS :g%y; e
) N T T
Y = fope(y,u) = (g, v,u) \ qu \ Vo
CI I I O O
Vol
LR
0 t ot /f S
y,(T):faux,n(y) = M(Q)_lJn(Q)an a®)
0 » fopr(y,u) stops y(7) on X!

with a, > 0. » dynamics on X is 3 € conv{ fope(¥) faux,n(¥)}

M. Diehl and A. Nurkanovi¢
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Contact breaking

The contact LCP function ¢(z) tells us about the vector field in Ry

> (z) determines stability of ¥ (remember the contact LCP)
» staying in sliding mode (persistent contact) or leaving sliding mode (contact breaking) is

possible
s 4/ (T) ——= fopr(y)
N —Vei(y) — fauna(y)
— V0, (y)
N b ‘ \
1
— Clz‘v
>
5 e

\
\
\
!
!
f
!

Sliding mode if p(z) <0

M. Diehl and A. Nurkanovi¢
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Contact breaking

The contact LCP function ¢(z) tells us about the vector field in Ry

> (z) determines stability of ¥ (remember the contact LCP)
» staying in sliding mode (persistent contact) or leaving sliding mode (contact breaking) is

possible
4
S Y et p
oo\ }311) e L
R R
Hemmne = Bk
I N
T A
v v

Sliding mode if p(z) <0 Breaking contact if ¢(z) > 0

M. Diehl and A. Nurkanovi¢
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lllustration of leaving a sliding mode - contact breaking

Warm up example: a linearly increasing vertical force beats gravity

5
\ \ \ 14 4 /
/
1.2 ! /
3.5 /
- /
| \ 1 S
g /
\ \l 0.8 §25 /
s 0 i /

\\"\<—</4/
\\&_‘_‘_'_/
q
P
t [pt
-
~~o




lllustration of leaving a sliding mode - contact breaking

Warm up example: a linearly increasing vertical force beats gravity

SN o
WA\
| N : T
§ AL i
i (0l
BEEN/EEN iV
IRREE /Ty .
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lllustration of leaving a sliding mode - contact breaking

Warm up example: a linearly increasing vertical force beats gravity

N e

NN L,

W\ :
y L Ry
T il
SRRRIASE B
IRRRR /Y, L Yl
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lllustration of leaving a sliding mode - contact breaking

Warm up example: a linearly increasing vertical force beats gravity

5

0.8F

0.6

-—
q
t [physical time]
w
~

0.4r h /

/4
v / /Y 0l i
oyl

-5 0 5 0 2 4 6 0 2 4 6
T 7 [numerical time]
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lllustration of leaving a sliding mode - contact breaking

Warm up example: a linearly increasing vertical force beats gravity

’ \\\ 1.4t
~a N S ol
N N N\ :
‘\ NN\ 0_:‘ g
=0 N | ]
. =
/ /7 =
SRR T
i T r T o u” s - | | |
-5 0 5 0 2 4 6 6
q T 7 [numerical time]
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lllustration of leaving a sliding mode - contact breaking

Warm up example: a linearly increasing vertical force beats gravity

S
1.4+ 4
—_— |
1.21
— > ]
1
- - - g ]
‘ 0.8F ] |
= 0 - 3
@
0.6F E il
-~ -~ -~ =)
Bl - ]
-— — -
BEE ]
-— — |
Pt o
-5 - e ‘ ‘ | |
-5 5 0 2 4 6 6
q T 7 [numerical time]
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lllustration of leaving a sliding mode - contact breaking

Warm up example: a linearly increasing vertical force beats gravity

5
S
A
v 1 :
. 0 e H‘ :
v AN 2
BEE NN N )
BEEE SSSN
BB EESNNN ot — |
q T + [umerical time]
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Why is the time slowed-down?

Time-freezing system

yl S FTF(yau) = {alfODE(yau) =+ 92faux,n(y) | eTe = 17 0 Z 0}

» fractional 61,02 € (0,1) ensures sliding on X 12
> speed of time 3£ =60, -1+ 65 -0 < 1 - slow 1 ~
down 0 S
» resulting dynamics equal to reduced DAE o fi
index 3 dynamics fpag(z,u) (contact mode) 04 -
» auxiliary dynamics plays role of contact force 02
(keeps v = 0 and avoids penetration) .

T 7 [numerical time]
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The sliding mode is unique

Time-freezing system

yl S FTF(yau) - {alfODE(Zhu) + 92faux,n(y) | eTe = 17 0 Z 0} (1)

Theorem

Let y(7) be a solution of the dyn. system (1) with
y(0) e X ={y € R™ | ¢1(y) = 0,ca(y) = 0} and 7 € [0, 7¢]. Suppose that p(z(7),u(r)) <0
for all T € [0, 7¢] (persistent contact), then the following statements are true:

(i) the convex multipliers 61,05 > 0 are unique,

T, U
(ii) the dynamics of the sliding mode are given by y' = B(z, u) foar(@v) , where
1

B(x,u) € (0,1] is a time-rescaling factor given by

D(g)an
D(Q)an - QD(xv U,) ‘

Blz,u) =
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Obtaining a Filippov system in Stewart's or Step form

Time-freezing system

y/ S FTF (ya u) :{elfODE(yv U) + 02faux,n(y)
16y + 0, =1,0 >0}

08. Time-freezing Il: Rigid bodies with friction and inelastic impacts

M. Diehl and A. Nurkanovi¢

R ={y eR™ | c1(y) > 0}

R} ={y e R™ | c1(y) < 0,ca(y) > 0}
Ry = RCURy®

Ry ={y € R™ | c1(y) < 0,ca(y) <0}




Obtaining a Filippov system in Stewart's or Step form

R ={y e R™ | c1(y) > 0}

Time-freezing system

/ —
y' € Frr(y,u) —{elfODE(y» u) + 92faux,n(y) Rl{ _ {y eR™ | e1(y) <0,ca(y) > 0}

|91+92:1,920} RlzR%Usz

Ry ={y € R™ | c1(y) < 0,ca(y) < 0}

Switching functions and sign matrix

11 Ry
o) = fe(q) . S= I -1 Ry
Vi felg)To -1 1 R

—1 =1 Ry
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Obtaining a Filippov system in Stewart's or Step form

R ={y e R™ | c1(y) > 0}

Time-freezing system

/ —
y' € Frr(y,u) —{elfODE(y» u) + 92faux,n(y) Rl{ _ {y eR™ | e1(y) <0,ca(y) > 0}

|91+92:1,920} RlZR%URQb

Ry ={y € R™ | c1(y) < 0,ca(y) < 0}

Switching functions and sign matrix
r T Step representation
1 1 Ry

( ) fc(Q) S 1 —1 R1 yl = elfODE(yau) + 92faux,n(y)
ay)= ? = 91:a1+(1—a1)a2
Vofe(a)" -1 1 R
felg) v 1 0y = (1 — 1) (1 — rp)

R a1 € y(e1(y)), oz € Y(ea(y))
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Obtaining a Filippov system in Stewart's or Step form

R ={y e R™ | c1(y) > 0}

Time-freezing system

/ —
(TANS FTF(yau) _{elfODE(yv U) + 02faux,n(y) Rll) — {y c R™v | c1 (y) < O,Cg(y) > 0}

|91+02:1,920} RlZR%URQb

Ry ={y € R™ | c1(y) < 0,ca(y) < 0}

Switching functions and sign matrix
1 1 R Stewart's representation

C(y) _ fc(q) S = 1 =l Ry y/ = (01 + 92 + 03)fODE(ya U) + 64faux,n(y)
Vafe(@)Tv] -1 1 R,  9=argmin 9(y)"0

-1 -1 Ry st 6> 0, e'f=1
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Outline of the lecture

3 Time-freezing with friction
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Complementarity Lagrangian systems with impact and friction

g=v
M(q)9 = fv(g,v) + Bu(@)u + Ju(@) M + Je(q) A
0< AL fe(g) >0
if fo(q(ts)) < 0 then Ju(q(ts)) Tv(td) > 0

At € arg min —UTJt(q)S\t
X ER™t

st [ Adllz < pAa

> we regard f.(x) € R (single unilateral constraint)

» Ji(q) € R"*™ spans the tangent plane at contact points C(q) := {q € R | f.(q) = 0},
ny € {1,2}, tang. velocity v, = Ji(q) Tv

» We derive time-freezing for the friction terms
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Coulomb’s friction

Solution map for a given A,

Coulomb’s friction law

A € arg min  —v N
Xc€Rmt

st Al < pa.

Friction solution map

{—mha), if uell2 > 0,
D [ Acllz < whad, it iz = 0.
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Coulomb’s friction

Solution map for a given A,

Coulomb’s friction law

A € arg min  —v N
Xc€Rmt

st Al < pa.

Friction solution map

), iz >0,
{Ac HAellz < pAn}, if flugfl2 = 0.
> reduces to \; € —pAysign(vy) in planar case

t

» the normal impulse is @, 7jump, = the tangential impulse should be —pia, Tjumpsign (vt )
P tangential state jumps happens simultaneously with normal impulse
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Coulomb’s friction

Solution map for a given A,

Coulomb’s friction law

A € arg min  —v N
Xc€Rmt

st Al < pa.

Friction solution map

), iz >0,
{Ac HAellz < pAn}, if flugfl2 = 0.
> reduces to \; € —pAysign(vy) in planar case

t

» the normal impulse is @, 7jump, = the tangential impulse should be —pia, Tjumpsign (vt )
P tangential state jumps happens simultaneously with normal impulse

» Conclusion: define aux. dyn. in tangential directions J;(g) " proportional” to fauxn and
let them evolve simultaneously
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Regions with tangential auxiliary dynamics

Refine the definitions for c¢1(y) < 0 and c2(y) < 0 to account for the sign of vy

New additional switching function c3(y) = vt
The “old Ry " where the jumps were happening split into two regions to account for sign of vy

: NN N\ ——
NN N =
| = RN

Q={y eR™ | c1(y) <0,cz(y) <0} = x\ x\ {1} \ k\Rax\ ;
Rl RaURb li T T T ” l ll ” l
:Qﬂ{yGRZ”|C3(Q)>0} % t Ro/Rs o

Rz =QnN{y € R™ | e3(y) <0} o v Y /Y
R / ‘/ / ‘ /]

Cl(y):fc(Q)
y € Pre(y,u {Zfz you) [020, 701} (3)
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Regions with tangential auxiliary dynamics

Refine the definitions for c¢1(y) < 0 and c2(y) < 0 to account for the sign of vy

New additional switching function c3(y) = vt
The “old Ry " where the jumps were happening split into two regions to account for sign of vy

ey En =

Q={yeR™|c(y) <0,ca(y) <0} ;Szi :‘ :‘ :‘ ;Rl;' :‘ ;‘ z
31 ROURE ﬁ,

Ry=Qn{y €R™ |esy) > 0) = AR N\ D

R3=Qﬁ{yERny|C3(y)<0} S'ﬁ f fR7 \ KRQ\ \

. \ N

esly) = v,
y € Pre(y,u {Zfz you) [020, 701} (3)
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Regions with tangential auxiliary dynamics

Refine the definitions for c¢1(y) < 0 and c2(y) < 0 to account for the sign of vy

New additional switching function c3(y) = vt
The “old Ry " where the jumps were happening split into two regions to account for sign of vy

el o) =)
Q={yeR™|c(y) <0,ca(y) <0} éi L T S e R R A

Ry =ROUR I A R R Vo

L AR W
Ry =QnN{y eR™ | c3(y) > 0} S5 AR W W W T W VO W M
Fa=Qn{y eR™ [ ealy) <0} NN RN
oV VY \ Y

cs(y) = v

Time-freezing system with friction

y' € Fre(y,u) {Zfzy, 16> 0, 6T9=1} (3)
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Regions with tangential auxiliary dynamics

Refine the definitions for c¢1(y) < 0 and c2(y) < 0 to account for the sign of vy

New additional switching function c3(y) = vt
The “old Ry " where the jumps were happening split into two regions to account for sign of vy

A= =]
Q={yeR™ |ci(y) <0,ca(y) <0} s | b \\ .
R1 R“URb ,';\ b R~
Ry=Qn{y €™ | es(y) > 0} H @ e

Ry =Qn{y e R™ | esfy) < 0} RS I
ot N

Time-freezing system with friction

y' € Fre(y,u) {Zfzy, 16> 0, 6T9=1} (3)
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Time-freezing with friction in the planar case

Auxiliary ODE for tangential directions

[ 0.
Jaux,t(¥) = | M(q)" e (q)p an
f1(y,u) = (fope(z,u),1) 0
F2(y) = fauxn(¥) = fauxt(v) - 0
f3(y) = faux,n(y) + faux,t (y) mal
Jawxn(y) = | M(q) ™ Ju(q)an
0

» Simply sum the auxiliary dynamics in normal and tangential directions (recall that
Ji(q) € R"*! and J,(q) L Ji(q))

» State jump is over when J,(q) v =0
» With vy = 0 sliding mode on I' = {y | ¢1(y) = 0,c2(y) = 0,¢3(y) = 0}
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Time-freezing with friction - sliding mode dynamics

» & = faip(z,u) reduced DAE in slip mode, vy # 0
» & = fstick(z,u) reduced DAE in stick mode, vy = 0

Theorem (Slip-stick sliding mode)

Let y(7) be a solution of time freezing system (3) with y(0) € ¥ and 7 € [0, 7¢]. Let
Ju(q) "M (q)~'Ji(q) = 0 (orthogonality in kinetic metric). Suppose that p(x(7),u(7)) < 0 for
all 7 € [0, 7¢] (persistent contact), then the following statements are true:

(i) Ifvy # 0 (slip motion), then the sliding mode dynamics are given by

ip{\ZT, U
yIZﬁ(x,u) fSIP( )
1
(i) If vy = 0 (stick motion), then the sliding mode dynamics are given by
ick \ L, U
s | Ckl( )

where B(x,u) € (0,1] is a time-rescaling factor defined in Eq. (2).
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Simulation example - slip/stick

Increasing = 0 to . = 0.5 with Ay = 0.1.

External force u, = 2
p=0
No friction
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Simulation example - slip/stick

Increasing = 0 to . = 0.5 with Ay = 0.1.

External force u, = 2
p=0.1
External force stronger than friction

1.5 T T T T T T 6
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Simulation example - slip/stick

Increasing = 0 to . = 0.5 with Ay = 0.1.

External force u, = 2
pn=20.2
External force equal to friction

1.5 . . . . . . 6
[
4+ vy
1 2
& > Or
0.5 2t
4t
ot
-6
0 1 2 3 4 5 6 7 0 0.5 1 1.5 2 2.5
q1 t
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Simulation example - slip/stick

Increasing = 0 to . = 0.5 with Ay = 0.1.

External force u, = 2
nw=203
External force weaker than friction

1.5 . . . . . . 6
[
4+ vy
1 2
& > Or
0.5 2t
4t
ot
-6
0 1 2 3 4 5 6 7 0 0.5 1 1.5 2 2.5
q1 t
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Simulation example - slip/stick

Increasing = 0 to . = 0.5 with Ay = 0.1.

External force u, = 2
n=04
External force weaker than friction

1.5 . . . . . . 6
[
4+ vy
1 2
& > Or
0.5 2t
4t
ot
-6
0 1 2 3 4 5 6 7 0 0.5 1 1.5 2 2.5
q1 t
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Simulation example - slip/stick

Increasing = 0 to . = 0.5 with Ay = 0.1.

External force u, = 2
nw=0.5
Tangential velocity zero after impact

1.5 . . . . . . 6
[
4+ vy
1 2
& > Or
0.5 2t
4t
ot
-6
0 1 2 3 4 5 6 7 0 0.5 1 1.5 2 2.5
q1 t
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Friction for 3D contacts

NNNVE T 77
NN 22
R ) N NN\ rardrd
A € {{ju)\nm}, if [|vell2 > 0, NN\ N\ E‘ i 5 5 o
{Ac IAell2 < pAn}, if [log]l2 = 0. N I ke
» The set {v; | vy = 0} has an empty g::::;t:::::
interior
AP A B WA NE NN
> P.roblemat.ic for defining Filippov system s 7 1NN N NN
via 6 multipliers s 22 1 b NN NN
> Problem no.t present with polyhedral YN EEERBUWN
approximations Jia(q)
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Friction for 3D contacts - relaxed solution

NNV T/
Relaxed riction solution map NNNNVN L/ /S
_ @ - NNNNN | S S
A = PAn T o Tf loellz > e, NN N P
Ut, if ||rUt||2 < €, e~ ~ - a— o
=
> ¢, > 0 can be arbitrarily small =z . -
— —
» Obtain set with nonempty interior L v . S~
» Slip mode: approximation is exact PRy Ay A B B U W R
» Stick mode: sliding mode on [|vi]|2 = € 727 1NN NN
» Approximation can be made arbitrarily A A AN B B U WL NN
accurate Jia(q)
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Friction for 3D contacts - the time-freezing system

Time-freezing system with friction

3
v € Pre(y,u) = {3 fily,w) |02 0, cTo =1}
i=1
PSS modes Auxiliary ODEs for 3D friction
an,l
fl(y7 U) = (fODE(:Ev U), 1)
fauxt,2(y) = | =M (q) V¢ (q) pran 72
f2(y) = faux,n(y) - faux,t,2(y) 0 lloc]
f3(y) = fauxn(¥) + faux,t,3(Y) L
an,l
> Use same definition of regions Ry, Ry faux,t,3(¥) = | M(q) "1 J:(q)vs
and R3 0

» Switching function c3(y) = ||ut]|2 — € -
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Obtaining a Filippov system in Stewart's or Step form

3

v {3t |T0=1020)
i=1

Switching functions and sign matrix Q= {y e R™

c1(y) < 0,ca(y) <0}

11 1 R Ry =R{URY
1 1 -1 R Ry = QN {y € R™ | cs(y) > 0}
1 -1 1 Ry R; =Qn{y e R™ [cs(y) <0}
fe(q) L1 -
1 ) .
o= |nare| . s=|1 Y E
Ju(q) T "y =01 fopr(y,u) + 02 fa(y) + O3 f(y)

B Rl 0 = a1+ (1 —ap)az
-1 -1 1 Ry 0y = (1 — al)(l = 042)043
-1 -1 -1 R 03 =(1—a1)(l —az)(l—as)

g(y) = —STC(y) a1 €7(c1(y)), a2 €v(c2(y)), as€(cs(y))
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Obtaining a Filippov system in Stewart's or Step form

3
(S| T0=1.020}
i=1
Switching functions and sign matrix Q={yeR™ | c1(y) <0,ca(y) <0}

r 1 R =R{URS

1 1 1 Ry "
Ry =QnN{y € R™ | c3(y) > 0}
L =1 B p—QniyeR™ | ely) <0}
1 -1 1 R,
N R
c(y) = |Julg)Tv|, S= 6
Ji(q) v - o y' = 0;fopr(y,u)
-1 1 -1 R, i=1
-1 -1 1 R + 07faux,1(y) I 08faux,2 (y)
-1 -1 -1] R Y g g(y) "o

9(y) = =S c(y) st 6>0,e6=1
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Outline of the lecture

4 Optimal control with time-freezing
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Time-transformations for ODEs

» ODE in physical time 1 ; 10— 3
dz(t)
T :f(l‘(t)),t € [Oa 1] 0.8 257
dt
.73(0) = T g 2t
0.6 =
| 2 | i = — +
Introduce time scaling t = st © =15l
8 @
0.4+ 18
1
0.2+ 05l
0

L 0 L L 0 L
0 05 1 0 1 2 3 0 05 1
Numerical time 7 Phyiscal time ¢ Numerical time 7
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Time-transformations for ODEs

» ODE in physical time 1 ; 10— 3
dx(t
YO _ ).t e 08 [ os |2
z(0) = g =
0.6 | §
» Introduce time scaling t = s7 o s
» Rescaled dynamics in numerical time: w §
0.4+ 1 %
dz(r) dx( ) dt A~
dr a ar @ 02|
dt
dr - 0 0 0
z(0) = x0, t(0) =0 0 05 1 01 2 3 0 05 1

Numerical time 7 Phyiscal time ¢ Numerical time 7
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Time-transformations for ODEs

» ODE in physical time 1 ; 10— 3
dz(t)
T f(z(t)),t €10,1] 0.8 {08 |25
z(0) = zo = g
. _ 0.6 1 06 1§
» Introduce time scaling t = s7 = = = sl
» Rescaled dynamics in numerical time: w s §
0.4+ — 0.4+ — %
1+
dx(r dx(t) dt A
() _dehdr_ o
dr dt dr 0.2} {02}
dt 051
E - 0 0 : 0 .
z(0) = x0, t(0) =0 0 05 1 01 2 3 0 05 1

Numerical time 7 Phyiscal time ¢ Numerical time 7
» s can be an optimization variable,

e.g., in time optimal control
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Optimal control with time-freezing

OCP with CLS

T
min L(x,uw)dt + E(x(T

s.t. 1‘(0) = o
CLS
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Optimal control with time-freezing

OCP with qudrature state

i UT) + E(z(T)) = &(z(T))

min
2()u()AC)
st. 2(0) = Zo, £(0) =0
cLS

Integrate stage costs together with
dynamics.
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Optimal control with time-freezing

OCP with qudrature state
i (T)+ FE

min
x()vu()v)‘()
st. 2(0) = Zo, £(0) =0
CLS

Integrate stage costs together with
dynamics.

08. Time-freezing Il: Rigid bodies with friction and inelastic impacts

» In time-freezing OCP redefine quadrature
state

lr) = {L@’(T%u(r))’ ity € Ry,

dr 0, otherwise.

» On which time domains are the problems
defined?

> initial OCP ont € [0,7]
> time-freezing OCP 7 € [0, 7]

> If time freezes, then T # (T)

» Need time transformation to catch up

M. Diehl and A. Nurkanovi¢
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Optimal control with time-freezing

OCP with qudrature state Time-freezing OCP with step reformulation

z(-),ril(i-?,)\(-) UT)+ E(x(T)) = ®(x(T)
s.t. x(0) = Zg, £(0) =0

Integrate stage costs together with
dynamics.

M. Diehl and A. Nurkanovi¢

min
y(-),2()u(-),s(")
s.t.

U (2(T))

‘/E(O) = To, t(O) =0,

y'(1)=s(m)F(y(1),u(1)0(r)

0 = gstep(0(7), (7))

0=c(y(7)) = AP(7) + A*(7)

0<a(r) LA1)>0

0<e—a(r) LAP(1)>0

0 < h(z(7),u(r)), T€[0,T]
)




A guiding example of solving an OCP

A 2D ball with friction and impacts

T
_— / w(®)Tu(t) dt
0

o(+),2(-)u(-)
s.t. x(0) =(0,1,0,0)

qg=mv, t € [0,1]

0 0 U
mo = + An + Ay + ] t € (0,7

—mg 1 0 Usg
0< A Lgo>0, t € [0,T]

va(th) = 0, if qa(ts) = 0 and va(t) < 0

Ay € —pAgsign(vy), t € [0,7]
Uit S W) L Yo, t € [0,7]

z(T) = (3,0,0,0)
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Understanding the dynamics of time-freezing systems with state jumps

A simulation problem with fixed control and without friction

|
/
ul(t) =7 0\ 5

0 ift <1 0 2 4 6 8 10 12 14 16
ug(t) =< ) 5 . "
2g9(t—1), ift>1 T _DIET; ; 1 _vlgt; ;|
= — U (T [N — )5 (1
P state jumps only in vertical 5 H 5 :
direction (v2) 0 1 2 3 0 05 1 15 2

» decreased speed of time in 15

.
o] i
contact phases . 1 ; o — 1

» lift off when uy beats gravity ¢ “0.5—\_I—/§_ SE = = = =
0 : 0 i
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Understanding the dynamics of time-freezing systems with state jumps

A simulation problem with fixed control and with friction (u = 0.6)

Control input

ul(t) =7

®) 0, ift <1
U =
: 2(t—1), ift>1

> state jumps horizontal (v;) and
in vertical direction (v2)

» decreased speed of time in
contact phases

» lift off when uy beats gravity ¢
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Understanding the dynamics of time-freezing systems with state jumps

How to reach the goal?

Control input

U1 (t) = 7 1 1
uQ(t) =0 Q

o0 = 0%
> state jumps horizontal (v;) and s aoll T Mo

in vertical direction (v2)

q2
o e
(
JRY ST
. .

» decreased speed of time in T 4
contact phases 15 15 p—r
> < th | o 1 L i et )
we miss the goa B, 5 I I 5
0 0
0 1 2 3 0 05 1 15 2
T t

08. Time-freezing Il: Rigid bodies with friction and inelastic impacts M. Diehl and A. Nurkanovi¢



Understanding the dynamics of time-freezing systems with state jumps

How to reach the goal? Decrease the thrust force?

2 T T T T T T T
Control input 1 ! i
>
\ I
oF 1
U1 (t) = 5 1 1 I ! 1 1 1
0 1 2 3 4 5 6 7 8
uQ(t) =0 2 Qo
o— <F—
> . hori | d @g s 01 (7) g% e 01 (1)
state jumps horizonta (v1) an 4 — 4 ' —_— ()
in vertical direction (v2) 8 8
0 1 2 3 0 05 1 15 2
» decreased speed of time in T 4
contact phases 15 15 p—r
) 1 B 1] R [——" | R
» we miss the goal 5 . I T g
0 0
0 1 2 3 0 05 1 15 2
T t
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Understanding the dynamics of time-freezing systems with state jumps

How to reach the goal? Increase the thrust force?

2 T T T T T T T
Control input 1 ! i
>
\ [
Ok -
uy(t) = 10 | 1 | 1 1 1 1
0 1 2 3 4 5 6 7 8
u2(t) =0 Q
o) w(r) To w0
. . p— p—
> §tate Jymps.horl.zontal (v1) and S e p— e | —{
in vertical direction (v2)
0 1 2 3 0 05 1 15 2
» decreased speed of time in T 4
contact phases 15 15
> . 1 ~10 1
we miss the goal oo I = ey
0 o — 1 (1)
0 1 2 3 0 05 1 15 2
T t

08. Time-freezing Il: Rigid bodies with friction and inelastic impacts M. Diehl and A. Nurkanovi¢



Understanding the dynamics of time-freezing systems with state jumps

How to reach the goal? Solve an optimal control problem!

Control input

() = up (f)
u (t) =0

> state jumps horizontal (v1) and
in vertical direction (v2)

» speed of time control variable
s(t) compensates slow downs

» the goal is reached!

08. Time-freezing Il: Rigid bodies with friction and inelastic impacts

15 T T T T T T
1} 1 ]
&
osf I ]
O 1 " I 1 1 1
0 1 2 3 4 6 7 8
q
5 — ) (T) 5
. e 0 (7) |
S S
— 0 = 0
S ® — ) (1)
-5 5 — ()
0 0.5 1.5 2 0 0.5 1 1.5 2
t
6 10 - u (t)
2 s 115 (1)
B 3 5 s(t)
: !
0 1 0 = 1
0 0.5 15 0 0.5 1 1.5 2
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Conclusions and outlook

Conclusions
» Optimal control problems with state jumps are very difficult.
» Time-freezing allows us to transform systems with state jumps of level NSD3 to the easier
level NSD2.

> Finite Elements with Switch Detection (FESD) allow highly accurate simulation and
optimal control for switched systems of level NSD2.

» The time-freezing Filippov system can be treated both in Stewart’s and the Heaviside step
form.

» Alternative: FESD for NSD3 system = FESD-J, but time-freezing + FESD seems to
converge better.
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Conclusions and outlook

Conclusions
» Optimal control problems with state jumps are very difficult.
» Time-freezing allows us to transform systems with state jumps of level NSD3 to the easier
level NSD2.

> Finite Elements with Switch Detection (FESD) allow highly accurate simulation and
optimal control for switched systems of level NSD2.

» The time-freezing Filippov system can be treated both in Stewart’s and the Heaviside step
form.

» Alternative: FESD for NSD3 system = FESD-J, but time-freezing + FESD seems to
converge better.

Outlook

> Time-freezing for multiple and simultaneous impacts with friction (preprint in preparation)
» Time-freezing for more general hybrid automaton

» Do generic time-freezing principles, easily applicable to any system with state jumps, exist?
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