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How to discretize optimal control problems subject to Filippov systems?

In direct optimal control, we first discretize, and then solve a finite-dimensional nonlinear

program.
Original optimal control problem
in continuous time

T
i / L(z, w)dt + E(a(T))
z(-),u(-) Jo

st z(0) = Zo
#(t) € Fr(2(t),u(t))

Assume smooth (convex) L, E, h,r
Nonsmooth dynamics make problem
nonconvex.
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How to discretize optimal control problems subject to Filippov systems

In direct optimal control, we first discretize, and then solve a finite-dimensional nonlinear

program.
Optimal control problem
with Stewart's formulation
g
(r{lil(l) L(x,u)dt + E(z(T))
0()AC) ()
S.t. .CE(O) =Ty

0= Grp(z(t),0(t), A1), u(t))
0> h(xz(t),u(t)), t €[0,T]
0> r(z(T))

Assume smooth (convex) L, E, h,r
Nonsmooth dynamics make problem
nonconvex.
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How to discretize optimal control problems subject to Filippov systems

In direct optimal control, we first discretize, and then solve a finite-dimensional nonlinear

program.
Goal: discretized optimal control problem
with Stewart's formulation (an NLP)
) T N-1
I(T?LI(I) /0 L(z,u)dt + E(z(T)) gnz% Z(I)L(Skazkauk) + E(sw)
0(-),A (), () " k=0
st. x(0) =g s.t.  sg = Zo
z(t) = F(a(t),u(t)) 0(t) Skt1 = P r (S, 2k, Uk)
0= Grp(z(t),0(t), A(t), u(t)) 0 = Pint (Sk, 2k, Uk)
0> h(z(t),u(t)), t €[0,T] 0> h(sg,ug), k=0,...,N—1
0>r(z(T)) 0>r(sn)

Variables s = (sg,...), 2= (2g,...) and
u = (Uo, “ee 7UN—1)
Nonsmooth ®;,¢

Assume smooth (convex) L, E, h,r
Nonsmooth dynamics make problem
nonconvex.
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What happens if we use time stepping methods
in direct optimal control?
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Direct optimal control with a time stepping IRK discretization

Tutorial example inspired by [Stewart & Anitescu, 2010]

2 .

Continuous-time OCP 1.9}

2
/0 z(t)?dt + (z(2) — 5/3)?
t €0,2]

min
z(-)€C([0,2])
st &(t) = 2 — sign(z(t)),

V(o)

Free initial value 2(0) is the effective degree

of freedom.
1.4 \ ‘ ‘ ‘ ‘
Equivalent reduced problem -2 -8 -16 14 -12 -1
o
minV (zo) » Denote by V(zg) the nonsmooth
objective value for the unique feasible

ToER
trajectory starting at x(0) = xo.
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Direct optimal control with a time stepping IRK discretization

Tutorial example inspired by [Stewart & Anitescu, 2010]

Continuous-time OCP

/0 C o0t + (2(2) — 5/3)?

st @(t) =2 — s(t)
0<A(t)—a(t) L1+s(t) >0
0<A(t) L1—s(t)>0, te0,2]

min
fE(),)\(),S()

Free initial value x(0) is the effective degree
of freedom.

Equivalent reduced problem

inV
A
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» Denote by V(z() the nonsmooth
objective value for the unique feasible
trajectory starting at 2(0) = xo.
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Direct optimal control with a time stepping IRK discretization

Tutorial example inspired by [Stewart & Anitescu, 2010]

Continuous-time OCP o

/0 C o(07dt + (2(2) — 5/3)°

min
z(-),A(),s(+)
st @(t) =2 — s(t)
0<At)—x(t) L1+s(t)>0
0<At) L1—s(t)>0, tel0,2]

» discretize the DCS with fixed step size
IRK methods

» e.g., midpoint rule, Gauss-Legendre IRK
with ng = 1, accuracy O(h?)
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Zo

Locally quadratic objective.



Direct optimal control with a time stepping IRK discretization
Tutorial example inspired by [Stewart & Anitescu, 2010]

Discrete-time OCP

N-1
min Z bn(xn) + (zn — 5/3)2
= n=0

s.t. Tnt+l1 = ¢f(xn, Zn)
0 = ¢int(Tn,2n), n=0,...N —1

» discretize the DCS with fixed step size
IRK methods o 18

16 14 12 1
» e.g., midpoint rule, Gauss-Legendre IRK To
with ng = 1, accuracy O(h?)
» step size h = 0.2, i.e., N =10
integration steps

Many artificial local minima and wrong
derivatives.
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Direct optimal control with a time stepping IRK discretization
Tutorial example inspired by [Stewart & Anitescu, 2010]

Discrete-time OCP

N—-1
min Z bn(xn) + (zn — 5/3)2 181 ;
X,z o /

8t Znt1 = Of(Tn, 2n) L7} /

AN
0:¢int($n72n)a n:O,N—l 1.6 + \ /

V(o)

\_//
15}

» discretize the DCS with fixed step size

IRK methods My 18 16 14 12 1
» e.g., midpoint rule, Gauss-Legendre IRK To

with ng = 1, accuracy O(h?)
> step size b = 0.1, i.e., N =20 Many artificial local minima and wrong

integration steps derivatives.
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Direct optimal control with a time stepping IRK discretization

Tutorial example inspired by [Stewart & Anitescu, 2010]

Discrete-time OCP

N-1
min Z bn(xn) + (zn — 5/3)2
= n=0

s.t. Tnt+l1 = ¢f(xn, Zn)
0 = ¢int(Tn,2n), n=0,...N —1

» discretize the DCS with fixed step size
IRK methods

» e.g., midpoint rule, Gauss-Legendre IRK
with ng = 1, accuracy O(h?)

» step size h = 0.04, i.e., N =50
integration steps

1.4

——h=0.04
1.9+

-1.8 -1.6 -1.4 -1.2 -1

Zo

Many artificial local minima and wrong
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Direct optimal control with a time stepping IRK discretization

Tutorial example inspired by [Stewart & Anitescu, 2010]

Discrete-time OCP

N-1
min Z bn(xn) + (zn — 5/3)2
o n=0

s.t. Tnt+l1 = ¢f(xn, Zn)
0 = ¢int(Tn,2n), n=0,...N —1

» discretize the DCS with fixed step size
IRK methods

» e.g., midpoint rule, Gauss-Legendre IRK
with ng = 1, accuracy O(h?)

» step size h = 0.02, i.e., N = 100
integration steps

1.4

——h =10.02
1.9+

-1.8 -1.6 -1.4 -1.2 -1

Zo

Many artificial local minima and wrong
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Direct optimal control with a time stepping IRK discretization

Tutorial example inspired by [Stewart & Anitescu, 2010]

Discrete-time OCP

N-1
min Z bn(xn) + (zn — 5/3)2
o n=0

s.t. Tnt+l1 = ¢f(xn, Zn)
0 = ¢int(Tn,2n), n=0,...N —1

» discretize the DCS with fixed step size
IRK methods

» e.g., midpoint rule, Gauss-Legendre IRK
with ng = 1, accuracy O(h?)

» step size h = 0.01, i.e., N = 200
integration steps

1.4

——h=0.01
1.9+

-1.8 -1.6 -1.4 -1.2 -1

Zo

Many artificial local minima and wrong
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Direct optimal control with a time stepping IRK discretization

Tutorial example inspired by [Stewart & Anitescu, 2010]

2 ! T T T T
Discrete-time OCP Exact /

N-1
min Z bn(xn) + (x5 — 5/3)2
o n=0

s.t. $n+1=¢f(xn,zn)
0 = Gint(Tn,2n), n=0,...N —1

» discretize the DCS with fixed step size

IRK methods

» e.g., midpoint rule, Gauss-Legendre IRK
with ng = 1, accuracy O(h?)

» decreasing the step size might worsen Many artificial local minima and wrong
the situation derivatives.

06. Finite Elements with Switch Detection for Filippov Systems M. Diehl and A. Nurkanovi¢



What happens if we use smoothed models in
direct optimal control?
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Direct optimal control with a standard IRK discretization - smoothing

Tutorial example inspired by [Stewart & Anitescu, 2010]

2 .

Continuous-time OCP

2
min xtzdt+x2—532
i /0 (0)%d + (2(2) — 5/3)

st #(t) =2 —sign(z(¢t)), t€]0,2]

> midpoint rule, with & = 0.05; N = 40 My e a4 12

Zo
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Direct optimal control with a standard IRK discretization - smoothing
Tutorial example inspired by [Stewart & Anitescu, 2010]

Smoothed continuous-time OCP
2
min z(t)%dt + (z(2) — 5/3 0.5}
omn [ e (@@ -5/ .
: x(t) E
st. @(t)=2— tanh(—), te0,2] g
v B
& — =005
5
2 05¢
Equivalent reduced problem
-1
g)lérﬁv,,(xo) -1 0.5 2 0.5 1

» midpoint rule, with h = 0.05; N = 40
» solve smoothed OCP for different o

M. Diehl and A. Nurkanovi¢
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Direct optimal control with a standard IRK discretization - smoothing
Tutorial example inspired by [Stewart & Anitescu, 2010]

Smoothed continuous-time OCP

2
min x(t)2dt + (z(2) — 5/3)?
z(-)ecooqo,z])/o ) (=(2) =5/3)
x(t)

st. &) =2—tanh(Z2), te[0,2]

(o

Equivalent reduced problem

inV,
min (o)

» midpoint rule, with h = 0.05; N = 40
» solve smoothed OCP with ¢ = 0.1

M. Diehl and A. Nurkanovi¢
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Direct optimal control with a standard IRK discretization - smoothing

Tutorial example inspired by [Stewart & Anitescu, 2010]

Smoothed continuous-time OCP

2
min /O (1)t + (2(2) — 5/3)

z(-)EC>(

st. @(t)=2— tanh(@), te0,2]

(o

Equivalent reduced problem

inV,
min (o)

» midpoint rule, with h = 0.05; N = 40
» solve smoothed OCP with ¢ = 0.05

=0.05
1.9] 7

2 18 1.6 14 12 -1
g
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Direct optimal control with a standard IRK discretization - smoothing

Tutorial example inspired by [Stewart & Anitescu, 2010]

Smoothed continuous-time OCP

2
min /O (1)t + (2(2) — 5/3)

z(-)EC>(

st. @(t)=2— tanh(@), te0,2]

(o

Equivalent reduced problem

inV,
min (o)

» midpoint rule, with h = 0.05; N = 40
» solve smoothed OCP with ¢ = 0.025

——0 =0.025
1.9] 7

2 18 1.6 14 12 -1
g
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Direct optimal control with a standard IRK discretization - smoothing

Tutorial example inspired by [Stewart & Anitescu, 2010]

2 : :
Smoothed continuous-time OCP Exact

2 1.9¢
min x(t)2dt + (z(2) — 5/3)?
z(-)ecwqo,z])/o ) (=(2) =5/3)
t
st. () =2- tanh(@), te|0,2]
g

Equivalent reduced problem

min V; (zo) -2 1.8 1.6 1.4 1.2 -1
zoER

o

» midpoint rule, with 2 = 0.05; N = 40
» solve smoothed OCP with ¢ = 0.0125
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Direct optimal control with a standard IRK discretization - smoothing

Tutorial example inspired by [Stewart & Anitescu, 2010]

Smoothed continuous-time OCP 2

2
min 2(1)2dt + (2(2) — 5/3)2
i / (0%t + (2(2) — 5/3)
(1)

s.t. i(t):Q—tanh(T), teo,2)

Equivalent reduced problem

min V; () 14

zoER

» midpoint rule, with h = 0.05; N = 40

» solve smoothed OCP with ¢ = 0.00625
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Exact
—— 0 = 0.00625

18 1.6 14 12 1
g



Direct optimal control with a standard IRK discretization - smoothing

Tutorial example inspired by [Stewart & Anitescu, 2010]

2 ‘
Exact
Smoothed continuous-time OCP Lop|— 7Z 8:(1)5
) o =0.025
—— 0 =0.0125
min / z(t)?dt + (x(2) — 5/3)? e N—— o = 0.00625
z(-)€C>([0,2]) Jo = AN
x(t) |
st. #2(t)=2-— tanh(—), te€[0,2] =~
o 16}
L5)
Equivalent reduced problem " ‘ ‘ ‘ ‘ ‘
T2 1.8 <16 -14 -12 -1
1 x
B&Ye o) °
> midpoint rule, with & = 0.05; N = 40 If h > o, then the smooth approximation
behaves the same as the nonsmooth
problem!
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Direct optimal control with a standard IRK discretization - smoothing

Tutorial example inspired by [Stewart & Anitescu, 2010]

2 ‘
Exact
Smoothed continuous-time OCP 1.9} _Zzgé5
) o =0.025
——0 =0.0125
min / z(t)?dt + (x(2) — 5/3)? Mo = 00065
z(-)€C>([0,2]) Jo 3 N\
a(t) SN
st. #2(t)=2-— tanh( ), te€[0,2] =~
o 16}
L5)
Equivalent reduced problem " ‘ ‘ ‘ ‘ ‘
T2 1.8 <16 -14 -12 -1
1 x
wn(f)lé%Vg(xo) 0
> midpoint rule, with & = 0.025; N = 80 If h > o, then the smooth approximation
behaves the same as the nonsmooth
problem!
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g::c(:co) == Time stepping - fixed small o
1.8 = Time stepping - homotopy
1 Analytic Solution '
B
\E:}/ 1.7 | *HO
=N
—1.5 —
1.6 —
1.5 | | 9 | |
—2 —1.5 —1 —2 —1.5 —1

o xo
» spurious local minima, optimizer gets trapped close to initialization

> sensitivity only correct if step sizes are smaller than smoothing parameter [Stewart &
Anitescu, 2010]: homotopy improves convergence

> even for the best local minimizer, only O(h) accuracy can be expected
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Outline

2 Finite Elements with Switch Detection (FESD)
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Main ideas of FESD

Based on [Baumrucker & Biegler, 2009], [N. et. al, 2022, 2022a, 2023]

FESD overview

1. Transform Filippov Dl into equivalent DCS - Stewart or Heaviside step (Lecture 5)

&= F(x,u)d

t € Fr(z, <—
v F(x U) 0= GDcs(l‘,Z, 9)
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Main ideas of FESD

Based on [Baumrucker & Biegler, 2009], [N. et. al, 2022, 2022a, 2023]

FESD overview

1. Transform Filippov Dl into equivalent DCS - Stewart or Heaviside step (Lecture 5)

2. Consider at least two integration intervals = finite elements

M. Diehl and A. Nurkanovi¢
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Main ideas of FESD

Based on [Baumrucker & Biegler, 2009], [N. et. al, 2022, 2022a, 2023]

FESD overview

1. Transform Filippov Dl into equivalent DCS - Stewart or Heaviside step (Lecture 5)

2. Consider at least two integration intervals = finite elements

tn—l tn tn+1 tn+2

L J\ J\ J
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Main ideas of FESD

Based on [Baumrucker & Biegler, 2009], [N. et. al, 2022, 2022a, 2023]

FESD overview

1. Transform Filippov DI into equivalent DCS - Stewart or Heaviside step (Lecture 5)

2. Consider at least two integration intervals = finite elements
3. Use general implicit Runge-Kutta methods (Lectures 2 and 3)

tn,I t'n, tn+1 tn+2
|
T
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Main ideas of FESD

Based on [Baumrucker & Biegler, 2009], [N. et. al, 2022, 2022a, 2023]

FESD overview

=

A~ W N

. Transform Filippov DI into equivalent DCS - Stewart or Heaviside step (Lecture 5)
. Consider at least two integration intervals = finite elements

. Use general implicit Runge-Kutta methods (Lectures 2 and 3)

. Let step sizes h,, be degrees of freedom (under-determined system)

tn tni1 thio
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Main ideas of FESD

Based on [Baumrucker & Biegler, 2009], [N. et. al, 2022, 2022a, 2023]

FESD overview

1. Transform Filippov DI into equivalent DCS - Stewart or Heaviside step (Lecture 5)

G~ D

Consider at least two integration intervals = finite elements
Use general implicit Runge-Kutta methods (Lectures 2 and 3)
Let step sizes h,, be degrees of freedom

Cross complementarity conditions - adapt h,, for switch detection

tn tni1 thio
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Main ideas of FESD

Based on [Baumrucker & Biegler, 2009], [N. et. al, 2022, 2022a, 2023]

FESD overview

1. Transform Filippov DI into equivalent DCS - Stewart or Heaviside step (Lecture 5)

2.
3.
4.
5.
6.

Consider at least two integration intervals = finite elements

Use general implicit Runge-Kutta methods (Lectures 2 and 3)
Let step sizes h,, be degrees of freedom

Cross complementarity conditions - adapt h,, for switch detection

Step equilibration - remove degrees of freedom if no switch

tn-1 tn tn+1 tn+2

|
T

|
| | )
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Recap on Filippov Convexification

Switched ODE not well-defined on region boundaries OR;. Idea by A.F. Filippov (1923-2006):
replace ODE by differential inclusion, using convex combination of neighboring vector fields.

Filippov Differential Inclusion

2

& € Fp(z,u) : {Zflxu ‘ Zﬁi:L

i=1
9120, z:1,...nf,

0, =0, ifz¢R; }

Aleksei F. Filippov
(1923-2006)

image source: wikipedia

06. Finite Elements with Switch Detection for Filippov Systems M. Diehl and A. Nurkanovié



Recap on Filippov Convexification

Switched ODE not well-defined on region boundaries OR;. Idea by A.F. Filippov (1923-2006):
replace ODE by differential inclusion, using convex combination of neighboring vector fields.

Filippov Differential Inclusion

2

& € Fp(z,u) : {Zflxu ‘ Zﬁi:L

i=1
9120, z:1,...nf,

0, =0, ifz¢R; }

Aleksei F. Filippov
L . . 1923-2006
» for interior points x € R; nothing changes: Fr(z,u) = {fi(z,u)} i o i
» Provides meaningful generalization on region boundaries.
E.g. on Ry N Ry both #; and 65 can be nonzero

06. Finite Elements with Switch Detection for Filippov Systems M. Diehl and A. Nurkanovié



From Filippov to dynamic complementarity systems
Using the KKT conditions of the parametric LP

LP representation

&= F(z,u) 0
with 6 € argmin g(z) "6
geRr™f
st. 0< 0

1=¢'6

F(z,u) = [fz,u),..., fo(z,u)] € R">"

g(x) = [91(17), <o 9ny (m)]T eR™
=[1,1,...,1]T eR™

o
|
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From Filippov to dynamic complementarity systems

Using the KKT conditions of the parametric LP

Express equivalently by optimality conditions:

Dynamic Complementarity System (DCS)

LP representation

r —= F 9 1
&= F(z,u)0 * (2,u) (1a)
0=g(z) = A—ep (1b)
with 0 € argmin g(z)T 0 0<0LAX>0 (1c)
ferts ) 1=¢'0 (1d)
st. 0<40 .
~
1=¢'6 .
= F(z,u) 6
where 0= Grp(,0, A p),

F(o,0) = [0 o)) € 77 > € Rand X € R™ are Lagrange
(2) = [1 (=) ( )]T c R multipliers
glr) = gl-fE,..-a—.(I]—nf A'Enf >(1c)<:)min{9,/\}=0€R”f
e=[L1...1" eR > Together, (1b), (1c), (1d) determine the
(2ny 4 1) variables (6, A, 1) uniquely
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Conventional discretization by Implicit Runge Kutta (IRK) method

Continuous time DCS
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Continuous time DCS Discrete time IRK—DCS equation

z(0) = Zo, T0,0 = T0,  Tn41,0 = Tnyo + A Y 1oq bitn,i
#(t) = v(t) Tn,i = Tn,0 +h Y02 Qi jn;
o(t) = F(z(t),u(?)) 0(t) Vni = F(ZTniyUn i) Oni
0= g(z(t)) — A(t) — epu(t) 0=9g(Zni) — Ani — Elins
0<6(t) LA®) =0 0<bpiLAi>0
1=e'0(t), tel0,T] 1=¢6n; i=1,...,ns, n=0,...,N—1

Notation: z,; € R"*,0,, ; € R™ etc. RK stage values with:
» ne{0,1,...,N} - index of integration step; step length h :=T/N
» 4,5 €{0,1,...,ns} - index of intermediate IRK stage / collocation point
» a;; and b; - Butcher tableau entries of Implicit Runge Kutta method

20,0 21,0 2,0 3,0
1,1 1,2 ... Tl,ng
¢ ¢ ¢ ¢ t
toto to2 ... tone l1 to t3
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Conventional time stepping - illustrative example

Solve with IRK Radau IIA method of order 7

Regard example with 2 € R? and s=4, N=5 T=05 h=01

constants a, k,c > 0:

P fi(z), 21 >0,
fa(x), 21 <O0.

;

@)
aa(t)
— — —ai(t)
10
Switching Time| |

A =", pw=[ 7

—a —kx1 — cxo

g1 <$) = —71,

|
|
l
|
g2(x) = a1, !

To=1[0.5,0]".
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Conventional time stepping - illustrative example

Zoom in

1 34 . . . . _
0.4 0.5 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42
t t

High integration accuracy of 7th order IRK method is lost in fourth time step.
Reason: we try to approximate a nonsmooth function by a (smooth) polynomial.

Question: could we ensure that switches happen only at element boundaries?
— Finite Elements with Switch Detection (FESD)
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Finite Elements with Switch Detection (FESD)

FESD is a novel DCS discretization method based on three ideas:
» make stepsizes h,, free, ensure fo;ol hy, =T [cf. Baumrucker & Biegler, 2009]
> allow switches only at element boundaries, enforce via cross-complementarities

» remove spurious degrees of freedom via step equilibration

35 L

0 0.1 02 03 . . 0 0.1 0.2 03 0.4 05
t, . . - toe -
conventional variable stepsizes and FESD discretization
discretization cross-complementarities with step equilibration
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Conventional DCS and FESD discretization without step equilibration

FESD discretization without step equilibration

Time-stepping discretization
h=T/N
Tpt1,0 = Tno+hY ooy bivn

—_— ns .. .
Tn,i = Tn,0 + th:1 Uy

Zo,0 = To,

Un,i = F(xn,iy un,i) en,z

0= g(xn,i) - >\n,i — Eln;
= €T9n7i
fori=1,...,ng

and n=0,...,N —1
> N extra variables (hyg, ..

_ N—-1
Zo,0 = 2o, ano hn =T
n,
Tn41,0 = Tn,0 + i Ziil bivnﬂ'
n,
Tng = Tp,0 + hn 22550 Qi jUnj

Un,i = F(xn,ia un,i) an,z

0= g($n,i’) - >\n,i/ — €lini!
0< 6, L A, >0 (cross-complementarities)
l= eTOn,i
for i=1,...,n and n=0,...,N—1
and ' =0,1,...,ng

.,hn—_1) restricted by one extra equality

> Additional multipliers A, o, ttn,0 are uniquely determined
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Conventional DCS and FESD discretization

Time-stepping discretization
h=T/N
Tn+1,0 = Tn,0 +h Z;nil bivn,i

—_— ns .. .
Tp,i = Tno+h Zj:l Q5,5Un,j

Zo,0 = To,

Un,i = F(xn,iv un,i) en,z

0 = g(xn,z) - )\n,i - e;u/n,i

0 S en,i 1 >\n,i > 0

1= 6T0n7¢
fori=1,...,ng

and n=0,...,N —1
» N extra variables (hy, ..

FESD discretization with step equilibration
_ N-1
20,0 = Loy, P pghn =T
Tn+1,0 = Tn,0 + hn Z:Lil bivn,i
Tn,i = Tn,0 + hn 2520 GijUn,;

Un,i = F(mn,iy un,i) en,z

0= g(Tn,ir) = Aniir — efin,i
0<6,,; L A, >0 (cross-complementarities)
1= eTﬂn,i
0=v(0n,0n 11, A\, Anrt1) - (B —hpr 1)
for i=1,...,ng and n=0,...,N—1
and i =0,1,...,ns and ' —0... . | N —2

.,h_1) restricted by one extra equality

» Additional multipliers Ay, o, ttn,0 are uniquely determined

» Indicator function v(0,,, 0y 41, Agr, Ar1) only zero if a switch occurs
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Multipliers in conventional and FESD discretization

Time stepping discretization: FESD discretization:
. = ‘| ‘| T wl E|
! | | 1
! | | I
! |
I =05 | | 1
! | | |
] | | I
4 | | | I
0 1 m . 1 1]
0 0.1 0.2 03 0.4 0.5
t
1 1 1 1 1 1 ] i i i 1 1
| | | | ! X X X
1 1 1 1 | | |
— ! ! ! ! l l 1
$O50 ! ! ! ! Sost | I I
l l l l | | |
1 1 1 1 | | |
| | | | | | |
0 T T T T ] 0 T T ; T
o 01 02 03 04 0 0.1 0.2 03 0.4

Lemma (Cross complementarity)

If any 0., ;; with j =1,...,ng is positive, then all \,, j:; with j' =0, ...,ng must be zero.
Conversely, if any A, j ; is positive, then all 0,, ;; are zero.

Notation >‘n,j,i - n - finite element, j - RK stage, i - component of vector
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Multipliers in conventional and FESD discretization

Time stepping discretization: FESD discretization:
1 ' 1E vl T ] T T ]
| | I
I | I 1
sos Sosp | ] |
| | |
I | I
| | |
0 0 T T . 1
o 0 0.1 0.2 03 04
t t
I I I T 1 . . : [
! | | | | — ! ' ' "
l l I I —
_ 1 1 l I - : : : —
Zos | | 1 1 | Zo.
1 1 1 1 1 sos : : : :
l l I I I | | | |
1 1 1 1 |
0 . . . T 1 0 1 1 : T 1
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 05
t t

FESD's cross-complementarities exploit the fact that the multiplier ;(¢) is continuous in time.
On boundary, X;(t,) must be zero if 6;(t) > 0 for any t € [t,—1,tn+1] On the adjacent intervals.
This implicitly imposes the constraint g;(x,,) — gj(z,) = 0.

—> h,, adapts for exact switch detection
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Step equilibration

» if no switches happen, cross complementarity implied by standard complementarity
» spurious degrees of freedom in h,,: more degrees of freedom than equations
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Step equilibration

» if no switches happen, cross complementarity implied by standard complementarity
» spurious degrees of freedom in h,,: more degrees of freedom than equations

» exploit complementarity of 6,,, \,, to encode switching logic

> define (very complicated) switch indicator function v (cf. PhD Nurkanovié):

positive, if no switch at ¢, 11

9n7 en ) )\na )\n =
v( +1 +1) {0, if switch at 41
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Step equilibration

if no switches happen, cross complementarity implied by standard complementarity
spurious degrees of freedom in h,,: more degrees of freedom than equations

exploit complementarity of 6, \,, to encode switching logic

vvyyvyy

define (very complicated) switch indicator function v (cf. PhD Nurkanovi¢):

positive, if no switch at ¢, 11

9n7 en ) )\na )\n =
v( +1 +1) {0, if switch at 41

» step equilibration:
O:V(en,6n+1,)\n,)\n+1)'(hn—hn_;,_]), ’I’L:O,,N—Q
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Step equilibration

>
>
>
>

if no switches happen, cross complementarity implied by standard complementarity
spurious degrees of freedom in h,,: more degrees of freedom than equations
exploit complementarity of 6, \,, to encode switching logic

define (very complicated) switch indicator function v (cf. PhD Nurkanovi¢):

positive, if no switch at ¢, 11

Hny en ) )\na )\n =
v( +1 +1) {0, if switch at 41

step equilibration:
O:V(9n79n+1a)\n;)\n+l)'(hn_hn-i-l)a n:()va_Q

Summary:
> If switch happens, then h,, is determined by cross complementarity.
> If no switch happens, then h,, is determined by step equilibration.
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Numerical solution without equilibration

Example with four switches

Indicator function over time:

SERERARAE
5 I \’/ \T 1]
\aal an

Optimizer varies step size randomly, potentially playing with integration errors.

06. Finite Elements with Switch Detection for Filippov Systems

hu(t)

Step size over time:

0.25

021

0.15 1

011

0.05

M. Diehl and A. Nurkanovi¢

4.5



Numerical solution

Example with four switches

Indicator function over time: Step size over time:

\ﬁ' T T T T ‘K 0.25 T T — T T T

ol — i [ — ™ | [ [

’ /\\ B BN A

s \ \/ | [ | | | | | | | |
STy _ 02 —

N/ R

| | | | | | | | | |

T S I e T I

: el | | | | | | | | | |

10 ; . . . | | | | | | | | | |

\, \ 1T R

S || \ i R R
z. L N T I IR

- m I R A

v | | I | I | I | | |

o ‘ ! oosb— L 1l =T
0 05 1 15 ? 25 3 35 4 0 0.5 1 15 f 25 3 3.5 4

Equidistant grid on each "switching stage”. Jumps exactly at switching times.
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Summary of theoretical results

1. An FESD problem needs to solve a nonlinear complementarity problem (NCP) to advance
the integration. The solutions of these NCP are locally unique.
> For a given point determine which constraint cross comp. and step eq. are binding, and
which implicitly satisfied.
> Obtain square system and apply implicit function theorem.

2. Convergence of the FESD method to a Filippov solution of the underlying system with
accuracy O(h?) is proven. Here, p is the order of the underlying smooth IRK method.
> Solution approximation and true solution predict same active set.
> Switching time accuracy also O(hP).
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Summary of theoretical results

1. An FESD problem needs to solve a nonlinear complementarity problem (NCP) to advance
the integration. The solutions of these NCP are locally unique.
> For a given point determine which constraint cross comp. and step eq. are binding, and
which implicitly satisfied.
> Obtain square system and apply implicit function theorem.

2. Convergence of the FESD method to a Filippov solution of the underlying system with
accuracy O(h?) is proven. Here, p is the order of the underlying smooth IRK method.

> Solution approximation and true solution predict same active set.
» Switching time accuracy also O(h?).

3. Convergence of numerical sensitivities to the true value with O(h?) is given.

> Cross. comp. implicitly enforce switching condition and lead to correct sensitivities.
» The Stewart & Anitescu problem is solved.
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Integration order plots for FESD and IRK time stepping

Revisit example from Lecture 4

Tutorial example

B = All‘, Hx”% < 17
AQxa ||5’3||§ > 17

1
with A; = s Ay =
27 1 2 1

2(0) = (e~1,0) for t € [0, Z].

Compute global integration error E(T') using different
strategies.
Compute solution approximation:

1. With fixed step size IRK methods (time-stepping).
2. FESD with same underlying IRK methods.
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FESD recovers high integration order for switched systems

Standard VS. FESD

1010 =©=— Midpoint Rule 2 - 10710
=== Gauss-Legendre 4

Gauss-Legendre 6
== Gauss-Legendre 8
10_15\\\\H T T 11 |11l 10_15‘\\\\\ o

1072 107t 1072 107t

Integration error E(T') at time T = /2 vs. step-size h, for different IRK methods.
FESD discretization recovers high integration order
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FESD recovers high integration order for switched systems

Standard Vs. FESD
T TTTT T T T T TTTTT
10°¢ 10°
: 4
e
o 107° |- 1075
g
1010 |{ ==@== Implicit Euler 1 1010
=== Radau-lIA 3 ;
Radau-1l1A 5
=== Radau-IIA 7
10715\\\\H T 1| |11l 10715\\\\\\
1072 1071 1072 107!
h h

Integration error E(T') at time T = /2 vs. step-size h, for different IRK methods.
FESD discretization recovers high integration order
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FESD recovers high integration order for switched systems

Standard Vs. FESD
T TTTT T T T TTTTT T TTTT T T T TTTTT
10° 10°
o= e
0]
o 107° |- - 107°
=]
_10 || =@ Lobatto-lll 2 N PPN ¢
10 —o— Lobatto-lll 4 10
Lobatto-IIl 6
== |Lobatto-Ill 8
10—15\\\\\{ I I | 10—15
1072 107!
h h

Integration error E(T') at time T' = 7/2 vs. step-size h, for different IRK methods.
FESD discretization recovers high integration order
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Outline

3 Discretization optimal control problems with FESD
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Discretizing optimal control problems with FESD

. . . » States at control grid points
Discretized optimal control problem gnap

s = (SQ,...,SN)
N-1 » Piecewise controls u = (ug,...,un—_1)
o Z(I)L(Sk’ 2k, ur) + E(sn) » FESD with Ngg; finite elements applied
k=0

on every control interval
s.t. sp =1

Sk1 = D r(sp, 25, uk)
0 = Pint(Sk, 2, Uk)
0> h(sg,ug), k=0,...,N—1
0> r(sn)

Control horizon [0, T] with N control stages

U2
up UN-1
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Discretizing optimal control problems with FESD

. . . » States at control grid points
Discretized optimal control problem gnap
s = (SQ,...,SN)

N-1 » Piecewise controls u = (ug,...,un—_1)
e Z(I)L(Sk’ 2k, ur) + E(sn) » FESD with Ngg finite elements applied
= on every control interval
B £y =T » &;.. summarizes all internal FESD
Sk+1 = (I)f(skvzkauk) equations: RK, cross complementarity,
0 = Pine(Sk, 2k, k) step equilibration, ...
0> h(sg,ug), k=0,...,N—1
0> r(sn)

Control horizon [0, T] with N control stages
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Discretizing optimal control problems with FESD

. . . >
Discretized optimal control problem

N-1
gnziI& Z(I)L(sk,zk,uk)+E(sN)
T k=0
s.t. sp =1

Sk+1 — Qf(sk,zk,uk)
0 = Pint(Sk, 2, Uk)

0> h(sg,ug), k=0,...,

0> r(sn)

N-1 >

Control horizon [0, T] with N control stages

States at control grid points
s = (SQ,...,SN)

Piecewise controls u = (ug,...,un—_1)
FESD with Ngg finite elements applied
on every control interval

®;,; summarizes all internal FESD
equations: RK, cross complementarity,
step equilibration,...
z=(20,...,2n—1) - all interval
variables: internal states, stage values of
states and multipliers, step sizes, ...
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FESD-discretized optimal control problems are MPCC

N-1
min F(w
min Z@L(sk,zk,uk) + E(sn) wERNw (w)
S,2,U
k=0 st. 0=G(w)
s.t. Ssp=1Tp 0> H(w)
k1 = LSk, 2k, k) 0<G1(w) L Ga(w) >0
0 = Qing(Sk, 2k, uk)
0> h(sg,ug), k=0,...,N—1 Standard and cross complementarity
0> r(sy) constraints summarized in

Collect w = (s, z,u) € R™» 0< Gi(w) L Ga(w) 20

Mathematical programs with
complementarity constraints (MPCC) are
more difficult than standard NLPs
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Nonlinear Programs (NLP)

Newton-type methods generate a sequence wg, w1, ws, ... by linearizing and solving convex
subproblems.

Summarized NLP

1 F
(it )

st. 0=G(w)
0> H(w)

Still assume smooth convex F, H.
Nonlinear G makes problem nonconvex.
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Nonlinear Programs (NLP)

Newton-type methods generate a sequence wg, w1, ws, ... by linearizing and solving convex
subproblems.

Summarized NLP NLP with complementarity constraints

w2, F) w2in, F)
st. 0=G(w) st. 0=G(w)
0> H(w) 0> H(w)

Still assume smooth convex F, H. 0<Gi(w) L Ga(w) 20

Nonlinear G makes problem nonconvex. S
G P There is significant nonconvex and nonsmooth

structure in the NLP.
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NLP with additional constraints of complementarity type: ‘ rlysazy=0 ‘

MPCC as an NLP

Toy MPCC example:

wlélﬂél;lw F<w) min (’U.)l - 1)2 + ('LUQ — 1)2
wER?
sl U=Clw) € st 0<wy Lwg >0
0> H(w)
0 < Gi(w) Two local minimizers.
0 < Ga(w) One local maximizer
B - (without constraint
02 Gi(w) Gz(w) Due to complementarity qualification).

constraints, MPCC are

Convex J, H and smooth F.
nonsmooth and nonconvex.

Smooth G4, Gs.
MPCCs treated in detail in three lectures by C. Kirches.
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Revisiting the OCP example - now with FESD

Tutorial example inspired by [Stewart & Anitescu, 2010]

2 .

Continuous-time OCP 1.9}

2
/0 z(t)?dt + (z(2) — 5/3)?
t €0,2]

min
z(-)€C([0,2])
st &(t) = 2 — sign(z(t)),

V(o)

Free initial value 2(0) is the effective degree

of freedom.
1.4 \ ‘ ‘ ‘ ‘
Equivalent reduced problem -2 -8 -16 14 -12 -1
o
minV (zo) » Denote by V(zg) the nonsmooth
objective value for the unique feasible

ToER
trajectory starting at x(0) = xo.

M. Diehl and A. Nurkanovi¢
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Revisiting the OCP example - now with FESD

Tutorial example inspired by [Stewart & Anitescu, 2010]

1.9 T
Vas (o) —0.5 H = == Time stepping - single NLP | —
VTS 0(1 ) = Time stepping - homotopy
E)lz;::? 0 mes FESD - single NLP
1.8 = == FESD - homotopy -
—— Analytic Solution 1
i 1 - -
2
40' 1.7 |- | *xo
o 1. 8
e}
o
1.6 |- 7
1.5 : : -2 : ‘
—2 —1.5 -1 -2 —1.5 -1

. .. To il e Zo
> no spurious local minima, correct sensitivities

» convergence to the "true” local minimum, both with homotopy and without it
> accuracy of order O(hP), in contrast to standard approach with only O(h)
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Revisiting the OCP example - now with FESD

Tutorial example inspired by [Stewart & Anitescu, 2010]

1.9 T
Vas (o) —0.5 H = == Time stepping - single NLP | —
VTS 0(1 ) = Time stepping - homotopy
E)lz;::? 0 mes FESD - single NLP
1.8 = == FESD - homotopy -
—— Analytic Solution 1
i 1 - -
2
40' 1.7 |- | *xo
o 1. 8
e}
o
1.6 |- 7
1.5 : : -2 : ‘
—2 —1.5 -1 -2 —1.5 -1

. .. To il e Zo
> no spurious local minima, correct sensitivities

» convergence to the "true” local minimum, both with homotopy and without it
> accuracy of order O(hP), in contrast to standard approach with only O(h)

» FESD solves the accuracy and convergence issues
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OCP example

Benchmark example with entering/leaving sliding mode

States ¢,v € R? and control u € R?,
OCP with sliding modes r e (10) "

4 o : q1 +0.15¢3
. Switching functions ¢(z) =
min u(t) Tu(t) + v(t) To(t) dt 3
i [ a0 Tu) + o) o 0056} + a2
2r
S.t. SC'(O) = (?,5,0,0)
—sign(c(z(?))) + v(t)
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FESD vs standard IRK - number of function evaluations

Benchmark on an optimal control problem with nonlinear sliding modes

I I I I I I
10° -
5 s g ! 6 é * ¥ % %
g o o 2 a g
% o
B o®
w074 =
: 0B
‘s o
@ @ o O
5 o o
L A\
F| o & B¢
€ O Radau-IIA-FESD O Radau-I1A-Std
) QLobatto»IIIC—FESD oLobatto—IIIC—Std
= O Gauss-Legendre-FESD B Gauss-Legendre-Std o O O @
% Explicit-RK-FESD # Explicit-RK-Std ‘ @ ‘ |

10712
101 1012 10144 101.6 101.8 102 102.2

Total number of stage points

Terminal constraint satisfaction vs. number of stage points
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FESD vs standard IRK - CPU Time

Benchmark on an optimal control problem with nonlinear sliding modes

107* |- WQ} El i EEE
B
¢

0

- ) 0 UK o |
Radau-IIA-FESD 8Radau—IIA—Std

SLobatto—IIIC—FESD Lobatto-111C-Std

0 Gauss-Legendre-FESD B Gauss-Legendre-Std
% Explicit-RK-FESD % Explicit-RK-Std O o 0
10—12 L T TTTTI | | L1 | | |

10° 101 102
CPU time [s]

Terminal constraint satisfaction

Terminal constraint satisfaction vs. CPU time
FESD one million times more accurate than Std. for CPU time of =~ 2 s
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Conclusions and summary

» Finite Elements with Switch Detection (FESD) allow highly accurate simulation and
optimal control for nonsmooth systems of level NSD2

» Following similar lines, FESD can be derived for the Heaviside step reformulation
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Conclusions and summary

» Finite Elements with Switch Detection (FESD) allow highly accurate simulation and
optimal control for nonsmooth systems of level NSD2
» Following similar lines, FESD can be derived for the Heaviside step reformulation

» Key ideas: make step sizes degrees of freedom and introduce implicit relations that locate
the switches

» Switch detection not only essential for high accuracy, but also for correct sensitivities
(no spurious solutions)
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Conclusions and summary

» Finite Elements with Switch Detection (FESD) allow highly accurate simulation and
optimal control for nonsmooth systems of level NSD2
» Following similar lines, FESD can be derived for the Heaviside step reformulation

» Key ideas: make step sizes degrees of freedom and introduce implicit relations that locate
the switches

» Switch detection not only essential for high accuracy, but also for correct sensitivities
(no spurious solutions)

» FESD solves many of the issues that standard methods have: integration accuracy,
convergence of sensitivities

» Main practical difficulty: solving Mathematical Programs with Complementarity
Constraints (MPCC)
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Switch detection - example

Suppose that x(t) crosses from Ry to Ry and recall that ¢ = min; g;(z)
Continuous time:

» Before switch: 61(t) > 0,A1(t) =0, and 02(t) =0, 2 >0
» After switch: el(t) = O,)\l(t) >0, and 92(t) >0, =0
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Switch detection - example

Suppose that x(t) crosses from Ry to Rs and recall that g = min; g;(z)
Discrete time (switch between the n-th and n + 1-st finite element):

» Before switch: 9n7j,1(t) >0, )\n,j71(t) =0, and Gw',g(t) =0, >\n,j72 >0
» After switch: en’j’l(t) =0, )\n,j,l(t) > 0, and 9n,j,2(t) > 0, )\n,j’g =0
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Switch detection - example

Suppose that x(t) crosses from Ry to Rs and recall that g = min; g;(z)
Discrete time (switch between the n-th and n + 1-st finite element):

» Before switch: 9n7j,1(t) >0, )\n,j71(t) =0, and 9n7j,2(t) =0, )\n,j72 >0
» After switch: en’j’l(t) =0, )\n,j,l(t) > 0, and en’j’g(t) > 0, )\n,j’g =0
From Lemma 1 it follows that A, 5,1 = Aup. 2 =10

Switch detection conditions

91(Tnt1) = Anne,l = tn,n,
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Switch detection - example

Suppose that x(t) crosses from Ry to Rs and recall that g = min; g;(z)
Discrete time (switch between the n-th and n + 1-st finite element):

» Before switch: 9n7j,1(t) >0, )\n,j71(t) =0, and 9n7j,2(t) =0, )\n,j72 >0
» After switch: en’j’l(t) =0, )\n,j,l(t) > 0, and en’j’g(t) > 0, )\n,j’g =0
From Lemma 1 it follows that A, 5,1 = Aup. 2 =10

Switch detection condition

91(Tnt1) =0 — g2(Tnt1)
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Switch detection - example

Suppose that x(t) crosses from Ry to Rs and recall that y = min; g;(z)
Discrete time (switch between the n-th and n + 1-st finite element):

» Before switch: 9n7j,1(t) >0, )\n,j71(t) =0, and 9n7j,2(t) =0, /\n,j,2 >0
> After switch: Hn,j)l(t) =0, )\n,j,l(t) > 0, and en’jyg(t) > 0, )\n)j’Q =0
From Lemma 1 it follows that A, ;.1 = Apn.,2 =0

Switch detection conditions

0=qn ($n+1) - gz(xn+1) = ?/112(30n+1)

Implies constraint such that h,, must adapt for exact switch detection!
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