Lecture 5: Modeling with Filippov Systems -

Stewart and Step Formulation

Moritz Diehl and Armin Nurkanovié¢

Systems Control and Optimization Laboratory (syscop)
Summer School on Direct Methods for Optimal Control of Nonsmooth Systems
September 11-15, 2023

universitatfreiburg



Outline of the lecture

1 Introduction to discontinuous ordinary differential equations

2 Filippov systems

3 Stewart's reformulation of Filippov systems

4 Heaviside step reformulation of Filippov systems

5 Summary

05. Modeling with Filippov Systems - Stewart and Step Formulation M. Diehl and A. Nurkanovi¢



Motivating examples - crossing a discontinuity

Consider the ODE

& =2 — sign(z)
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Motivating examples - crossing a discontinuity

Consider the ODE
& =2 — sign(z)
More explicitly...

. {3,
xr =
1,

ifx <0
ifz>0
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Motivating examples - sliding mode (simpler)

Consider the ODE

N

RN T~ T~
:[U:—sign(x) 15\\\\\\\\7
' RN NN N
And let e R
05\\\ RN
—1 ifz<O I T T T T s
. s ) 0\\\\\ ~
s1gn(x)= 0, ifx=0 - = = = = = = =
. o5 - = = = =~ =~ ~|
1, ifz >0 - _ = . =-_ - _ = _ = _ = _~
_l////////,
Then ///}////
s == = = = = ]
- _=- = _=-_ - _ = _~ _~
1, ifz <0 2 - = = 7 7T =
. . 0 0.5 1 15 2
=40, ifz=0 )
-1, ifx>0
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Motivating examples - sliding mode (simpler)

Consider the ODE

N

\ \\ \\ ~
:[U:—sign(x) 15\\\\\\\\7
' T s s s [T T
And | 1\ \\R\\\\
nd let S ~J— T T
05\\\ T s s |
. ' . 8 0\\\\\______\:___\:_
s1gn(3:)= 0, ifx=0 - = = = = =
if o5 = = = =
17 ifx>0 g ol gl A
_l////////,
Then ///}////
s - - = = =~ =~ = |
-_= = _ = = _ = = =
1, ifzr<O - = -~ = Aad —
. . 0 0.5 1 15 2

T =10, ifx=0 p

-1, ifx>0
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Motivating examples - sliding mode

Consider the ODE

& = —sign(x) + 0.5sin(t)

And let
-1, ifx<0
sign(z) = ¢ 0, ifez=0
1, ifx>0
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Motivating examples - sliding mode

Consider the ODE

\

& = —sign(x) + 0.5sin(t) = t s 1
\ \ \ |

And let Ny N NN
[ \ ~ \ 1

_17 if x <0 o 0}_7/3"7ﬂ7§7ﬂ__/_{_“\___\§_

sign(z) = ¢ 0, ifz=0 _05;: ?f? ; — ; 7 ; -
1, ifz>0 N = - 7 —

) —l/ /’ - //R/ / -

= ? S ? — -

/ / —_— / / —_—

1.5/ / = = / -
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Motivating examples - sliding mode

Consider the ODE

\
& = —sign(x) + 0.5sin(t) = t s ]
And let = N = s
[ \ ~ \ 1
—1, lfSC < 0 o 0>,/f,ﬂ,Y&,ﬂ__/_»_—___\___\X__
e wpe o = 2 = =
1 ifx>0 -z - - T -
) —l/ /’ - //R/ / -
= / S / — -
We have for some t > t* that x(¢) =0 P I i G
and #(t) =0 e S
B 2 - = —
0 05 1 15 2
t
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Motivating examples - sliding mode

Consider the ODE

\
z = —sign(x) + 0.5sin(t) = t s ]
And let Ny NN N s
[ \ S~ \ b
-1, ifx<0 . o>-—/—’—ﬂﬂxfﬁ--/z---\---\\--
sign(@) = 40, itz =0 e o = = —
1 ifz>0 Pl T - T
’ -l/ / e //R/ / -
= / - / -
We have for some t > t* that x(¢) =0 P I i G
and &(t) =0 - 7 - - 7~
- 2 = - = o
That is sign(0) = 0 = 0.5 sin(¢) 0 05 : 15 2
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Motivating examples - sliding mode

Consider the ODE

\
z = —sign(x) + 0.5sin(t) = t s ]
And let Ny NN N s
[ \ S~ \ b
-1, ifx<0 . o>-—/—’—ﬂﬂxfﬁ--/z---\---\\--
sign(@) = 40, itz =0 e o = = —
1 ifz>0 Pl T - T
’ -l/ / e //R/ / -
= / - / -
We have for some t > t* that x(¢) =0 P I i G
and &(t) =0 - 7 - - 7~
- 2 = - = o
That is sign(0) = 0 = 0.5 sin(¢) 0 05 : 15 2

Something went wrong...
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Motivating examples - sliding mode - fixed

Consider the ODE

0.5 2 T T ~~— =
z ign(z) sin(t) 15 — s = [~ § |
nd let 1o — T \ 2~ ~ \
M. T T ~a ~o
B . 05—~ s [ s |
{ 1}3 if <0 - - = \ Ny =~ \
sign(z) €  [-1,1], fz=0 R = i e
{1} ifx>0 sk 2 = T -
* _ L= ot~ -
We hive for some ¢ > t* that x(t) = 0 and s 2=
2 e e / —
0 0.5 1 15 2
¢
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Motivating examples - sliding mode - fixed

Consider the ODE

T ign(z) sin(t) 15 —— s = [~ § ]
nda let I —— X N ~
M. T T ~ ~
B . 05F . —— [ s ]
{ 1}3 if <0 - - = \ Ny = \
sign(z) €  [=1.1], ifz =0 R =
{1} ifx>0 sk 2 = T -
_1/ ? _ /’Rl/ ? -
* _ L= ot~ -
We hive for some ¢ > t* that x(t) = 0 and s 2=
That is sign(0) = [~1,1] 3 0.5sin(t) 2. Lot e Lo e
t
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Motivating examples - sliding mode - fixed

Consider the ODE

T ign(z) sin(t) 15 —— s = [~ § ]
nda let I —— X N ~
M. T T ~ ~
B . 05F . —— [ s ]
{ 1}3 if <0 - - = \ Ny = \
sign(z) €  [=1.1], ifz =0 R =
{1} ifx>0 sk 2 = T -
_1/ ? _ /’Rl/ ? -
* _ L= ot~ -
We hive for some ¢ > t* that x(t) = 0 and s 2=
That is sign(0) = [~1,1] 3 0.5sin(t) 2. Lot e Lo e
t

It works! Thanks to A.F. Filippov
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Outline of the lecture

2 Filippov systems

05. Modeling with Filippov Systems - Stewart and Step Formulation M. Diehl and A. Nurkanovi¢



Filippov's convexification for ODEs with discontinuous right-hand side

Filippov differential inclusion

Replace ODE with a discontinuous right-hand
side

by
i(t) € Fr(z(t))

where Fg(z) : R™ — P(R™=) is defined as:

Fr(x) ::ﬂ ﬂ conv f(xz + eB(z) \ N)

€>0 ju(N)=0

> f(z) continuous at z: Fr(x)={f(z)}
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Filippov's convexification for ODEs with discontinuous right-hand side

Filippov differential inclusion

Replace ODE with a discontinuous right-hand
side

by
i(t) € Fr(z(t))

where Fg(z) : R™ — P(R™=) is defined as:

Fr(x) ::ﬂ ﬂ conv f(xz + eB(z) \ N)

> at discontinuity: convex combination of
€>0 p(N)=0

neighboring vector fields and ignore what
is at the discontinuity
> f(x) continuous at z: Fr(z)={f(z)}
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Piecewise smooth systems (PSS)

Regard discontinuous right-hand side, piecewise smooth on disjoint open regions R; C R"»

Discontinuous ODE (NSD2)

:t:fi(x,u),ifxERi, i=1,...,nf

Ry ={z e R" | ¢1(x) > 0,¢2(x) >0,...1,,(z) > 0}
Ry = {zx e R" | ¢1(x) > 0,92(x) > 0,...9,,(x) <0}

Rnf = {JJ € R | 1pl(x) < 0,’(/}2(.’1,') < 0,¢nw($) < 0}

> zero level sets of 1;(x) = 0 - region boundaries

> n, smooth scalar switching functions define
2"f regions
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Filippov convexification for piecewise smooth systems

The "structured” discontinuous right-hand side in PSS enables to define convex multipliers 0;
to define the convex set Fr(z,u)

Filippov Differential Inclusion
& € Fr(z,u) : {Zfzxu ‘ ZOi:L

0120, ZZI,...’I’Lf,
0, =0, ifz¢R; }

Aleksei F. Filippov
(1923-2006)

image source: wikipedia
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Filippov convexification for piecewise smooth systems

The "structured” discontinuous right-hand side in PSS enables to define convex multipliers 0;
to define the convex set Fr(z,u)

Filippov Differential Inclusion

& € Fr(z,u) : {Zfzxu ‘ ZOi:L

0120, ZZI,...’I’Lf,
0, =0, ifz¢R; }

Aleksei F. Filippov
L . . (1923-2006)
» for interior points x € R; nothing changes: Fp(z,u) = {fi(z,u)} image source; wikipedia

> Provides meaningful generalization on region boundaries
E.g. on Ry N Ry both 6 and 65 can be nonzero
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Filippov's convexification for sums of discontinuous ODEs

[Stewart1996]

S — Sum of piecewise smooth systems

Nsys Nsys
x—Zfl iC_Zfl fz fi’j(l‘) ifﬂ?ERi,j,j:L...,nf,i
Sum of Filippov systems Sum of Filippov systems
Tsys Nsys Nsys M f,i
#€) Fri@) 5 Fri@) = {3 fis@0i16:20, ], =1}
i=1 i=1 i=1 j=1

> We regard ngys independent subsystems and their Filippov convexification.

» Often reduces computational complexity.
» In fact, aggregated consideration often impossible.

M. Diehl and A. Nurkanovi¢
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lllustrative example for sum of Filippov systems

Regard: z € R2,

Zi?l = —sign(xl), iz = —sign(xQ)

.| —sign(xq) 0 | —sign(z1)

r= [ 0 ] T [—sign(azg)] o [—sign(xg)]
T | T T T4 Voo
I 1 I Vol
~o_- I R RIREE Vol
R (S (S S t t
T o o e — — Pt t t
h 0 1 2'1 ! 1 ! 0 t 1 t 2
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lllustrative example for sum of Filippov systems

Regard: z € R2,

Zi?l = —sign(xl), iz = —sign(xQ)

.| —sign(xq) 0 | —sign(z1)

r= [ 0 ] T [—sign(azg)] o [—sign(xg)]
T | T T T4 oyl Voo
R dob Vol TR Vol
0_- I R b Vol b Vol
R (S (S S t t Pt ot t t
T o o e — — Pt tt t 1t t t
h 0 1 2'1 ! 1 ! 0 ! 1 ! 2 2 ! B t 0 t 1 t !
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Outline of the lecture

3 Stewart's reformulation of Filippov systems

05. Modeling with Filippov Systems - Stewart and Step Formulation M. Diehl and A. Nurkanovi¢



How to compute convex multipliers 67

One answer in a remarkable paper by David E. Stewart from 1990

Numer. Math. 58, 299-328 (1990) m
Mathematik

© Springer-Verlag 1990

A high accuracy method for solving ODEs
with discontinuous right-hand side

David Stewart
Department of Mathematics, University of Queensland, St. Lucia, Australia 4067

Received August 1, 1987/January 16, 1990

Summary. Ordinary Differential Equations with discontinuities in the state vari-
ables require a differential inclusion formulation to guarantee existence [8].
From this formulation a high accuracy method for solving such initial value
problems is developed which can give any order of accuracy and “tracks” the
discontinuities. The method uses an “active set” approach, and determines
appropriate active sets from solutions to Linear Complementarity Problems.
Convergence results are established under some non-degeneracy assumptions.
The method has been implemented, and results compare favourably with pre-
viously published methods [7, 21].
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Stewart’s representation

Assume sets R; given by | R; = {z € R"*|g;() < min;, g;(z) }

> How to obtain it from R; = {x € R™ | 11(x) > 0,¢2(x) > 0,...9y, () > 0}?
» How to find the functions g;(x)?
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Stewart’s representation

Assume sets R; given by | R; = {x € R"T|g ) < minj; g;(x) }

> How to obtain it from R; = {x € R™ | 11(x) > 0,¢2(x) > 0,...9y, () > 0}?
» How to find the functions g;(z)?

Definition of regions via switching functions

Ri = {& €R™ [1(2) > 0,9(e) >0, .. ¥, (a) > 0} } Lo L
Ry = {a € R™ | 41(2) > 0,(x) > 0,... ¥, (2) < 0} 5=

; S
Rnf = {CC € R" | ¢1(33) < 07¢2(Jj) < 07' o ¢nw($) < O}

Definition via i-th row S; o:

¥(@) = (@) ¥2(a) ... n,(@)] €R™ R; = {z € R"™ | S; ,9(x) > 0}

l9() = —Su(@)|
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Examples for finding switching function

> In Stewart's representation sets R; given by R; = {x € R |gz(:z:) < min,; g;(x) }
» From switching functions ¢ (x) € R"™¥ obtain Stewart’s indicator functions g(x) € R"/ via

g9(x) = =Sy(x)

Example 1 - single switching function

Ry = {z e R™ | ¢(z) > 0}
Ry = {x € R™ | ¢(x) < 0}
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Examples for finding switching function

> In Stewart’s representation sets R; given by R; = {:c € R" |gi(:c) < min,; g;(x) }

» From switching functions ¢ (x) € R"™¥ obtain Stewart’s indicator functions g(x) € R"/ via

g9(x) = =Sy(x)

Example 2 - two switching function

Example 1 - single switching function

Ry = {z e R™ | ¢(z) > 0}
Ry = {x € R™ | ¢(x) < 0}

M. Diehl and A. Nurkanovi¢
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Y(x) = (Y1(z), ¥2(x))
(1 1
1 -1
-1 1
-1 -1

—h1(z) — P2(x)
—1(z) + ¢2(x)
Y1(x) — 2(z)
| 1(z) + a(x)




How to compute convex multipliers 67

Assume sets R; given by [cf. Stewart, 1990]
R, = {x S R”|gi($) < minjx; g;(x) }
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How to compute convex multipliers 67

Assume sets R; given by [cf. Stewart, 1990]
R, = {:c S R”|gi(m) < minjx; g;(x) }

Linear program (LP) Representation

g
T = Z fl(l‘, u) 0; with

i=1
ny
6 € arg min (x) 6,
géeR"f ;gz( ) 0;
ng _
% Oy 91<92 Oy 92<g1 Oy 9=
i=1 \
"’_ - 01 91 01
6>0

Note that the boundary between R; and R; is defined by {z € R" | 0 = g;(x) — g;(x)}.

M. Diehl and A. Nurkanovi¢
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From Filippov to dynamic complementarity systems
Using the KKT conditions of the parametric LP

LP representation

&= F(z,u)0
with 6 € argmin g(z)"6
ger™f
st. 0< ]

1=¢'6

F(m,u) = [fl(xvu)v e ~7fnf(mvu)] € RX"

9(z) =[g1(2),...,gn, ()] €R™
e=[1,1,...,1]" e R™
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From Filippov to dynamic complementarity systems

Using the KKT conditions of the parametric LP

Express equivalently by optimality conditions:

Dynamic Complementarity System (DCS)

LP representation

&= F(z,u) 0 (1a)
i=F(z,u)0 0=g(z)—X—eu (1b)
with 0 € argmin g(x)"0 0<0LA>0 (1)
GeR™ 1=¢'6 (1d)
st. 050 | Compact notation |
1=¢'0 = F(z,u) 6

0= GLP(Ia 0; )\,M),

F(x,u) = [fz,u),..., fo(z,u)] € R"*™  » pcRand A € R" are Lagrange
9(@) = [91(2), ... gn, ()] T € R multipliers
e=[1,1,...,1]" e R™ > (1c) & min{f, A} = 0 € R"/
A > Together, (1b), (1c), (1d) determine the
(2ny + 1) variables 8, A, & uniquely
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Interpretation of the DCS multipliers

Dynamic complementarity system > If 2 € R;, then 6; > 0, A; = 0 (from

complementarity)

&= F(z,u)0 > N\ =gi(z) — p (from Vi L(x,\, 1) =0)
Ozgl(x)_)‘l_ﬂa 7’:17)nf
0<O0LAX>0
1=c'0
2 4
1.5+
1 Ry ={z | g2(z) < g1 (@)}
% 05
0
05 ¢ Ry ={z|gi(2) < g2(2)} 1 At
-1 - L L -2 L L L
0 0.5 1 1.5 2 0 0.5 1 1.5 2
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Interpretation of the DCS multipliers

Dynamic complementarity system > If 2 € R;, then 6; > 0, A; = 0 (from

complementarity)

&= F(z,u)0 > N\ =gi(z) — p (from Vi L(x,\, 1) =0)
Ozgl(x)_)‘l_ﬂa 7’:17)nf
0<O0LAX>0
l=¢"6
2 4
1.5+
1 Ry = {z ] g2(z) < g1(2)}
% 0.5
0
05 Ry ={z| g1(z) < ga(2)} 1 -1
1 ‘ ‘ | B | | |
0 0.5 1 1.5 2 0 0.5 1 1.5 2
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Interpretation of the DCS multipliers

Dynamic complementarity system > If 2 € R;, then 6; > 0, A; = 0 (from

complementarity)

&= F(z,u)0 > N\ =gi(z) — p (from Vi L(x,\, 1) =0)
0=gi(x)—XNi—p, i=1,...,np » p=min;g;(z) (from definition of R;)
0<0 1L AX>0 » \; = gi(z) — min; g;(z) continuous functions!
1=e'd
2 4 T
—Mi(t)
15} 3 Ao(t)
(t)

Ry = {z | g2(z) < g1(2)}

= =
£ 05 b
0 0
A=
05) Ry ={z | gi(z) < g2(2)} 1 1 Il(!]](z)yyz( )
T
4 ‘ ‘ ‘ 5 ‘ ‘ ‘
0 0.5 1 1.5 2 0 0.5 1 1.5 2
¢ t
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Interpretation of the DCS multipliers

Dynamic complementarity system > If 2 € R;, then 6; > 0, A; = 0 (from

complementarity)

&= F(z,u)0 > N\ =gi(z) — p (from Vi L(x,\, 1) =0)
0=gi(x)—XNi—p, i=1,...,np » p=min;g;(z) (from definition of R;)
0<0 1L AX>0 » \; = gi(z) — min; g;(z) continuous functions!
1=¢'6 > Atswitch \; =X =0 = g;(x) —g;(z) =0
(region boundary)
2 T T T 4 I T
—N(t)
15 3 —)\2?)
By = (x| go(a) < 01(a)) " .
1 2 \/
- o
% Z
T s Za E >
. RiNORy = {z | g1(z) = g>(x)} 0 Ao =go(x) —pu
05 Ry = {z] g1(x) < g2(a)} 1 af ”Emfn(g,(z),gz(z
4 ‘ ‘ ‘ 2 ‘ ‘ ‘
0 0.5 1 1.5 2 0 0.5 1 1.5 2
t t
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Example: continuity of multipliers in different switching cases

Different switching cases

1. Crossing a surface of discontinuity, ©(t) € 2 — sign(x(t)),
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Example: continuity of multipliers in different switching cases

Different switching cases

2. Sliding mode, #(t) € —sign(x(t)) + 0.2sin(5¢t),

0 1 0, 2 — )\ |
[ A2
0.2 0.8 15
04 __06
S 06 = 04
0.8 02 05
1 0 0
0 1 0
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Example: continuity of multipliers in different switching cases

Different switching cases

3. Leaving sliding mode z(t) € —sign(x(t)) + t.
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Example: continuity of multipliers in different switching cases

Different switching cases

4. Spontaneous switch, @(t) € sign(z(t)),

1 25 At

A2
1 0.8 2

— ()|
— 0.6 0|1 ~15
= > —— =
%05 < 04 ~ 1
0.2 0.5
0 0 0
0 1 2 0 1 2 0 1 2
t t t
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Example: continuity of multipliers in different switching cases

Different switching cases

1. Crossing a surface of discontinuity, ©(t) € 2 — sign(x(t)),
2. Sliding mode, #(t) € —sign(x(t)) + 0.2sin(5¢t),

3. Leaving sliding mode z(t) € —sign(x(t)) + t.

4. Spontaneous switch, @(t) € sign(z(t)),

1 25 At

A2
1 0.8 2

— ()|
— 0.6 0|1 ~15
= > —— ol
%05 = 04 ~ 1
0.2 0.5
0 0 0
0 1 2 0 1 2 0 1 2
t t t
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The active set of the DCS

Active set

(@) i={i | gi() = ming;(2) } = {i 1 6, > 0}

Dynamic complementarity system

&= F(z,u) 0 jeTs
0=gi(@) —Ai—p i=1,...,ns
0<01LA>0
T - Ry
1=¢'6
x)
DAE with fixed Z
Zy
ap = FI(J,‘, u) 91
R R R
0= gI(x) — M€, ! 3 4
1= eTHI T3
> Locally well-behaved smooth I(w1) = {2}, Z(x2) = {1,2}, I(x3) = {1,3}
ODE or DAE I(zs) = {1,2,3,4}
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Properties of the DCS

Sufficient conditions for the uniqueness of the solution

DAE with fixed Z

ah = Fz(l‘,u) 01 (22)
0= gz(x) — pe, (2b)
l=ec'b7 (2¢)

Given |Z| > 1, define the matrix

Mz(z) = Vgz(z)' FPr(x,u) € RF*Z

Proposition

Suppose that for a fixed active set Z(x(t)) = Z fort € [0,T], it holds that the matrix Mz (x(t))
is invertible and e " Mz (x(t))~te # 0 for all t € [0,T]. Given the initial value x(0), then the
DAE (2) has a unique solution for all t € [0,T].

Proof. Index reduction and implicit function theorem. O
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Outline of the lecture

4 Heaviside step reformulation of Filippov systems
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Heaviside step function

Set-valued step function Ly
0.8}
{1}, (@) >0,
(@(z)) = 100,1], () =0, =06¢
[0}, ) <0 s
0
(o) = 8 AeR ~v(a)a -1 0 1 05 0 05 1 15
st. 0<a<l. Y(z) o
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Heaviside step function

Set-valued step function
{1}, ¢ >0, o8
7(¢(x)) = [07 1]7 w(.’,ﬂ) = 0) § 0.6 +
{0}, ¥(z) <0 s —
=04t
. 0 .
1(b(x)) = argmin —(z)a |
e -1 0 1 05 0 05 1 15
st. 0<a<1. ¥(z) a
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Heaviside step function

Set-valued step function
{1}, ¢ >0, o8
7(¢(x)) = [07 1]7 w(.’,ﬂ) = 0) § 0.6 +
{0}, ¥(z) <0 s E—
=04t
. 0
1(b(x)) = argmin —(z)a |
e -1 0 1 05 0 05 1 15
st. 0<a<1. ¥(z) a
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Heaviside step function

Set-valued step function
{1}, ¢ >0, o8
7(¢(x)) = [07 1]7 w(.’,ﬂ) = 0) § 0.6 +
{0}, ¥(z) <0 s —
=04t
. 0
1(b(x)) = argmin —(z)a |
e -1 0 1 05 0 05 1 15
st. 0<a<1. ¥(z) a
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Motivating example

Consider two switching functions v (z) and 2 (z) and four regions

Nonsmooth system

9B = alagfl(x) R3 Ry
o
&
£
. R R
Step representation 4 2

0; =1ifx € R;:

Y1(x) >0, Po(z) >0 =

041:1,012:1, 91:a1a2:1

Y1 ()

Ry ={x € R™ | ¢p1(x) >0, ¢a(z) > 0}
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Motivating example

Consider two switching functions v (x) and 9 (x) and four regions

% = alagfl(x) aF Oél(l — Olg)fg(.’E) R3 Ry
O
=
or
0;=1ifx € R;:

P1(x) >0, Po(r) <0 =
a1 = 1,C¥2 = O, 92 :al(l—ag) =1

p1(z)

Ry = {z € R™ [ () >0, ¢a(x) <0}
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Motivating example

Consider two switching functions v (x) and 9 (x) and four regions

Nonsmooth system

&= a2 fi(z) + a1 (1 — ag) fa(z)
+ (1 — ar)as f3(z)

O
£
0; =1ifx € R;:
1/)1(1‘)<0, 1/12(1‘)>0 -
Oél:O,CQ:l, 93:(1—041)a2:1
R
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Motivating example

Consider two switching functions v (x) and 9 (x) and four regions

Nonsmooth system

T = fi(r) + a1(l — ag)fa(x) R
+ (1 = ar)azfz(x) + (1 — ar)(1 — az) fa()

Pa()

Ry

or

Step representation Ry

P1(2) <0, ¢o(z) <0 =

Ry

aq :O,O[QZO, 942(1—041)(1—042):1

p1(z)

Ry ={z e R™ [ ¢{1(x) <0, ¢o(x) <0}
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Motivating example

Consider two switching functions v (z) and () and four regions

Nonsmooth system

& =aoazfi(z) + a1(l — az) f2(z)
+ (]. = Oél)agfg(l') T (]. = al)(l = O[2)f4(.’l)‘) R3 Ry
g

0i21if£t€Rii Ry Ry
91 = (109
02 = a1(1 = 042) ()
03 = (1 — 011)042
042(1—@1)(1—(12) R4:{$€Rnw |’(/)1(£L‘) <0, ’(/)2(37) <O}
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Generalizing the observed pattern

Definition of regions via switching functions

Ry = {z € R™ | 41(z) > 0,95(z) > 0,...4n, (z) > 0} R
RQZ{JIER”I|7/11(13)>O,¢2($)>O,...1ﬁnw(x)<()} g — . . |
S

Boy =iz €R™ |41(2) <0,95(2) <0, 4ny (@) <O}y giiion via icth row Sio:

T n
Y(@) = [$1(x) ¢2(x) ... Yn,(x)] ER™ R; = {z € R™ | S; 0p(z) > 0}
We observe that
1_Sij (7] 1fSZ:1
5 Sz o = ’ 5J ’
g o {1 —ay, i S, =-L

05. Modeling with Filippov Systems - Stewart and Step Formulation M. Diehl and A. Nurkanovié¢



Filippov system via the step reformulation

If z € R; then 6; = 1, hence all corresponding a;; and 1 — vy, must be equal to one.

1-S;; + S 00 = a;, %f Si; =1,
2 l—Oli, if S’i,j =—1.

Filippov system

(% + Si,jaj), i=1,...,2" a5 € 'y(z/;](x))}
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From differential inclusion to dynamic complementarity system

Using its KKT conditions we pass from the DI

Regard the aggregated LP to the DCS:
migw —(z) P(x) = AP — A",
aer 0< A" La>0,

st. 0<a; <1, i=1,...,ny 0< AP L >0
—_ e_a_ ?

Heaviside step DCS

&= F(z,u) 0,

=S
9i=H(T”JJrSi,jaj),i:l,...,z%
j=1
P(z) = AP — A"
0<A" La>0
0<XNle—a>0
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Continuity of multipliers in the Heaviside step formulation

Using its KKT conditions we pass from the DI

Regard the aggregated LP to the DCS:
min —y(2) o ) = AP — A",
ek 0<A" La>0,

st. 0<a; <1, i=1,...,ny 0<XMW Lle—a>0

» From the LP and its KKT conditions: ;(x) > 0, we have o;; =1
> Upper bound is active: A} =0 and A, ; = v;(z) >0
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Continuity of multipliers in the Heaviside step formulation

Using its KKT conditions we pass from the DI

Regard the aggregated LP to the DCS:
min — (@) a vlz) =4 -,
a€R ‘ 0<A" La>0,
st. 0<a; <1, i=1,...,ny 0<XMW Lle—a>0

» From the LP and its KKT conditions: ;(x) > 0, we have o;; =1
> Upper bound is active: A} =0 and A, ; = v;(z) >0
> Likewise, for 1;(x) < 0, we obtain a; = 0, A} =0 and A} = —¢;(z) > 0

M. Diehl and A. Nurkanovi¢
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Continuity of multipliers in the Heaviside step formulation

Using its KKT conditions we pass from the DI

Regard the aggregated LP to the DCS:
min —y(2) o ) = AP — A",
ek 0<A" La>0,

st. 0<a; <1, i=1,...,ny 0<XMW Lle—a>0

» From the LP and its KKT conditions: ;(x) > 0, we have o;; =1

> Upper bound is active: A} =0 and A, ; = v;(z) >0

> Likewise, for 1;(x) < 0, we obtain a; = 0, A} =0 and A} = —¢;(z) > 0
> tj(z) = 0 implies that o; € [0,1] and A} = A} =0
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Continuity of multipliers in the Heaviside step formulation

Using its KKT conditions we pass from the DI

Regard the aggregated LP to the DCS:
min —y(2) o ) = AP — A",
ek 0<A" La>0,

st. 0<a; <1, i=1,...,ny 0<XMW Lle—a>0

» From the LP and its KKT conditions: ;(x) > 0, we have o;; =1

> Upper bound is active: A} =0 and A, ; = v;(z) >0

> Likewise, for 1;(x) < 0, we obtain a; = 0, A} =0 and A} = —¢;(z) > 0
> tj(z) = 0 implies that o; € [0,1] and A} = A} =0

Continuity of multipliers

AP = max(y(z),0), (positive part of ¥ (z))
A" = —min(¢(z), 0), (negative part of 1(x))
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Example: continuity of multipliers in different switching cases

Different switching cases

1. Crossing a surface of discontinuity, ©(t) € 2 — sign(x(t)),
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Example: continuity of multipliers in different switching cases

Different switching cases

2. Sliding mode, #(t) € —sign(x(t)) + 0.2sin(5¢t),

1 N .
- /\P
0.2 0.8
.04 —~ 0.6 /\ —
e < =
8 06 3 0.4 ~<
0.2
0.8
0
0 ——
-1
0 1 0
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Example: continuity of multipliers in different switching cases

Different switching cases

3. Leaving sliding mode z(t) € —sign(x(t)) + t.

0.6 =
1 "
0.6 s
0.8
0.4 0.4
—~ ~ 06 —
= = =
= 3 o4 =< 02
0.2
0.2 0
0
0 0.2
0 1 2 0 1 2 0 1 2
t t ¢
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Example: continuity of multipliers in different switching cases

Different switching cases

4. Spontaneous switch, @(t) € sign(z(t)),

15
1 An
/\p
08
N 1
- 06 -
" © 04 ~ 05
0.5
0.2
0 0
0
0 1 2 0 1 2 0 1 2
t t t
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Example: continuity of multipliers in different switching cases

Different switching cases

1. Crossing a surface of discontinuity, ©(t) € 2 — sign(x(t)),
2. Sliding mode, #(t) € —sign(x(t)) + 0.2sin(5¢t),

3. Leaving sliding mode z(t) € —sign(x(t)) + t.

4. Spontaneous switch, @(t) € sign(z(t)),

15
1 An
/\p
08
N 1
- 06 -
® © 04 ~ 05
0.5
0.2
0 0
0
0 1 2 0 1 2 0 1 2
t t t
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Modeling with step functions

Expressions of 0; for different definitions of R;

Definition of R; Expression for 6; Sketch

Ri=A 0, =aqp
R;=AUB 0; =aa+ap
R;,=ANB 0; = caap

EELS
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Modeling with step functions - continued

Expressions of 0; for different definitions of R;

Definition of R; Expression for 6; Sketch

Y5(x)

R; =int(R™\A) ={x | Ya(x) <0} 6, =1—ay

Rl:A\B HiZaA—aB
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Stewart vs. Heaviside step

Heaviside step DCS

Dynamic complementarity system

&= F(z,u)0
. nw
z=F(z,u) 0 0, — H( Sij +Si’j06j),7:: 1,...,2™
Ozgl(x)—)\z—‘u’z:l,’2nw, j=1
0<0LA>0 Pla) = AP = A
l=e¢'0

0<XN'La>0
0< XN le—a>0

Table: Comparisons of the problem sizes in Stewart’s and the step reformulation for a fixed n..

Method Number of systems Nalg Ncomp Neq
Stewart 27 2-2™v 41 2nv 27 1
Heaviside step 2 2" 430y | 2ny  Myng
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Stewart vs. Heaviside step - complexity

104

©

—e— Stewart
—»— Step max

10?

ny
Nalg
—
(e}
V3

10°
0 5 10

Ty

TNcomp

5 10
Ty

102

10°

Neq

10°

0 5
Ny

5 10
Ty

10 0

Table: Comparisons of the problem sizes in Stewart’s and the step reformulation for a fixed n..

Method Number of systems Nalg Ncomp Neq
Stewart 2mv 2-2Mv +1 2nv 2y +1
Heaviside step 2my 2" +3ny, | 2ny  ngt+ng
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Stewart vs. Heaviside step - complexity

o 107

—oe— Stewart

—»— Step max k
Step min D

102 102
- 2102 £ £ 102
[ o @& ) "
JT( ) S S / 100 100
0 5 10 0 5 10 0 5 10 0 5 10
Ty Ty Ny Ty

Table: Comparisons of the problem sizes in Stewart’s and the step reformulation for a fixed n..

Neq

Method Number of systems Nalg Ncomp
2m 2-2Mv +1 A 27y 1

Stewart
Heaviside step 2™ 4+3ny | 2ny  nygtng

2m
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Beyond Filippov systems via set-valued step functions

» The set-valued step functions may be related in a more complicated and different may
than in Filippov systems

» Such system are an instance of Aizerman—Pyatnitskii differential inclusions

@(t) € Fap((t), T(¢(2(1))))

Aizerman—Pyatnitskii DCS

— | T |

Filippov =———= Filippov PSS =——= Step DCS

[

PSS Stewart DCS
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Sensitivities w.r.t. parameters

Regard a bimodal system:

o [RGE), ) <o,
0 _{fz(x(t)), bla(t) > 0. ®)

Regard the case of crossing a switchig surface, with e.g., & = f1(x) for t € [0,ts) and after
crossing at ts we have & = fy(z) for ¢t € (ts,T]. At ts it holds that

P(a(ts)) = 0.
We are interested in the exact sensitivity matrix S*(¢,0;x¢) of a solution of the system (3):

ox(t;
S*(t,0;w0) = —”éx:(’) € R X"
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Sensitivity jump formula

Before and after the switch the S?(t,0;x() obey linear variational differential equation (VDE)

- Of (x)
0

S®(t,0;xg) = TSx(t,O;xo), S%(0,0;20) = I,

The function S®(¢,0;x0) obeys smooth VDEs, on both sides of ¢, but exhibits a jump at .

Proposition

Regard the system (3) with x(0) = xy € R; on an interval [0,T] with a switch at ts € (0,T).
Assume that the functions fi(x), fa(x), i ;(x) are continuously differentiable along

x(t),t € [0,T]. Assume the solution x(t) reaches the surface of discontinuity transversally, i.e.,
Vip(x(ts)) T f1(z(ts)) > 0. Then the sensitivity S™(T, 0; o) of a solution x(t; xq) of the system
described by the ODE (3) is given by

ST(T,0;x0) = S*(T, tF; x(ts))J (x(ts; 20))S* (t5 ,0; x0) with

(fa(a(ts; 20)) — f1(@(ts; 0))) Vi (a(ts; 20)) T '

J(x(ts; o)) =1 + Vi (a(ts; 20)) T f1(x(ts; 20))
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Conclusions and summary

» Filippov system provide a handy solution concept for ODEs with a discontinuous r.h.s.
(e.g., handling of sliding modes)

» For piece smooth systems, one can define multipliers 6 for defining the convex Filippov set

» The multiplier 8 can implicitly be computed by considering an equivalent dynamic
complementarity systems

» Two approaches Stewart's and the Heaviside step formulation

» In both formulations, some algebraic variables are discontinuous, others are continuous -
key for switch detection in next lecture

> Step offers more flexibility in modeling, but might be more nonlinear than Stewart’s
reformulation

05. Modeling with Filippov Systems - Stewart and Step Formulation M. Diehl and A. Nurkanovié¢



References

> Aleksei F. Filippov. Differential Equations with Discontinuous Righthand Sides: Control
Systems, volume 18. Springer Science & Business Media, 1988.

» Jorge Cortes. Discontinuous dynamical systems. IEEE Control systems magazine,
28(3):36-73, 2008.

» David Stewart. A high accuracy method for solving odes with discontinuous right-hand
side. Numerische Mathematik, 58(1):299-328, 1990

» David Stewart. A numerical method for friction problems with multiple contacts. The
ANZIAM Journal, 37(3):288-308, 1996.

» Luca Dieci and Luciano Lopez. Sliding motion on discontinuity surfaces of high
co-dimension. a construction for selecting a Filippov vector field. Numerische
Mathematik, 117(4):779-811, 2011.

05. Modeling with Filippov Systems - Stewart and Step Formulation M. Diehl and A. Nurkanovié¢



References

» Vincent Acary, Hidde De Jong, and Bernard Brogliato. Numerical simulation of
piecewise-linear models of gene regulatory networks using complementarity systems.
Physica D: Nonlinear Phenomena, 269:103-119, 2014.

» Armin Nurkanovi¢, Mario Sperl, Sebastian Albrecht, and Moritz Diehl. Finite Elements
with Switch Detection for Direct Optimal Control of Nonsmooth Systems. Submitted to
Numerische Mathematik 2022.

» Armin Nurkanovié, Jonathan Frey, Anton Pozharskiy, and Moritz Diehl. Finite elements
with switched detection for direct optimal control of nonsmooth systems with set-valued
step functions. In Conference on Decision on Control, 2023.

05. Modeling with Filippov Systems - Stewart and Step Formulation M. Diehl and A. Nurkanovié¢



	Introduction to discontinuous ordinary differential equations
	Filippov systems
	Stewart's reformulation of Filippov systems
	Heaviside step reformulation of Filippov systems
	Summary

