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Ordinary differential equations and controlled dynamical system

Let:
> ¢ € R be the time
> 2(t) € R the differential states
> u(t) € R™ a given control function
dz(t)

> denote by @(t) = =5~

Ordinary differential equations
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Ordinary differential equations and controlled dynamical system

Let:
> ¢ € R be the time
> 2(t) € R the differential states
> u(t) € R™ a given control function
dz(t)

> denote by @(t) = =5~

Ordinary differential equations

> Let F': R x R™ x R" x R™ — R"= be a function such that the Jacobian 2£(-) is
invertible. The system of equations:

Bt @), (1), u(t)) = 0,

is called an Ordinary Differential Equation (ODE).
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Ordinary differential equations and controlled dynamical system

Let:
> ¢ € R be the time
> 2(t) € R the differential states
> u(t) € R™ a given control function
dz(t)

> denote by @(t) = =5~

Ordinary differential equations

> Let F': R x R™ x R" x R™ — R"= be a function such that the Jacobian 2£(-) is
invertible. The system of equations:

Bt @), (1), u(t)) = 0,

is called an Ordinary Differential Equation (ODE).
» Given a function f: R x R™ x R™= — R"= then a system of equations:

&(t) = f(t,2(t), u(t)) (1)

is called an explicit ODE.
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Sufficient conditions for existence and uniqueness

Theorem (Picard-Lindelof / Cauchy—Lipschitz )

An initial value problem in ODE

> with given initial state xo, and controls u(t),
> f(t,x(t),u(t)) = f(t,x(t)) is continuous in t and Lipschitz continuous in x
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Sufficient conditions for existence and uniqueness

Theorem (Picard-Lindelof / Cauchy—Lipschitz )

An initial value problem in ODE

> with given initial state xo, and controls u(t),
> f(t,x(t),u(t)) = f(t,x(t)) is continuous in t and Lipschitz continuous in x

has a unique solution z(t), t € [0,T].

> [fis Lipschitz if || f(z) — f(y)[| < Lz —y]
» smooth ODEs modeling physics usually Lipschitz

02. Numerical simulation and direct collocation M. Diehl and A. Nurkanovi¢



Sufficient conditions for existence and uniqueness

Theorem (Picard-Lindelof / Cauchy—Lipschitz )

An initial value problem in ODE

> with given initial state xo, and controls u(t),
> f(t,x(t),u(t)) = f(t,x(t)) is continuous in t and Lipschitz continuous in x

has a unique solution z(t), t € [0,T].

> [fis Lipschitz if || f(z) — f(y)[| < Lz —y]

» smooth ODEs modeling physics usually Lipschitz

» if f is only continuous, existence but not uniqueness can be guaranteed, e.g.
#(t) = \/[z(8)], 2(0) = 0, solutions: (t) = 0 and x(t) = &
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Sufficient conditions for existence and uniqueness

Theorem (Picard-Lindelof / Cauchy—Lipschitz )

An initial value problem in ODE

> with given initial state xo, and controls u(t),
> f(t,x(t),u(t)) = f(t,x(t)) is continuous in t and Lipschitz continuous in x

has a unique solution z(t), t € [0,T].

> [fis Lipschitz if || f(z) — f(y)[| < Lz —y]
» smooth ODEs modeling physics usually Lipschitz
» if f is only continuous, existence but not uniqueness can be guaranteed, e.g.
#(t) = \/[z(8)], 2(0) = 0, solutions: (t) = 0 and x(t) = &
» Conditions are only sufficient, ODEs with a non-Lipschiz r.h.s. can have unique solutions

A collection of results in: Agarwal, Ratan Prakash, Ravi P. Agarwal, and V. Lakshmikantham. Unic and i criteria for ordinary differential equations.

Vol. 6. World Scientific, 1993.
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ODE Example: harmonic oscillator

Mass m with spring constant & and friction coefficient c:

xl(t) = IZZQ(t)
b)) = ~ @@ -un) - Lo
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ODE Example: harmonic oscillator

Mass m with spring constant & and friction coefficient c:

£1(t) = z(t)
: k Jé]
t) = ——(ma(t) —ult)) — =t
Bat) = —(m(t) —ult) — ()
o state z(t) € R?
e position of mass x1(t) <— measured
e velocity of mass x2(t)
e control action: spring position wu(t) € R +— manipulated
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ODE Example: harmonic oscillator

Mass m with spring constant & and friction coefficient c:

£1(t) = z(t)
: k Jé]
t) = ——(ma(t) —ult)) — =t
Bat) = —(m(t) —ult) — ()
o state z(t) € R?
e position of mass x1(t) <— measured
e velocity of mass x2(t)
e control action: spring position wu(t) € R +— manipulated

Can summarize as & = f(z,u) with
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Basic definitions of numerical simulation

» |VPs have only in special cases a closed form solution

» Instead, compute numerically a solution approximation Z(¢) that approximately satisfies:

i(t) = f(t,2(t),u(t)), tel0,T]
0)==z
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Basic definitions of numerical simulation

» |VPs have only in special cases a closed form solution

v

Instead, compute numerically a solution approximation Z(t) that approximately satisfies:

)~ f(t, (), u(t)), tel0,T]

> Recursively generate solution approximation x,, == Z(t,) &~ x(t,) at N discrete time
points 0 =tg <t1 <...<tny=T

> Integration interval [0, T split into subintervals [t,,, t,+1] where h = t,, 11 — &,

> h - integration step size can be constant, different for every interval, or adaptive
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Single step numerical simulation as discrete time system

Single step abstract integration method

Tni1 = ¢f(l’n,2n,un),
0= ¢il’lt($’n7zn’un), n = O, o0 .,N — 1.

> ¢ - state transition - compute next integration step
> ¢yt - internal computations, e.g., stages of a Runge-Kutta method (next section)

» 2, collects all interval variables of the integration method
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Single step numerical simulation as discrete time system

Single step abstract integration method

Tni1 = ¢f(l’n,2n,un),
0= ¢il’lt($’n7zn’un), n = O, o0 .,N — 1.

> ¢ - state transition - compute next integration step
> ¢yt - internal computations, e.g., stages of a Runge-Kutta method (next section)

» 2, collects all interval variables of the integration method
Example (Explicit Euler):

Tpt1 = Tp + hin,
0= f(zn,un) — 2n-
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Single step numerical simulation as discrete time system

Single step abstract integration method

Tni1 = ¢f(l’n,2n,un),
0= ¢il’lt($’n7zn’un), n = O, o0 .,N — 1.

> ¢ - state transition - compute next integration step
> ¢yt - internal computations, e.g., stages of a Runge-Kutta method (next section)

» 2, collects all interval variables of the integration method
Example (Explicit Euler):

Tpt1 = Tp + hin,
0= f(zn,un) — 2n-

Is an overkill for simple examples but pays off for complicated methods later.
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Integration error

cal and global error
20 F T T T T S

0 q i —— Exact solution
» Local integration error at ¢,,41: 181 _o— Numerical simulation 1

Locally exact solution 1

e(tns1) = [|l2(tnt1) = @5 (@ (tn), 2n, uo)|-

1.2
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Integration error

cal and global error
20 F T T T T S

0 q i —— Exact solution
» Local integration error at ¢,,41: 181 _o— Numerical simulation 1

Locally exact solution 1

e(tns1) = [|l2(tnt1) = @5 (@ (tn), 2n, uo)|-

1.2
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Integration error

cal and global error
20 F T T T T S

0 q i —— Exact solution
» Local integration error at ¢,,41: 181 _o— Numerical simulation 1

Locally exact solution 1

e(tns1) = [|l2(tnt1) = @5 (@ (tn), 2n, uo)|-

1.2
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Integration error

cal and global error
20 F T T T T S

0 q i —— Exact solution
» Local integration error at ¢,,41: 181 _o— Numerical simulation 1

Locally exact solution 1

e(tns1) = [|l2(tnt1) = @5 (@ (tn), 2n, uo)|-

1.2
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Integration error

cal and global error
20 F T T T T S

0 q i —— Exact solution
» Local integration error at ¢,,41: 181 _o— Numerical simulation

Locally exact solution

E(T)

e(tnt1) = |2(tnt1) — @ (2(tn), 2, uo)l|-
» Global integration error at t = T':

E(T) = ||=(T) — zn||-

» Global error - accumulation of local ° 02 o4 oo o8 s s
errors t
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Convergence and integrator order

Integ convergence and accuracy

» Convergence

lim E(T) = 0
h—0

» Integrator has order p if

lim e(t;) < ChPH = O(hPT1),C > 0
h—0

» Higher order p:
> less, but more expensive steps for
same accuracy
> in total fewer r.h.s. evaluations for
same accuracy
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Convergence and integrator order

Integ convergence and accuracy

» Convergence

lim E(T) = 0
h—0

» Integrator has order p if

lim e(t;) < ChPH = O(hPT1),C > 0
h—0

» Higher order p:
> less, but more expensive steps for
same accuracy
> in total fewer r.h.s. evaluations for
same accuracy
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Convergence and integrator order

Integ convergence and accuracy

» Convergence

h—0
)

> Integrator has order p if SRRt ]
lim e(t;) < ChPH! = O(hPT),C > 0 w010 f ]

h=0 —e— Explicit Euler ---- O(h)
0% —e—RK2 — 0|1

RK4 O(hY)

> Higher order p: 10° = b

> less, but more expensive steps for

same accuracy
» in total fewer r.h.s. evaluations for

Same accuracy
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Convergence and integrator order

Integ convergence and accuracy
» Convergence
A P =0 |
)
> Integrator has order p if SRRt ]
lim e(t;) < ChPH! = O(hPT),C > 0 w010 f ]
h—0 —e— Explicit Euler ---- O(h)
1077 —e—RK2 — o)
RK4 o O(hY)
> Higher order p: 107 o -

> less, but more expensive steps for
same accuracy

> in total fewer r.h.s. evaluations for
same accuracy
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Convergence and integrator order

Integ convergence and accuracy

» Convergence

lim E(T) = 0
h—0

&
> Integrator has order p if SRRt ]
lim e(t;) < ChPH! = O(hPT),C > 0 w010 f ]
h=0 —e— Explicit Euler ---- O(h)
0% —e—RK2 — 0|1
RK4 O(hY)
> Higher order p: 101 = b

> less, but more expensive steps for
same accuracy

> in total fewer r.h.s. evaluations for
same accuracy
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Convergence and integrator order

Integ convergence and accuracy

» Convergence

lim E(T) = 0 C
h—0 =
» Integrator has order p if o0k
. —e— Explicit Euler ---- O(h
lim e(t;) < ChP* = O(hP+Y),C > 0 | Iy A
h=0 RK4 e O(h%)
10 '
10t 10?
» Higher order p: N
> less, but more expensive steps for Alternatively one can plot the error over

same accuracy N o + instead of h
» in total fewer r.h.s. evaluations for h

Same accuracy

M. Diehl and A. Nurkanovi¢
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Stability and convergence

15r

Integrator convergence and accuracy ?"Pi?c?z g“}er
—— Implicit Euler

—0oW)

» Convergence 10

lim E(T) =0
h—0

» Integrator has order p if

lim e(t;) < ChP+t = O(hP*),C > 0
h—0

» Stability: damping of errors, does it

work for h > 07 102 107
h
» If integrator is unstable, it does not
converge and has p = 0, unless h very #(t) = —300(x(t) — cos(t)), t € [0,2]

small iU(O) =1
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Stability and convergence

15 T T
Integrator convergence and accuracy —— Explicit Euler

——Implicit Euler

» Convergence ()
lim E(T) =0 N
h—0 \ .
. % & 10°
> Integrator has order p if S

lim e(t;) < ChPH! = O(hP™),C > 0 ’
h—0 10'5/
> Stability: damping of errors, does it
work for h > 07 0

> If integrator is unstable, it does not
converge and has p = 0, unless h ver
o P Y #(t) = —300(x(t) — cos(t)), t € [0,2]

z(0)=1
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Stability and convergence

—— Explicit Euler
——Implicit Euler

Integrator convergence and accuracy

» Convergence e e A )
lim E(T) =0
h—0 .
. S
> Integrator has order p if S

lim e(t;) < ChPtY = O(hPT),C > 0
h—0

—
105F

> Stability: damping of errors, does it
work for h > 07

> If integrator is unstable, it does not
converge and has p = 0, unless h ver
o P Y #(t) = —300(x(t) — cos(t)), t € [0,2]

z(0)=1
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Stability and convergence

—— Explicit Euler
——Implicit Euler

Integrator convergence and accuracy

» Convergence 105 O(h)
lim E(T) =0
h—0 .
. S
> Integrator has order p if S

lim e(t;) < ChPtY = O(hPT),C > 0
h—0

10° /

> Stability: damping of errors, does it
work for h > 07

> If integrator is unstable, it does not
converge and has p = 0, unless h ver
o P Y #(t) = —300(x(t) — cos(t)), t € [0,2]

z(0)=1
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Stability and convergence

h = 0.00625
15 I
Integrator convergence and accuracy —— Explicit Euler
—— Implicit Euler
» Convergence sl |—Oom)
lim E(T) =0 '
h—0 —~
) & 10°
> Integrator has order p if " R

: ) p+1 _ p+1 ” 7
’]ill)% e(tz) S Ch - O(h >’ C >0 10'5/

» Stability: damping of errors, does it

work for h > 07 % e - - e -
t h
» If integrator is unstable, it does not
converge and has p = 0, unless h very i(t) = —300(z(t) — cos(t)), t € [0,2]
small
z(0)=1
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Stability and convergence

h = 0.003125
15 I
Integrator convergence and accuracy —— Explicit Euler
—— Implicit Euler
» Convergence sl |—Oom)
lim E(T) =0 '
h—0 .
) & 10°
> Integrator has order p if " R

0.5

lim e(t;) < ChPt! = O(hPt1),C > 0 ’
h—0 10'5/

» Stability: damping of errors, does it

work for h > 07 % e - > e -
t h
» If integrator is unstable, it does not
converge and has p = 0, unless h very i(t) = —300(z(t) — cos(t)), t € [0,2]
small
z(0)=1
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Stability and convergence

h = 0.0015625
15 I
ence and accuracy —— Explicit Euler
—— Implicit Euler

» Convergence sl |—Oom)

lim E(T) =0 '

h—0 .

) & 10°

> Integrator has order p if " R

0.5

lim e(t;) < ChP+! = O(RPH),C > 0 ’
h—0 10-5/

» Stability: damping of errors, does it
work for h > 07 0

0 05 1 15 102 10!
t h
» If integrator is unstable, it does not
converge and has p = 0, unless h very i(t) = —300(z(t) — cos(t)), t € [0,2]
small
z(0) =1
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Outline of the lecture

2 Runge-Kutta methods
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Classes of numerical simulation methods

General Linear Methods

Multi Step

Linear Multi-Step
Methods

Explicit

Implicit

Explicit
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Runge-Kutta method definition

Unknowns are derivatives at stage points

Definition (Runge-Kutta method in differential form)

Let ng be the number of stages. Given the matrix A € R"=*"s with the entries a; ; for
1,7 =1,...,n, and the vectors b,c € R". Let t,, ; =t,, + c;h. The system of equations:

Ms
kn,i = f(tn,i,xn —+ }L E aiyjkmj,un), Z = ]., ooy g
=1

Tp+1 = T == hz bikn,i

=1

is called a ns-stage Runge-Kutta (RK) method in the differential form.
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Runge-Kutta method definition

Unknowns are derivatives at stage points

Definition (Runge-Kutta method in differential form)

Let ng be the number of stages. Given the matrix A € R"=*"s with the entries a; ; for
1,7 =1,...,ns, and the vectors b,c € R"s. Let t,, ; =t,, + c;h. The system of equations:

Ny
kn,i = f(tnﬂ',l’n + hZaiyjkn,j,un), 7 = ]., ooy g
=1

Bl = B IF hz bikn,i

i=1

is called a ns-stage Runge-Kutta (RK) method in the differential form.

i) 1 xIo T3
¢ * ¢ . t
to ty 2 t3

02. Numerical simulation and direct collocation M. Diehl and A. Nurkanovi¢



Runge-Kutta method definition

Unknowns are derivatives at stage points

Definition (Runge-Kutta method in differential form)

Let ng be the number of stages. Given the matrix A € R"=*"s with the entries a; ; for
i,7 =1,...,n, and the vectors b,c € R™s. Let ¢, ; =t + c;h. The system of equations:

Ns
Ky = (o En hZai7jkn,j,un), i=1,...,ng
j=1

Ns
Tp+1 = T, a4 h Z bzkn,z
i=1

is called a ns-stage Runge-Kutta (RK) method in the differential form.

Zo T 1) x3
¢ —o o o ¢ o o o ¢ o 0o o — ¢ 1
to  toq toz ... ton, ty to t3
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Runge-Kutta method definition

Unknowns are derivatives at stage points

Definition (Runge-Kutta method in differential form)

Let ng be the number of stages. Given the matrix A € R"=*"s with the entries a; ; for
1,7 =1,...,ng, and the vectors b,c € R". Let t,, ; =t,, + c;h. The system of equations:

Mg
kn,i = f(tn,i,xn aF h E aiyjkn,j,un), = ]., ooy g
Jj=1

Wil = TBp - hz bikn i

i=1
is called a ns-stage Runge-Kutta (RK) method in the differential form.

zo 1 kia ki ... king X9 Zs3
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Runge-Kutta method definition

Unknowns are derivatives at stage points

Definition (Runge-Kutta method in differential form)

Let ng be the number of stages. Given the matrix A € R™*"s with the entries a; ; for
1,7 =1,...,ns, and the vectors b,c € R". Let t,, ; =t,, + c;h. The system of equations:

Ny
kn,i = f(tn,'iyxn + hzai,jkn,jaun)a b= 10000

J=1

Ns
il = BB 3 hz bikn i
i=1

is called a ns-stage Runge-Kutta (RK) method in the differential form.

Time grid Butcher tableau Data Variables
Iyt o aij, bi, ¢ Ty Un, f(4) Tngr, K
1=1,...,ny 4,5=1,...,n4 1=1,...,ng
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Runge-Kutta method definition

Unknowns are states at stage points, cannot treat case of ¢; = 0

Definition (Runge-Kutta method in integral form)

Let ng be the number of stages. Given the matrix A € R"=*"s with the entries a; ; for
1,7 =1,...,n, and the vectors b,c € R"s. Let t,, ; =t,, + c;h. The system of equations:

Ns
Tni = Tn = h § ai,jf(tn,iaxn,jaun)a 1= ]-) <oy N
=1

Ng
Tnt1 =Tn+h Y bif(tnir Tn i, tn),

=1

is called a ns-stage Runge-Kutta (RK) method in integral form.

Time grid Butcher tableau Data Variables
hy tn, th ai j, bi, ¢ Tp, Un, f()  Tngt, Ty
1=1,....,ns 1,5=1,...,ng 1=1,...,n4
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Runge-Kutta method definition

Unknowns are states at stage points, cannot treat case of ¢; = 0

Definition (Runge-Kutta method in integral form)

Let ng be the number of stages. Given the matrix A € R"=*"s with the entries a; ; for
1,7 =1,...,ng, and the vectors b,c € R"s. Let t,, ; =t,, + c;h. The system of equations:

Ns
ZTn,i = Tn + h E :ai,jf(tn,i,xn,j,un), i = ]-7 <o Mg
g=i

Ng
Tpi1 = Ty + hz bif(tn,ia Ly Un),

i=1
is called a ng-stage Runge-Kutta (RK) method in integral form.

) Ty *11 Ti2 ... Ting X9 xs
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Runge-Kutta method examples

Explicit Runge-Kutta 4

kn,l = f(tna xn)

- h B
kn,2_f(tn+27xn+h ) )

h k
kn,3 :f(tn"_avxn'f'h%z)
kn,5 = f(tn+haxn+hkn,3)

1 2 2 1
n = dn h _kn _kn _kn _kn
Tt 1 x+(6 ’1+6 ,2+6 ,3+6 4)

> All k,, ; can be found by explicit function
evaluations.
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Runge-Kutta method examples

Explicit Runge-Kutta 4

Implicit Euler Method

kn,l = f(tnaxn)

h kn1
kn,2 = f(tn + =,y + hL)
]21 kz kn,l = f(tna Tn + hkn,l)
Fna = fltn + 5,20 + h=5") Tp41 = Ty + bk 1
kn,5 = f(tn + h7 Ty + hkn,?))
. 1 2 2 1 > All k,, 1 is found implicitly by
Tp+1 = Tn + h(akn,l + ékn,Z + gknﬁ + gknA) solving

kn,l - f(tnaxn + hkn,l) =0.

> All k,, ; can be found by explicit function
evaluations.
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Explicit vs implicit Runge-Kutta methods

The Butcher tableau

Explicit Runge-Kutta method

Cc2 | a2:1

Cng a'ns,l Ang 2 ans,ns—l

b by . bur b

s
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Explicit vs implicit Runge-Kutta methods

The Butcher tableau

Explicit Runge-Kutta method

0
C2 a2.1
Cng a'ns,l Ang 2 cee ans,ns—l

b by . bur b

s

> a;; # 0 only for j <i

» Explicit function evaluations to
compute stage values and next step

» Computationally cheap

» Order: p=ng if ng <4 and p < ng
otherwise
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Explicit vs implicit Runge-Kutta methods

The Butcher tableau

Explicit Runge-Kutta method Implicit Runge-Kutta method

0 c1 | a1 a12 ... Glp—1 Gl
C2 a2.1 C2 a2.1 a2 2 o e a2 n,—1 a2 ng
Cns a'n571 a'n572 o ansyns_l Cns a'n571 a'n572 o ansyns_l ansans

b b . bu1  bn b b . bm1 b

> a;; # 0 only for j <i

» Explicit function evaluations to
compute stage values and next step

» Computationally cheap

» Order: p=ng if ng <4 and p < ng
otherwise
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Explicit vs implicit Runge-Kutta methods

The Butcher tableau

Explicit Runge-Kutta method Implicit Runge-Kutta method

0
C2 a2.1
Cng ans,l Ang 2 cee ans,ns—l

b by . buoi b

s

> a;; # 0 only for j <i

» Explicit function evaluations to
compute stage values and next step

» Computationally cheap

» Order: p=ng if ng <4 and p < ng
otherwise

02. Numerical simulation and direct collocation

M. Diehl and A. Nurkanovi¢

aii airz ... a1,ne—1 a1 ,ng

a21 a2 ... A2n,—1 a2 n,

a'n571 a'n572 e ansyns_l ansans
o1 b2 .. bp1 b

Requires solving nonlinear rootfinding
problem with Newton's method

Expensive but good for stiff systems
Order: p=2ng, p=2ns—1, ...

Famous representative: collocation
methods - treated next!



Butcher tableau, six examples

o Ny Euler Heun RK4
10°° :
10°° 0
10°° 0 0 1/2 1/2
- 1 1] 1 1/2| o 1/2
- 1/2 1/2 110 o0 1
1 tion watuagons |1/6 2/6 2/6 1/6
Implicit Midpoint Gauss-Legendre
Euler rule (GL2) of order 4 (GL4)
€| a1 - ds
1] 1 1/2|1/2  1/2-V3/6| 1/4  1/4-3/6 e
| 1 | 1 1/2++/3/6 | 1/4+/3/6 1/4 S :
‘ 1/2 1/2 G | a1 - ass
\bl ceo b
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Outline of the lecture

3 Collocation methods
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Collocation

Main ideas:

» Approximate x(t) on ¢ € [ty, tn+1] with a polynomial ¢, (t) of degree ng
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Collocation

Main ideas:
» Approximate x(t) on ¢ € [ty, tn+1] with a polynomial ¢, (t) of degree ng
> Pick ng distinct numbers: 0 <¢; <ca <...<c¢p, <1

02. Numerical simulation and direct collocation M. Diehl and A. Nurkanovi¢



Collocation

Main ideas:
» Approximate x(t) on ¢ € [ty, tn+1] with a polynomial ¢, (t) of degree ng
> Pick ng distinct numbers: 0 <¢; <ca <...<c¢p, <1
» Define collocation points ¢,,; =t, +c;h , i =1,...,n4
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Collocation

Main ideas:
» Approximate x(t) on ¢ € [ty, tn+1] with a polynomial ¢, (t) of degree ng
> Pick ng distinct numbers: 0 <¢; <ca <...<c¢p, <1
» Define collocation points ¢,,; =t, +c;h , i =1,...,n4
» The polynomial ¢, (t) = x(t) satisfies the ODE on the collocation points:

Collocation equations

(jn(tn + Czh) = f(tn + Cih» Qn(tn + cih)aun)a 1= 17 <oy N
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Collocation

Main ideas:
» Approximate x(t) on ¢ € [ty, tn+1] with a polynomial ¢, (t) of degree ng
> Pick ng distinct numbers: 0 <¢; <ca <...<c¢p, <1
» Define collocation points ¢,,; =t, +c;h , i =1,...,n4
» The polynomial ¢, (t) = x(t) satisfies the ODE on the collocation points:

Collocation equations

(jn(tn + Czh) = f(tn + Cih» Qn(tn + cih)aun)a 1= 17 <oy N

» Polynomial of degree ng: ngs + 1 coefficient and ngs + 1 equations

02. Numerical simulation and direct collocation M. Diehl and A. Nurkanovi¢



Collocation

Main ideas:
» Approximate x(t) on ¢ € [ty, tn+1] with a polynomial ¢, (t) of degree ng
> Pick ng distinct numbers: 0 <¢; <ca <...<c¢p, <1
» Define collocation points ¢,,; =t, +c;h , i =1,...,n4

» The polynomial ¢, (t) = x(t) satisfies the ODE on the collocation points:

Collocation equations

(jn(tn + Czh) = f(tn + Cih» Qn(tn + cih)aun)a 1= 17 <oy N

» Polynomial of degree ng: ngs + 1 coefficient and ngs + 1 equations

» Next value - simple evaluation: ;41 = ¢n(tn+1)

02. Numerical simulation and direct collocation M. Diehl and A. Nurkanovi¢




Collocation - how to implement it?

How to parameterize ¢, (t)?

Two common (equivalent) choices
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Collocation - how to implement it?

How to parameterize ¢, (t)?

Two common (equivalent) choices

1. Find interpolating polynomial ¢, (¢) through z,, (at ¢,,) and state values z,, 1,..., 2, .
at collocation points ¢, ;, ¢ = 1,...,ng (in Exercise 1).
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Collocation - how to implement it?

How to parameterize ¢, (t)?

Two common (equivalent) choices

1. Find interpolating polynomial ¢, (¢) through z,, (at ¢,,) and state values z,, 1,..., 2, .
at collocation points ¢, ;, ¢ = 1,...,ng (in Exercise 1).

2. Find ¢, (t) interpolating polynomial through state derivatives k,, 1,. ..,k », at
collocation points t,, ;, ¢ =1,...,ns (this lecture).
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Collocation - how to implement it?

How to parameterize ¢, (t)?

Two common (equivalent) choices

1. Find interpolating polynomial ¢, (¢) through z,, (at ¢,,) and state values z,, 1,..., 2, .
at collocation points ¢, ;, ¢ = 1,...,ng (in Exercise 1).

2. Find ¢, (t) interpolating polynomial through state derivatives k,, 1,. ..,k », at
collocation points t,, ;, ¢ =1,...,ns (this lecture).

> ¢, (t) is recovered via:

t
Qn(t) =X, + / Qn(’ra kn,ly ey kn,ns)d7—~
tn
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Collocation - how to implement it?

How to parameterize ¢, (t)?

Two common (equivalent) choices

1. Find interpolating polynomial ¢, (¢) through z,, (at ¢,,) and state values z,, 1,..., 2, .
at collocation points ¢, ;, ¢ = 1,...,ng (in Exercise 1).

2. Find ¢, (t) interpolating polynomial through state derivatives k,, 1,. ..,k », at
collocation points t,, ;, ¢ =1,...,ns (this lecture).

> ¢, (t) is recovered via:

t
Qn(t) =X, + / Qn(’ra kn,ly ey kn,ns)d7—~
tn

> with:
e A 1o
= gél t —htn> Ftn + ciyqn(tn + cih),ug)

=kn,q
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Numerical simulation and direct collocation

Lagra polynomial basis

s —c
HEN| po—— CJ,-
T, G J
J=1i#j
Properties:
1 if j=1
bicy) = A
0 if j=#4
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Numerical simulation and direct collocation

Lagra polynomial basis

s —c
HEN| po—— CJ,-
T, G J
J=1i#j
Properties:
1 if j=1
bicy) = A
0 if j#1
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The Lagrange polynomials ¢;(7)

Lagrange polynomial basis

Ns

T —¢j
t(r) = 774,
Z(T) . H . Cip — Gy
J=1i#j
Properties:
1 if j=3i =

M. Diehl and A. Nurkanovi¢
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The Lagrange polynomials ¢;(7)

Lagrange polynomial basis

Ns

T —¢j
t(r) = 774,
Z(T) . H . Cip — Gy
J=1i#j
Properties:
1 if j=3i =
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The Lagrange polynomials ¢;(7)

Lagrange polynomial basis

Ns
T —Cj
t(r) = 774,
Z( ) . H . Cip — Gy
J=1i#j
Properties:
1 if j=4 N

M. Diehl and A. Nurkanovi¢
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The Lagrange polynomials ¢;(7)

Lagrange polynomial basis

Ns

T —cj
wn= ] =2
j=la#j © 7
Properties:
1 if j=1 ;5
li(cj) = e,
0 if j=#4
PAGES!
i=1

M. Diehl and A. Nurkanovi¢

Numerical simulation and direct collocation
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Collocation - how to implement it - continued

» Evaluate ¢, (t) at collocation points

tn+Cih
Gn(tn + c;h) =z, + / (T3 kna, .o knn,)dT
tn

02. Numerical simulation and direct collocation M. Diehl and A. Nurkanovi¢



Collocation - how to implement it - continued

» Evaluate ¢, (t) at collocation points

tn+Cih
Gn(tn + c;h) =z, + / (T3 kna, .o knn,)dT
tn

tntcih Ms
n 7 — tn
n j=1
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Collocation - how to implement it - continued

» Evaluate ¢, (t) at collocation points

tn+Cih
qn(tn +Czh) = Tn +/ (jn(T;kn,la“'akn,ns)dT
t’”,

tntcih Ms
n T _ tn
n j=1

Mg C;
=Tn =+ h E kj / gj(U)dO’
Jj= N ,

=ai,
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Collocation - how to implement it - continued

» Evaluate ¢, (t) at collocation points

tn+Cih
qn(tn +Czh) = Tn +/ (jn(T;kn,la“'akn,ns)dT
t’”,

tntcih Ms
n T _ tn
n j=1

Mg C;
=Tn =+ h E kj / gj(U)dO’
Jj= N ,

=ai,

Mg
=z, + th]‘ai,j
j=1
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Collocation - how to implement it - continued

» Evaluate ¢, (t) at collocation points

tn+Cih
qn(tn +Czh) = Tn +/ (jn(T;kn,la“'akn,ns)dT
t’”,

tntcih Ms
n T _ tn
n j=1

Mg C;
=Tn =+ h E kj / gj(U)dO’
Jj= N ,

=g
Mg
=Tn + th]‘ai,j
j=1
Similarly ¢, (t) evaluated at t,,11 =t, + h:

MNs 1 s
Gn(tn +h) =z, + thi/ ti(o)do =z + 1Y kib;
i=1 J0 , i=1
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All collocation methods are implicit Runge-Kuta method

Collocation equations

Gn(tn) = 2y (initial value)
Qn(tn + Czh) = f(tn + ¢, Qn(tn + Cih)v un)v i = 1; -y Mg (Stage eqs.)
Tnt1 = qn(tnt1) (next value)
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All collocation methods are implicit Runge-Kuta method

Collocation equations

Gn(tn) = Tn (initial value)
kni= f(tn + cih,qn(tn + cih),upn), i=1,...,ng (stage egs.)
Tnt1 = qn(tns1) (next value)
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All collocation methods are implicit Runge-Kuta method

Collocation equations

gn(tn) = Tn (initial value)

kni = f(tn + cih, z, + hz kja; j,un), t=1,...,ns (stage egs.)
j=1

Tnt1 = Gn(tnt1) (next value)
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All collocation methods are implicit Runge-Kuta method

Collocation equations

gn(tn) = Tn (initial value)
kni= f(tn + cih,xn + hz W@ o Wiy = Lo o (stage egs.)
j=1
Tpy1 = Tn + hz kib; (next value)
i=1

» We arrived at the implicit RK equations in differential form
» Unknowns: z,41 € R™ and z, = (kp1,. .., knn,) € R

» (ns + 1)n, equations and (ns + 1)n, variables - solve via Newton's methods
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Collocation - visualization

» Choice of points ¢y, ..., cy,, determines properties of method.

» Gauss-Legendre p = 2ng, Radau-llA p = 2ns — 1 good for stiff systems, Lobatto family
p=2ng — 2.

10°
0.8 -

021 0

0h 1h 2h 3h 107 107!
t h

#(t) = —0.52(t)% — x(t) + sin(10t), z(0) = 1

Visualization inspired by Leo Simpson's talk at the European control conference 2023
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Collocation - visualization

» Choice of points ¢y, ..., cy,, determines properties of method.
» Gauss-Legendre p = 2ng, Radau-llA p = 2ns — 1 good for stiff systems, Lobatto family

p=2ng — 2.
1
10°
0.8 - - 0]
0.6 i
= g o
" 5]
041 i
0.2 4w
0 ; ;
0h 1h 2h 3h 0 10-

n h

#(t) = —0.52(t)% — x(t) + sin(10t), z(0) = 1

Visualization inspired by Leo Simpson's talk at the European control conference 2023
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Collocation - visualization

» Choice of points ¢y, ..., cy,, determines properties of method.
» Gauss-Legendre p = 2ng, Radau-llA p = 2ns — 1 good for stiff systems, Lobatto family

p=2ng — 2.

1 T T
1 1
1

. ' 10°

0.8 1 1 0]

1 1
1 1
1 1
0.6 - ! !

1 1 A

= 1 1 107

Y 1

1 )
0.4 ' '
1 1
1 1
1 1

0.2 1 1 1071
1 1
1 1
1 1
0 1 1

0h 1072 107!
t h

#(t) = —0.52(t)% — x(t) + sin(10t), z(0) = 1

Visualization inspired by Leo Simpson's talk at the European control conference 2023
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.
» Gauss-Legendre p = 2ng, Radau-llA p = 2ns — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ng =2, N =3

10°

| 10-10

0h 1h 2h 3h 107 107!

#(t) = —0.52(t)* — x(t) + sin(10t), z(0) = 1

Visualization inspired by Leo Simpson's talk at the European control conference 2023
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Collocation - visualization

» Choice of points ¢y, ..., cy,, determines properties of method.

» Gauss-Legendre p = 2ng, Radau-l1A p = 2n, — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ny =3, N =3

10°

1
1 1
1 1
0.8 . . B
1 1
1 1 1
0.6 1 1 1 —
1 1 1
1 1 1 .
= 1 1 1079
£ 04 ! ! 4 %
1 1 1 1
1 1 1 1 ]
0.2+ 1 1 1 1 1 -
1 1 1 1 1 1
1 1 1 1 1 1 1 ]
1 1 1 1 1 1 1 1 1071
0 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
0.2 1 1 1 1 1 1 1 1 1
0h 1h 2h 3h 10 10
t h

#(t) = —0.52(t)* — x(t) + sin(10t), z(0) = 1

Visualization inspired by Leo Simpson's talk at the European control conference 2023
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.

» Gauss-Legendre p = 2ng, Radau-llA p = 2ns — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ng =4, N =3

10°
0.8 -

0.6 - o
= 10
"
0.4
0.2 10-10
—o—GL8
0
0h 1h 2h 3h 107 107!
t h

#(t) = —0.52(t)* — x(t) + sin(10t), z(0) = 1
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.
» Gauss-Legendre p = 2ng, Radau-llA p = 2ns — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ng =2, N =3

10°

| 10-10

0h 1h 2h 3h 107 107!

#(t) = —0.52(t)* — x(t) + sin(10t), z(0) = 1
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.
» Gauss-Legendre p = 2ng, Radau-llA p = 2ns — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ng =2, N =5

T T
1 1
1 1
1 1 10°
0.8 1 1 - G/,
1 1
1 1
1 1
0.6 ! ! -
’ ! ! — 5
= 1 1 [
5 1 1 Y
1 1 Lﬂ
0.4 . . B
1
1 1
1 1
0.2 1 1 — 1071
1
1 1
- -
0 1 1 ||
0h 1h 2h 3h 4h 5h 107 107!
t h

#(t) = —0.52(t)* — x(t) + sin(10t), z(0) = 1
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.

» Gauss-Legendre p = 2ng, Radau-lIA p = 2ns — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ng =2, N =20
T T T

100

_ 10-10

0.1}
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.

» Gauss-Legendre p = 2ng, Radau-lIA p = 2ns — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ny = 2, N = 50
T T T

100

_ 10-10

0.1}
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.

» Gauss-Legendre p = 2ng, Radau-lIA p = 2ns — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ny =2, N = 100
T T T T

100

_ 10-10

0.1}
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Collocation - visualization

» Choice of points ¢y, ..., cy,, determines properties of method.
» Gauss-Legendre p = 2ng, Radau-l1A p = 2n, — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ny =3, N =3

1
1
! ! 10°
1 1
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0h 1h 2h 3h 10 10
t h

#(t) = —0.52(t)* — x(t) + sin(10t), z(0) = 1
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— 1 good for stiff systems, Lobatto family
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.

» Gauss-Legendre p = 2ng, Radau-lIA p = 2ns — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ny =3, N =20
T T T

100

_ 10-10

0.1}
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.

» Gauss-Legendre p = 2ng, Radau-lIA p = 2ns — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ny = 3, N = 50
T T T

100

_ 10-10

0.1}
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.

» Gauss-Legendre p = 2ng, Radau-lIA p = 2ns — 1 good for stiff systems, Lobatto family
p=2ng — 2.

Gauss Legendre, ny = 3, N = 100
T T T T

100

_ 10-10

0.1}
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.
» Gauss-Legendre p = 2ng, Radau-lIA p = 2ns — 1 good for stiff systems, Lobatto family

p=2ng — 2.
Gauss Legendre, ny = 3, N = 100
1 T T T T T
09 100
08 -
07k B
0.6 - - ¢
S S
8 S|
04 B
¢
03 B
0.2 B 10710 —o—GL2
o —o—GL4
T 7 GL6
0 1
0 10 10!
t h
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Collocation - visualization

» Choice of points ¢y, ..., c,, determines properties of method.
» Gauss-Legendre p = 2ng, Radau-lIA p = 2ns — 1 good for stiff systems, Lobatto family

p=2ng — 2.
) Radau-ITA, ng =3, N = 100
T T T
0.9 100
}
081 B
[«
071 B
0.6 - B
Zosk IR
8 S
04 B
03 B
0.2 - 10710 —e—Radau-1TA1
0.1 —oe—Radau-ITA3
T 7 Radau-IIA5
0 L
0 1072 107!
¢ h
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Outline of the lecture

4 Direct collocation for optimal control

02. Numerical simulation and direct collocation M. Diehl and A. Nurkanovi¢



Direct collocation in optimal control

Variables 41 € R™ and z, = (kn1,...,knn,) € R
Collocation equations
Tpt1 = Tp + hz kib; (next value)
i=1
kn1 = f(tn + c1h, @y, + thnJ—alJ,un) (stage Eq. 1)
=1
knne = f(tn + cnhyzn + R Z oo Dol (stage Eq. ns)
j=1
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Direct collocation in optimal control

Variables 41 € R™ and z, = (kn1,...,knn,) € R
Collocation equations
Tptl = Ty + hz kib; (next value)
i=1
0=rkn1— ftn +crh,zp + thndam,un) (stage Eq. 1)
Jj=1
(= A e e hzk’n,jans,j,un), (stage Eq. ny)
j=1
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Direct collocation in optimal control

Variables 41 € R™ and z, = (kn1,...,knn,) € R™"
Collocation equations
Tpt1 = Tp + hz kibi = ¢ (@n, Zn, Un) (next value)
i=1
kn,l - f(tn + Clha Tn + hz;il kn,jal,jv un)
0= ; = Gint(Tn, 2n,un) (stage Egs.)

kn,ns - f(tn + Cn5h7 Tn + hzyil kn,jans,ja un)

02. Numerical simulation and direct collocation M. Diehl and A. Nurkanovi¢



Direct collocation in optimal control

Variables z,4+1 € R™ and z, = (kn1,...,knn,) € R™"
Collocation equations
Tnt1 = Qf(Tn, 2n, Un) (next value)
0 = Gint(Tn, 2n, Un) (stage Egs.)

» Use to discretize optimal control problem

02. Numerical simulation and direct collocation M. Diehl and A. Nurkanovi¢



Continious time OCP into Nonlinear Programs (NLP)

Continuous time OCP

min [ Lo(2(t), u(t)) dt + B(z(T))

z()u()
s.t. z(0) = Zo
@(t) = f(2(t), u(t))
0> A(z(t),ut)), t € [0,T]
0> r(z(T))

» Direct methods: first discretize,
then optimize
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Continious time OCP into Nonlinear Programs (NLP)

5 . 1. Parametrize controls, e.g.
Continuous time OCP '
u(t) = up,t € [tn, tny1]-

min [ Lo(2(t), u(t)) dt + B(z(T))

z()u()
s.t. z(0) = Zo
@(t) = f(2(t), u(t))
0> A(z(t),ut)), t € [0,T]
0> r(z(T))

» Direct methods: first discretize,
then optimize
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Continious time OCP into Nonlinear Programs (NLP)

5 . 1. Parametrize controls, e.g.
Continuous time OCP '
u(t) = up,t € [tn, tny1]-

min (z(t),u r 2. Discretize cost and dynamics via collocation
minJ Le(a(t), u(t) dt+ B (D))
s ) — La(@n, ) :/ Lo(2(t), u(®)) dt.
L(t) = flx(t), u(t)) o
0> h(z(t),u(t)), t €[0,T] Replace & = f(z,u) by
0> r(z(T))

Tpt+1 = ¢f($n, Zny un)7

» Direct methods: first discretize, 0= int (Tn, Zn, n)-
then optimize
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Continious time OCP into Nonlinear Programs (NLP)

Continuous time OCP

min [ Lo(2(t), u(t)) dt + B(z(T))

z()u()
s.t. z(0) = Zo
@(t) = f(2(t), u(t))
0> A(z(t),ut)), t € [0,T]
0> r(z(T))

» Direct methods: first discretize,
then optimize

02. Numerical simulation and direct collocation

. Parametrize controls, e.g.

u(t) = un,t € [tn, tnt1]-

. Discretize cost and dynamics via collocation

La (2, 1) = /t " L@, u()) dt.

n

Replace & = f(z,u) by

Tpt+1 = ¢f($n, Zny un)7

0= d)int(xna Zn, un)

. Relax path constraints, e.g., evaluate only

att =t,

0> h(zp,un), n=0,...N — 1.
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Continious time OCP into Nonlinear Programs (NLP)

Continuous time OCP

Discrete time OCP (an NLP)

min [ Le(z(t), u(t)) dt + E(x(T))

;)t ( ):1:(0) =T }I(nzn}l Zsz_Ol La(zk,ux) + E(zn)
z(t) = f(z(t), u(t)) st. w0 = Zo
0> h(z(t),u(t)), t € [0,T) Tnt1 = O (T, Zn, Un)
0>r(z(T)) 0 = Gint(Tn, 2nUn)
0> h(zp,up), n=0,...,N—1
» Direct methods: first discretize, 0> r(zy)
then optimize
Variables x = (x0,...,2N), 2 = (20,--.,2N)
and u = (ug,...,uUN—1).
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Direct optimal control methods solve Nonlinear Programs (NLP)

Discrete time OCP (an NLP)

min S0 La(ar, ux) + E(zy)

X,z,u
s.t. o= X
Tnt+1 = @5 (Tn, 2n, Un)
0 = Pint (Tn, 2nun)
0> h(xn,up), n=0,...,N—1
0>r(zn)

Variables w = (x,z,u)
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Direct optimal control methods solve Nonlinear Programs (NLP)

Discrete time OCP (an NLP) Nonlinear Program (NLP)

min Y p ' La(zk, uk) + E(zy)

X,z,u min F ’lU)
t. xo==x e
s.t. o = Zo st. G(w) =0
Tnt+1 = @5 (Tn, 2n, Un) H(w) >0
0= ¢int(xn7 Znun) .
0> h(zp,un), n=0,...,N—1 .
> (&, un), n Obtain large and sparse

0>r(zn)

NLP

Variables w = (x,z,u)
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Direct optimal control methods solve Nonlinear Programs (NLP)

, V2, L(w, A, )
Nonlinear Program (NLP)
20
VuG(w)
"oy 40
>
"‘h.‘ 60 min F(’LU)
b2y wERN
50 ...“l 80
"o 50 100 100 s.t. G(w) =0
nz =196 . H(UJ Z 0
0 50 100
nz =611 i
Variables w = (x, z, u) ﬁtgln large and sparse
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Summary

>
>
>
>
>
>

Numerical simulation methods used to solve ODEs approximately.

Integration accuracy order and stability play key roles.

Collocation methods are implicit Runge-Kutta methods with favorable properties.
All collocation methods are IRK methods, the converse is not true.

Collocation methods can be used to discretize an OCP into an NLP.

Choice of discretization method has huge influence on efficacy and reliability of NLP
solution.

v

Best choice is problem dependent and often requires lot of care.

v

Used for practical problems and straightforward to apply.
» Many good software packages exist.
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