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Ellipsoids 101 - Definition

» Define ellipsoid by center ¢ € R™ and shape
matrix @ € ST, (i.e.,Q > 0)

E(Q,c) = {z eR" | [z —cllg-» <1} Q
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Ellipsoids 101 - Definition
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Ellipsoids 101 - Definition

» Define ellipsoid by center ¢ € R™ and shape
matrix @ € ST, (i.e.,Q > 0)

E(Q,c) = {z eR" | [z —cllg-» <1} Vv Q

» Denote by \;, v;, 1 = 1,...,n, the eigenvalues VA
/ -vectors (normalized) of Q.

These correspond to the ellipsoid axes

» Measuring the size of an ellipsoid
n
™TQ = Z Ai (“least squares")
i=1

\/detQ:H\/):-  Volume
i=1
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Ellipsoid 101 — Affine transformation

A c IR’m,XTL7 b c Rm7

AE(Q,c) + 0,
={Az+b|z € &(Q,0)}
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Ellipsoid 101 — Affine transformation

AQAT

AeR™™ pecR™,

AE(Q, ) + 1,
={Az+b|z € &(Q,0)}
=E(AQAT, Ac +b)

center position of the ellipsoid usually

unspectular — We focus on ellipsoids centered
around the origin

£(Q) = £(Q,0)
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Support function

» Any non-empty compact convex set S C R"™ can be
defined via its support function:

V(g)= max ¢g'z st. z€S
zeR"

» Important tool for analysis of convex sets

» For ellipsoid:

V(ig)= max g'z st. z€&(Q)
xeR"

=1v9"Qyg
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Sum of ellipsoids (Minkowski sum)

— &(Qo)
— £(Qo) — £(Q1)
— &(@) — £(Q2)
— £(Qo) + £(Q1) —

E(Qo) + £(Q1) + £(Q2)
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Overapproximating sum of ellipsoids by ellipsoid

> Aim: find Q such that £(Q) 2 £(Q1) + £(Q2)
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Overapproximating sum of ellipsoids by ellipsoid

> Aim: find @ such that £(Q) 2 £(Q1) + £(Q2)
» More general: Find @ such that £(Q) 2 ZkN:1 E(Qr)
> Construct family of outer approximations parametrized by o € REY

N N
Q) =3 100 = £0Q)23E@) YaeRY, with 3ax=1
k=1 k=1
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Overapproximating sum of ellipsoids by ellipsoid

> Aim: find @ such that £(Q) 2 £(Q1) + £(Q2)
» More general: Find @ such that £(Q) 2 ZkN:1 E(Qr)
> Construct family of outer approximations parametrized by o € REY

N N
Q) =3 100 = £0Q)23E@) YaeRY, with 3ax=1
k=1 k=1

» Denote set of feasible o by A" (basically a simplex)

A\

Parametrized outer approximation is tight (but not complete)

N
N Q) =) &@)

aceAN k=1
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Overapproximating sum of ellipsoids by ellipsoid (cont.)

» In general: Choose « according to some criterion

e.g., such that £(Q(a)) has minimal size, e.g., min,c 4~ Tr(Q(w))
or £(Q(a)) tight in a given direction g € R™ (approximation touches true sum)

min ( max g'z st ze 8(Q(a))> = min 9TQ(a)g = min Tr(gg9' Q(a))
ac AV \z€eR aeAY aecAY
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Overapproximating sum of ellipsoids by ellipsoid (cont.)

» In general: Choose « according to some criterion

e.g., such that £(Q(a)) has minimal size, e.g., min,c 4~ Tr(Q(w))
or £(Q(a)) tight in a given direction g € R™ (approximation touches true sum)

min ( max g r st. x€ 8(Q(a))> — min 97Q(a)g = min Tr(gg Q(a))
ac AV \z eR ae AN ae AN
» Special case N =2

Q) = -Q1 + LQ2 with a1 + az = 1

Reparametrlze ar=1—qa1,B=—"—>0

QB) = (1+ 5)Q1+ (1+5)Q2

Inclusion-minimal (contains all the “best” overapproximations)

Tr Ql
Tr Q2

arg ﬂm>in0 TrQ(B) = arg 5m>in0(1 —+ %) TTQ1+(1+8)TrQ2 =
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Overapproximations of sum of two ellipsoids

= minkowski sum
= tight overapprox

— £(Qo) t'ght pp
£Q) = tight overapprox

E(Qo) + E(Q1)

min trace overapprox

/v



Overapproximations of sum of three ellipsoids

= minkowski sum
— &(Qo) = tight overapprox
— &(Q1)
— £(Q2)
— £(Qu) + £(Q1) + £(Q2)

== min trace overapprox

= tight overapprox
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Uncertain linear dynamical systems

Tpt1 = Azxy + Twy,

» Reachable set

XL € g(Pk), wg € 5(W)
= Tpy1 € E(APLAT) + EOTWTT)
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Uncertain linear dynamical systems

Tpt1 = Azxy + Twy,

» Reachable set

Ty € g(Pk), Wk € 5(W)
= Tpy1 € E(APLAT) + EOTWTT)

Uncertainty set not ellipsoidal :(
Overapproximate by ellipsoid

10/16



Uncertain linear dynamical systems

Tpy1 = Axg +Twy

» Reachable set » Qverapproximation of reachable set
T € g(Pk), Wy € 5(W) XL € g(Pk(ﬁ)), wg € g(W)
= 2py1 € E(APLAT) + ETWTT) Pry1(B) = (1+ Br)AP(B)AT + (1 + 5 )TWTT

= Tp41 € S(PkJrl(ﬁ))

Uncertainty set not ellipsoidal :(
Overapproximate by ellipsoid

10/16



Uncertain linear dynamical systems

Tpy1 = Axg +Twy

» Reachable set » Qverapproximation of reachable set
T € g(Pk), Wy € 5(W) XL € g(Pk(ﬁ)), wg € g(W)
= 2py1 € E(APLAT) + ETWTT) Pry1(B) = (1+ Br)AP(B)AT + (1 + 5 )TWTT

= Tp41 € S(PkJrl(ﬁ))

Uncertainty set not ellipsoidal :(
Overapproximate by ellipsoid

10/16



Overapproximation OCP

N
min ZTr L Py (1a)
Bo,---,Bn-1 ERy, 15
Py, ..., Px
s.t. PO = P(), (1b)

1
Poy1= (14 Br)APAT + (1 + F)FWFT, k=0,...,N. (lc)
k
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Overapproximation OCP

N
min ZTr L P
Bos---,Bn—1 €ER4y, 150
Py, ...,Py
s.t. PO = P(),

1
Poy1= (14 Br)APAT + (1 + F)FWFT, E=0,...

k

» Eliminating P, and substituting exp~y < 3 results in convex problem
» specialcase A=1,Lg=---=Ly_1=00rA=1,Lo=---=Ly

1 T
solve by forward recursion, B = \/@

» Recursive overapproximation of N sums of two ellipsoids
vs. overapproximation of one sum of N ellipsoids?

No loss of expressiveness (I think)

(1b)
,N.  (lc)
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Example — Linearized Pendulum

vvyyVyy

el . w
T = , T =
' g+

discretize in time with T =1.2, N =10
uncertainty w € [—1, 1] piecewise constant
Start at zg = 0.

compute reachable set at final time and
compare to overapproximations

Bm>in0TrPN(5)7 ,Bm>in0 TT(QQTPN(ﬁ))v

m

w
(Houska 2011)
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Example — Linearized Pendulum
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Uncertain linear dynamical systems

» Now consider controlled system
Tr+1 = Azy + Buy + Twy
» plan over feedback law to manipulate the ellipsoids

U = Uk + Kk((E — i’k)
Pk+1 = (]— + Bk)(A + BKk)Pk(A + BKk)T
+ (14 )rwr’

» Linearize Constraints

h(z) <0 Vzxe&(PI)
—  h(@Z)+ V@) (x—-7) <0 Vaec&(P7)

— Conservative for concave h(x)
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Where do | want to go with this?

Robust OCP with optimal overapproximation and feedback, for linear dynamics, and “concave
constraints” .

N—-1
min I (T, ur) + (TN
x’u7/37P7K k;) ( ) ( )
s.t. To = Zo, Py = Py,

fk+1=Ak§3k+Bkﬂk, k=0,....,N—1
Pryr = (1+ Bi) (A + BeKy) P(Ag + BrER) T + (1+ )W, k=0,...,N—1
0> hy(zx, ay) + Vhi(z, ) ' (x = 7) V2 € E(P(Py, Ky),2), k=0,...,N —1

0> hn(Zn)+ VhN(i‘N)T(:IJ —In) VYa € &(Pn),
with z = (z,u) and P, the corresponding ellipsoid matrix
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Further considerations

» Establish advantage of minimizing over 3, K
vs. precomputing arbitrary LQR gain and choosing § as minimizing trace step-by-step
feedback — small uncertainty — choice of 3 less relevant

> Design taylored algorithm, ZORO / SIRO style (alternate Riccati recursion, “Trace OCP",
and nominal OCP with fixed back-off?)

» Find a nice linear system as example

» Alternative: affine-in-state-and-disturbance

Ty = Aug)zp + T(ug)wy + b(ug)

in this case without feedback-law
Examples of this system class

systems with controlled mass-flow-rate (heating)
.7
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