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Scenario
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Dual control

I In general, the choice of trajectory affects the information gain (dual control effect)

I For uncertain systems there are two types of conflicting control goals
I Exploring: Gathering information to reduce uncertainty
I Exploiting: Bringing the system into an actually desired state (greedily)

I How do we find the optimal trade-off?

I How do we define the optimal trade-off?

Key ideas

I We have a performance-based objective, which is what we actually care about.

I Information is only relevant in as much as it advances this objective.

I We can model how we will obtain information.

I We can model how we will use this information.

→ Optimal Control Problem (OCP)
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Overview

Part I: Defining the ideal optimal control problem

I Output-feedback stochastic OCP.

I This is the problem we would like to solve.

I It will turn out that this problem is intractable.

Part II: Deriving a tractable approximation

I Using linearization and normal distributions

I Preserving the dual control effect (implicit dual
control)
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Partially observed stochastic nonlinear system

x0 = p0(ξ0),

xk+1 = fk(xk, uk, wk), k = 0, . . . , N − 1,

yk+1 = gk+1(xk+1, vk+1), k = 0, . . . , N,

I initial state uncertainty ξ0, process noise w = (w0, . . . , wN−1) and output noise
v = (v1, . . . , vN−1), distributed as ξ = (ξ0, w, v) ∼ N (0, I).

I Pick control uk at time k based on information vector

I1 = (u0, y1), Ik = (Ik−1, uk−1, yk), k = 2, . . . , N

I Aim: find policy π = (ū0, π1(·), . . . πN−1(·))
I Defining how we react to future information

u0 = ū0, uk = πk(Ik), k = 1, . . . , N − 1
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OCP components

I Denote by xπk (ξ), uπk (ξ) the simulation of the system under π(·).

I Incurred cost Jπ(ξ) =
∑N−1
k=0 lk(xπk (ξ), uπk (ξ)) + lN (xπN (ξ))

I Stochastic → not a well-defined objective function
I Choose deterministic criterion, e.g., expected value

I Constraints hk(xπk (ξ), uπk (ξ)) ≤ 0, k = 0, . . . , N − 1, hN (xπN (ξ)) ≤ 0,
I In general impossible to enforce for all values of ξ (unbounded support)
I Option A: Chance constraints

P
{
hk(xπk (ξ), uπk (ξ)) ≤ 0, k = 0, . . . , N − 1,
& hN (xπN (ξ)) ≤ 0,

}
≥ 1− ε

I Option B: Penalize constraint violation and add to objective
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Constraint treatment

I Constraint h(x) ≤ 0

I Consider η = h(x) ∼ N (µ, σ2)

I Exact penalty φ(η) on η > 0
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I Expected penalty

φ̃(µ, σ) := Eη∼N (µ,σ2) {φ(η)}

−4 −2 0 2 4

mean µ

0

1

2

3

4

5
max(0, µ)

φ̃(µ, 0.1)

φ̃(µ, 1.0)

φ̃(µ, 2.0)

φ̃(µ, 5.0)

6



The ideal dual OCP

Output-feedback stochastic nonlinear OCP

min
π(·)

Eξ∼N (0,I)

{
Jπ(ξ) +

nh∑
i=0

φhi (hπi (ξ))

}

with φhi (η) := ρimax(0, η) and hπ(ξ) = (h0(xπ0 (ξ), u
π
0 (ξ)), . . . , hN (xπN (ξ)))

I Models how future information is obtained, and how to react to it

⇒ Perfectly encodes explore-exploit trade-off as induced by objective

I Expectation over nonlinear transformation of ξ

I Optimization over general policies in infinite-dimensional function space
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Implicit vs explicit dual control

The ideal OCP is intractable and needs to be approximated.

Two types of approximation

Implicit dual control

I Dual control effect is (qualitatively)
preserved

I Explore-exploit tradeoff remains
implicitly encoded

Explicit dual control

I Dual control effect is lost

I Heuristics to encourage uncertainty
reduction
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Linearize with respect to uncertainty

I Nominal trajectory with open-loop controls ū = (ū0, . . . , ūN−1).

x̄0 = p0(0),

x̄k+1 = fk(x̄k, ūk, 0), k = 0, . . . , N − 1,

ȳk = gk(x̄k, 0), k = 1, . . . , N − 1,

I Linearize in stochastic variables, at nominal trajectory

x0 − x̄0 ≈ P r
0ξ0,

xk+1 − x̄k+1 ≈ Ak(x̄k, ūk)(xk − x̄k) +Bk(x̄k, ūk)(uk − ūk) + Γk+1(x̄k, ūk)wk,

yk − ȳk ≈ Ck(x̄k)(xk − x̄k) +Dk(x̄k)vk,
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Kalman filter and linear feedback law

I We now have a linear uncertain system around a nonlinear nominal trajectory
I Linear system matrices Ak, Bk, Γk, Ck, Dk depend on nominal trajectory (x̄, ū)
I Explicit dependency dropped for notational simplicity

I With respect to the linearized system...
I ...the information vectors Ik can be (w.r.t. to the linearized system) perfectly summarized by

Kalman estimate x̂k, P̂k with Kalman gain K̂k:

x̂0 − x0 = −P r
0ξ0,

x̂k+1 − xk+1 = (I− K̂k+1Ck+1)Ak(x̂k − xk) + (K̂k+1Ck+1 − I)Γkwk + K̂k+1Dk+1vk+1.

I ... the future KF means x̂k are uncertain, but the covariances P̂k are perfectly predictable
I ... the covariances are independent of the linear system trajectory: no dual control effect in

a linear system.
I (but we retain dual control effect since (x̄k, ūk) affects the linear system matrices)

I Restrict control policies to linear feedback κk(·) based on the current state estimate:

uk = κk(x̂k) = ūk +Kk(x̂k − x̄k).
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Linear Uncertainty dynamics

Augmented linear system

x̃κ0 :=

[
P̂ r

0

−P̂ r
0

]
ξ0, x̃κk :=

[
xκk − x̄k
x̂κk − xκk

]
, w̃k :=

[
wk
vk+1

]
,

Ãκk :=

[
Āk + B̄kKk B̄kKk

0 (I− K̂k+1C̄k+1)Āk)

]
, Γ̃k :=

[
Γ̄k 0

(K̂k+1C̄k+1 − I)Γ̄k K̂k+1D̄k+1

]

x̃κk+1(ξ) = Ãκk x̃
κ
k(ξ) + Γ̃kw̃k

Mean Eξ{x̃k(ξ)} = 0 and covariance Covξ{x̃k(ξ)} =: Σk, k = 0, . . . , N

Σ0 =

[
P̂0 −P̂0

−P̂0 P̂0

]
︸ ︷︷ ︸

=:Σ̂0(P̂0)

, Σk =

[
Pk P̆>k
P̆k P̂k

]
, Σk+1 = ÃκkΣkÃ

κ>
k + Γ̃kΓ̃>k︸ ︷︷ ︸

=:ψk(x̄k,ūk,Σk,Kk)

,
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Resulting dynamics approximation

I We have approximated the evolution of the original system by

1. Propagating a nonlinear nominal trajectory (x̄, ū)
2. Linearizing w.r.t. to uncertainty, using linear feedback based on a Kalman filter estimate.

Approximated uncertainty dynamics

x̄0 = x̂0, x̄k+1 = fk(x̄k, ūk, 0),

Σ0 = Σ̂0(P̂0), Σk+1 = ψk(x̄k, ūk,Σk,Kk), k = 0, . . . , N − 1.

I Approximation retains a mechanism through which

1. the choice of nominal controls ū influences the estimation uncertainty
2. the estimation uncertainty is fed-back into the “real” system...
3. ...and thus impacts the predictive uncertainty of the true state
4. (which will hurt the objective)

⇒ Dual control effect is preserved
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Expectation of cost

I State and control distribution approximated as[
xk
uk

]
︸ ︷︷ ︸
=:zk

∼ N

([
x̄k
ūk

]
︸ ︷︷ ︸
=:z̄k

,

[
I 0
Kk Kk

]
Σk

[
I 0
Kk Kk

]>
︸ ︷︷ ︸

=:Σ̃k(Σk,Kk)

)
, k = 0, . . . , N − 1, xN ∼ N (x̄N , PN )

I We consider quadratic cost functions lk with Hessian Bk := ∇2lk(·)

Ezk∼N (z̄k,Σ̃k){lk(zk)} = lk(z̄k) + 1
2 Tr(BkΣ̃k),

I Resulting cost approximation (error due to linearized propagation)

Eξ∼N (0,I) {Jπ(ξ)} ≈
N−1∑
k=0

lk(x̄k, ūk) + 1
2 Tr

(
BkΣ̃k(Σk,Kk)

)
+ lN (x̄N ) + 1

2 Tr
(
BN Σ̃N (ΣN )

)
.︸ ︷︷ ︸

=:J̃(x̄,ū,Σ,K)
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Constraints

I Additional linearization of the constraint functions

Ezk∼N (z̄k,Σ̃k){φi(h
i
k(zk))}

≈ Ezk∼N (z̄k,Σ̃k){φi(h
i
k(z̄k) +∇hik(z̄k)(z − zk))}

= Eη∼N (h̄i
k,β

i
k){φi(η)},

I nominal constraint value h̄ik := hik(z̄k)
I variance orthogonal to constraint boundary
βik := ∇hik(z̄k)>Σ̃k∇hik(z̄k)
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I Compute expected constraint penalty analytically

Eη∼N (µ,σ2){max(0, η)} = σpN

(µ
σ

)
+ µPN

(µ
σ

)
=: φ̃(µ, σ)

with pN resp. PN the PDF resp. CDF of standard normal distribution
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Resulting approximated OCP

Implicit dual OCP

min
x̄, ū, β,Σ,K

J̃(x̄, ū,Σ,K) + Φ̃(h(x̄, ū), β) + r(K)

s.t. x̄0 = x̂0, Σ0 = Σ̂0(P̂0),

x̄k+1 = fk(x̄k, ūk, 0), k = 0, . . . , N − 1,

Σk+1 = ψk(x̄k, ūk,Σk,Kk), k = 0, . . . , N − 1,

0 ≥ huk(ūk), k = 0, . . . , N − 1,

β ≥ ε2
σ1,

βk ≥ Hk(x̄k, ūk,Σk,Kk), k = 0, . . . , N − 1,

βN ≥ HN (x̄N ,ΣN ),

with trajectory cost J̃(·), constraint penalty Φ̃(·), regularization r(·), variances in constraint
direction β resp. H(·)
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Example problem

x =

rxry
θ

 , ẋ =

v cos θv sin θ
ω

+ w, u =

[
v
ω

]
.

yk = xk + σy(x)vk, σy(x) := 1 + 10

(√
ryk + ε2 − ε

)

min
x, u

N−1∑
k=0

rxk + εu‖u‖22 + rxN

s.t. x0 = x̄0,

xk+1 = f(xk, uk, 0), k = 0, . . . , N − 1,

umin ≤ uk ≤ umax, k = 0, . . . , N − 1,

0 ≤ rxk , k = 1, . . . , N.
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Comparison to non-dual methods
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Summary / Conclusion

I The dual effect can be captured by
I Including output-model in OCP
I Optimizing over output-feedback policies

I The ideal dual OCP implicitly encodes the explore-exploit trade-off ...

I ... but is intractable

I We used linearization to derive a tractable OCP ...

I ... while preserving the dual control effect.
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