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Periodic OCP
Periodic OCP:

Jmin - o(x(),u()

st. F(x(t),x(t),u(t))=0
h (x(t),u(t),t) <0
x(0) —x(t) =0

@ Free initial /terminal conditions...

@ ... but they have to match !!
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Periodic OCP
Periodic OCP:

[y P00 R E e
: W 0N
st R (x(0),x(6) () = w4 U
h(x(t),u(t), £) < 0 JR———;
x(0) — x () = 0

@ Free initial /terminal conditions...

@ ... but they have to match !!
Examples of applications:

@ Simulated moving bed

@ Filtration processes

@ Low-Density Polyethylene Process

*}

Cyclic motions (robotic and mobile
applications)

@ Airborne Wind Energy systems
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NLP from Multiple-Shooting - Periodic OCP

OCP:

x(T,T(.) o (x(),u(.)

st. F(x(t),x(t),u(t))=0
h (x(t),u(t),t) <0
x(0) —x(t) =0

Input
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NLP from Multiple-Shooting - Periodic OCP

OCP:

X(T,T(.) ¢ (x(.),u(.)

st. F(x(t),x(t),u(t))=0
h (x(t),u(t),t) <0
x(0) —x(t) =0

f (xx, ux) integrates the dynamics F
over the time interval [tx, ti41]
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NLP from Multiple-Shooting - Periodic OCP

OCP: NLP with w = {Xo, Uo, ...,XNfl,uNfl,xN}
min x(.),u(.
x(-)u(.) 00x()u() min  ® (w)

st. F(x(t),x(t),u(t))=0
h (x(t),u(t),t) <0

s.t.
x(0) —x(t) =0
f (xx, ux) integrates the dynamics F

over the time interval [tx, tit1]
to t ty ts ty t5
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NLP from Multiple-Shooting - Periodic OCP

OCP: NLP with w = {Xo, Uo, ...,XNfl,uNfl,xN}
(im0 (x(),u() min & (w)
st. F(x(t),x(t),u(t) =0 N
h(X(t), u(t), t) <0 ot g(W) _ f(xo, llo) — X1 0

x(0) —x(t) =0
f(xn,un—1) —xXn-1
f (xx, ux) integrates the dynamics F

over the time interval [tx, tit1]

to 131 to i3 1y t5
T T T T T
0.35F S
03k Ty f (g, ua)]
0250 T3 1
5 o o [ (@5, us) |
=3 B oast T £ (w2, u9) R
£ B od
005 Z1 I (w1, 1)
oo f (l‘o‘, ug) ‘
o 0.05 01 0.15 0.2 0.25 03 0.35 04 0.45 05

S. Gros Optimal Control with DAEs, lecture 13 2374 of February, 2016 4 /22



NLP from Multiple-Shooting - Periodic OCP

OCP: NLP with w = {Xo, Uo, ...,XNfl,uNfl,xN}
in6(x()u() i o)
st. F(x(t),x(t),u(t) =0 i N
h (x(t),u(t),t) <0 st g(w)= f (0, 10) — x1 0

x(0) —x(t) =0

| f(xn,un—1) — Xn—1

f (xx, ux) integrates the dynamics F [ h(xo0,u0)
over the time interval [tx, tit1] h(w) = <0
| h(xy-1,un—1)
to 131 to i3 1y t5
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Periodic OCP & Multiple-shooting - Sparsity pattern
Equality constraints...

X0 — XN
g(w) _ f(Xo7 uo) — X1

£ (v, un—1) — xXn-1

o & = E 2L NGe
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Periodic OCP & Multiple-shooting - Sparsity pattern

Equality constraints... ... pattern of the constraints Jacobian

X0 — XN Ordering w = {Xo, Ug, ..., Xn—1, Un—1, Xn }

gw)=| FOow)=x Ve (w)'

-

£ (v, un—1) — xXn-1

g (w)
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Periodic OCP & Multiple-shooting - Sparsity pattern

Equality constraints...

X0 — XN
g(w) _ f(Xo,llo) — X1

£ (xn, un—1) — xn-1

Observe that we have lost the
"classical” banded structure of
multiple-shooting !! The same

happens with direct collocation...

... pattern of the constraints Jacobian

Ordering w = {Xo, Uo, ..., Xn—1, Un—1, XN }

Vg (w)"

g (w)
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Periodic OCP & Multiple-shooting - Sparsity pattern

Equality constraints...

X0 — XN
g(w) _ f(Xo,llo) — X1

f(xn, un—1) — xn-1

Observe that we have lost the
"classical” banded structure of
multiple-shooting !! The same

happens with direct collocation...

... pattern of the constraints Jacobian

Ordering w = {xo, uo, ..., Xny—1, Uny—1, XN}

Vg (w)"

g (w)

w

Structure-exploiting solvers dedicated to direct optimal control are not all designed
for taking in the "off-band” block !! Have that in mind when selecting tools for solving
periodic optimal control problems using direct methods...
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A simple but problematic Periodic OCP
Consider the m-OCP:

min l/1 u(t)®
x()u() 2 Jo

t. X= 0 -1 X
s.t. =ul g 0 ,

x(1)—x(0)=0

o & = E 2L NGe
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A simple but problematic Periodic OCP
Consider the m-OCP:

min l/1 u(t)?
x()u() 2 Jo

t. X= 0 -1 X
s.t. =ul g 0 ,

x(1)—x(0)=0
Solution of the ODE reads as:
1
x(1) = R(0)x(0), 0= / u(t)de
0

where

cosf —sinf
sin 0 cos 6

R(Q):[
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A simple but problematic Periodic OCP
Consider the m-OCP:

min l/1 u(t)?
x()u() 2 Jo

t. X= 0 -1 X
s.t. =ul g 0 ,

x(1)—x(0)=0

Solution of the ODE reads as:

x(1) = R(0)x (0), a:/o u(t)de

where

cosf —sinf
sin 0 cos 6

R(0) = [
m-constraint becomes:
7m=[R(0)—I]x0=0
and requires 0 = 2kmr.
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A simple but problematic Periodic OCP

Consider the 7-OCP: The 7-OCP can be reformulated as:
. 1/, . 1[ »
min —= u(t min - u(t
x(.),u(.) 2/0 ( ) xo.u(-) 2 Jo ( )
. 0 -1 st O(t) = u(t)
st. x=u { 1 0 ] X,

m=[R(0)—Ilxo=0
x(1)—x(0)=0 _—

=0 at solution

Solution of the ODE reads as:

MU:R@X@,Gzlum&

where

cosf —sinf
sin 0 cos 6

R(0) = [
m-constraint becomes:
7m=[R(0)—I]x0=0
and requires 0 = 2kmr.
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A simple but problematic Periodic OCP

Consider the 7-OCP: The 7-OCP can be reformulated as:
. 1/ .1 /1 »
min —= u(t min - u(t
x(.),u(.) 2/0 (t) xo.u(-) 2 Jo (t)
st x—u { (1J —é ] x, s.t. 0(t) = u(t)
m=[R(0)—Ilxo=0
X (1) - X(O) =0 =0 at solution
Solution of the ODE reads as: If u(t) piecewise-constant, i.e. 6 = % Dok Uk
1
R 17
x(1) = R (6)x (0), 0:/ u(t)dt om _ om _OR 1
0 0% 0, Ju 90 °N
where at the solution
cosf —sinf
R(0) = [ sin @ cos 0 }

m-constraint becomes:
w=[R(0)—1I]x =0
and requires 0 = 2k
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A simple but problematic Periodic OCP
Consider the 7-OCP: The 7-OCP can be reformulated as:

min l/1 u(t)? min 1/:l u(t)?
x(),u() 2 Jo xpu() 2 Jo
st. X=u |: (; _é ] X, st G(t) = u(t)
m=[R(0)—Ilxo=0
x (1) - X(O) =0 =0 at solution
Solution of the ODE reads as: If u(t) piecewise-constant, i.e. 6 = % Dok Uk
! T
x1:R0x0,9:/utdt om _ om _OR_1
(1) = R(6)x(0) ; (1) e =0 5 = 30N

s

where : AR _
at the solution, where 2% = R (%).

cosf —sinf
R(0) = [ sinf cos 6 }

m-constraint becomes:
m=[R(0)—I]x0=0

and requires 0 = 2k
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A simple but problematic Periodic OCP

Consider the 7-OCP: The 7-OCP can be reformulated as:
. 1/ .1 /1 »
min —= u(t min - u(t
x(.),u(.) 2/0 (t) xo.u(-) 2 Jo (t)
st x—u { (1) —é ] x, s.t. 0(t) = u(t)
m=[R(0)—Ilxo=0
X (1) - X(O) =0 =0 at solution
Solution of the ODE reads as: If u(t) piecewise-constant, i.e. 6 = % Dok Uk
1
R 17
x(1) = R (6)x (0), 0:/ u(t)dt om _ om _OR 1
0 0% ’ Ju 90 °N
where at the solution, where % = R(%). Hence:
cosf —sinf
R(6) = [ ) } om x T
sin 6 cos @ w = [ 0 R(E)xo% ]

m-constraint becomes: where w = {xo, u}
m=[R(0)—I]x0=0
and requires 0 = 2k
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A simple but problematic Periodic OCP

Consider the 7-OCP: The 7-OCP can be reformulated as:
. 1/ .1 /1 »
min —= u(t min - u(t
x(.),u(.) 2/0 (t) xo.u(-) 2 Jo (t)
st x—u { (1) —é ] x, s.t. 0(t) = u(t)
m=[R(0)—Ilxo=0
X (1) - X(O) =0 =0 at solution
Solution of the ODE reads as: If u(t) piecewise-constant, i.e. 6 = % Dok Uk
1
R 17
x(1) = R (6)x (0), 0:/ u(t)dt om _ om _OR 1
0 Ixo - Bu 90N
where at the solution, where % = R(%). Hence:
cosf —sinf
R(6) = [ ) } om x T
sin 6 cos @ w = [ 0 R(E)xo% ]

m-constraint becomes: where w = {xo, u}, then xg R () xo = 0 and

w=[R(0)—1I]x =0
9T _0 st LICQ fails I

. * w
and requires 0 = 2k
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A simple but problematic Periodic OCP - What is going on 717

15

0.5

.X2 (t)

-1.5
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A simple but problematic Periodic OCP - What is going on 717
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.X2 (t)

15

0.5
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A simple but problematic Periodic OCP - What is going on 717
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.X2 (t)

15

0.5

-1.5

X = 0 -1 x
i
X0
1.5 1 -0.5 0 0.5 1.5
X1 (t)

0.8

0.6

0.4+

0.2&
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1
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A simple but problematic Periodic OCP - What is going on
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.X2 (t)
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A simple but problematic Periodic OCP - What is going on 717
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.X2 (t)

15

0.5

-1.5

X = 0 -1 x
i
X0
1.5 1 -0.5 0 0.5 1.5
X1 (t)

0.8
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0.4+
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A simple but problematic Periodic OCP - What is going on 717
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A simple but problematic Periodic OCP - What is going on 717

).(_u[o —1},( om o, Om _OR 17
1 0 oxo oa 00 °N
15
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0.8+ 0
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A simple but problematic Periodic OCP - What is going on 717

on 0 or  OR 17
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A simple but problematic Periodic OCP - What is going on 717

on 0 O  OR 17

g% _ = = T oxp—
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15
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0.8} 0
0.5
= o Yot
N—
N
>< -0.5 0.4}
1 02t
-15
O0 0.2 0.4 0.6 0.8 1
t

S. Gros Optimal Control with DAEs, lecture 13 2374 of February, 2016 8 /22



A simple but problematic Periodic OCP - What is going on 717
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A simple but problematic Periodic OCP - What is going on

15

0.5

.X2 (t)

-1.5

X=u 0 -1 X
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A simple but problematic Periodic OCP - What is going on 717

).(_u[o —1}){ or _ om _OR 17
1 0 oxo ou 00 °N
1.5 T2
1 1
! xo 7 / u(t)dt =27
0.8+ 0
0.5
u
S 0 0.6
g-os 0.4
o 0.2
-1.5
-1.5 -1 -0.5 0 0.5 1 15 00 0.2 0.4 0.6 0.8 1
x1 (t) t

@ u allows for satisfying w =0

@ xo has no impact on 7
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A simple but problematic Periodic OCP - What is going on 717

).(_u[o —1}){ or _ om _OR 17
1 0 oxo ou 00 °N
1.5 T2
1 1
! xo 7 / u(t)dt =27
0.8+ 0
0.5
u
S 0 0.6
g-os 0.4
o 0.2
-1.5
-1.5 -1 -0.5 0 0.5 1 15 00 0.2 0.4 0.6 0.8 1
x1 (t) t

@ u allows for satisfying w =0
@ xo has no impact on 7

O A = g—:'VAW is restricted to the
tangent
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A simple but problematic Periodic OCP - What is going on 717

x—ul© —1}){ or _ om  OR 17
= gn _ oar _ 9~
10 dx  du 0 N
1.5 T2
1 1
! xo 7 / u(t)dt =27
08 0
0.5
u
S 0 0.6
g-os 0.4
* 0.2
-1.5
-1.5 -1 -0.5 0 0.5 1 15 00 0.2 0.4 0.6 0.8 1
x1 (t) t
@ u allows for satisfying m = 0 @ 7 € R? has (locally) only one degree

@ xo has no impact on 7 of freedom

O A = g—:'VAW is restricted to the
tangent
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A simple but problematic Periodic OCP - What is going on 717

x—u[o _1}3( or 0 o OR 1T
= — 2 _ 2=
Lo dxo '  ou 00 °N
1.5 T2
1 1
' - / u(t)dt = 2
08 0
0.5
u
S 0 0.6
N
o] -0.5 0.4
* 0.2
-1.5
-15 -1 -0.5 0 0.5 1 15 O0 0.2 0.4 0.6 0.8 1
x1 (1) t
@ u allows for satisfying 7 =0 @ 7 € R? has (locally) only one degree
@ xo has no impact on 7 of freedom
@ Am = 2= Aw is restricted to the ® ie. 1 and w2 are (locally) linearly
tangent dependent.
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A simple but problematic Periodic OCP - What is going on 717

x_u[o —1}){ or _ om  OR 17
= g% _ ot _Yh =
1 0 dx du 90N
1.5 T2
1t 1
! xo 7 / u(t)dt =27
08 0
0.5
= o W ost
>l.<\‘-0.5 0.4+
B 02}
-1.5
-15 -1 -0.5 0 0.5 1 15 O0 0.2 0.4 0.6 0.8 1
x1 (t) t
Intuition: we impose 2 constraints via 7, but if x1(0) = x1(1), then (locally)
x2(0) = x2(1) (or vice-versa), i.e. we have redundant constraints. What can we do ?!?
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What about a simple constraint elimination 7
Consider the 7-OCP:

min l/1 u(t)®
x()u() 2 Jo

o x=u] 0 s
x1(1) —x1(0) =0

Solution of the ODE reads as:

x(1) = R(0)x(0), a:/o u(t)de

S. Gros Optimal Control with DAEs, lecture 13 2374 of February, 2016 9 /22



What about a simple constraint elimination 7
Consider the 7-OCP:

min l/1 u(t)®
x()u() 2 Jo
. 0
s.t. x_u[1 0:|X,
X1 (1) — X1 (0) = 0
Solution of the ODE reads as:
1
x(1) = R(0)x(0), 0= / u(t)de
0
m-constraint reduced to 15* component:

m=[1 0][R(0)—1Ix=0
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What about a simple constraint elimination 7
Consider the 7-OCP:

min

1 /! )
— u(t
x(.),u(.) 2/0 (t)

o x=u] 0 s
x1(1) —x1(0) =0

Solution of the ODE reads as:
1
x(1) = R(0)x(0), 0= / u(t)de
0
m-constraint reduced to 15* component:

m=[1 0][R(0)—1Ix=0

and @ the solution:

om
B_XO_’
om OrR 17
gu— L1 0150y
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What about a simple constraint elimination 7
Consider the 7-OCP:

min

1Mt
— u(t) 1
x(.)u() 2 /0

. 0 -1
s.t. x:u[1 0:|X, = o X0
X1 (1) — X1 (0) =0 g-o.s
Solution of the ODE reads as: B
15
1
x(1) = ROx(©). 0= [ u(e)e T e

m-constraint reduced to 15* component:
m=[1 0][R(0)—1Ix=0

and @ the solution:

om
B_XO_’
om OrR 17
gu— L1 0150y
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What about a simple constraint elimination 7

Consider the 7-OCP:
. 1Mt
min —= u(t
x(.),u(.) 2A ®
t. x= 0 -1 X
s.t. =u 1 0 ,
X1 (1) — X1 (0) = 0

Solution of the ODE reads as:

x(1) = R(0)x(0), a:/o u(t)de

m-constraint reduced to 15* component:

m=[1 0][R(0)—1Ix=0

and @ the solution:

o _
8X0_,
o OrR 17T

— X0
= 0
SN—r
o
w05
-1
15
1.5 1 0.5 0 0.5 1 15
x1 (t)
Note that:

w=rGE=11
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What about a simple constraint elimination 7

Consider the 7-OCP:
. 1Mt
min —= u(t
x(.),u(.) 2A ®
t. x= 0 -1 X
s.t. =u 1 0 ,
X1 (1) — X1 (0) = 0

Solution of the ODE reads as:

x(1) = R(0)x(0), a:/o u(t)de

m-constraint reduced to 15* component:

m=[1 0][R(0)—1Ix=0

and @ the solution:

o _
8X0_,
o orR 17T
Fu— L1 0l gey

X0

Note that:

w=rGE=11

TOR

If xg = [ é ],then Xg 55 %0 = 0 and:

o 0]1"
EI:[I o][il}ﬁ =0
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What about a simple constraint elimination 7

Consider the 7-OCP:
. 1Mt
min —= u(t
x(.),u(.) 2/0 ( )

o x=u] 0 s
x1(1) —x1(0) =0

Solution of the ODE reads as:

x(1) = R(0)x(0), a:/o u(t)de

m-constraint reduced to 15* component:

m=[1 0][R(0)—1Ix=0

and @ the solution:

o _
8X0_,
o orR 17T
Fu— L1 0l gey

=0 X0
% 05
15
-1 OSXI%t) 0.5 1 15
Note that:
8_R =R (E) — 0 -1
o0 2 1 0

TOR

If xg = [ é ],then Xg 55 %0 = 0 and:

Ixg ou

‘9_7’:[ om  om ] —0 LICQ failure !
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What about a simple constraint elimination 7
Consider the 7-OCP:

min l/1 u(t)? !
x()u() 2 Jo

. 0 -1
s.t. x:u[1 0:|X, = o X0
X1 (1) — X1 (0) =0 g'%
Solution of the ODE reads as: B
15
1
x(1) = ROx(©). 0= [ u(e)e T e

H st .
7-constraint reduced to 1™ component: Arbitrary eliminations of redundant

=1 0][R(6)—1Ix0=0 ”constraints”in _Peric?dic OC_Ps gin yield
degenerate” situations, with g% =0 !!

and @ the solution:

om
B_XO_’
om OrR 17
gu— L1 0150y

S. Gros Optimal Control with DAEs, lecture 13 2374 of February, 2016 9 /22



Outline

N

© Invariants in Periodic Optimal Control

=] & = E E DAl
S. Gros Optimal Control with DAEs, lecture 13



What is the problem with this Periodic OCP ? "
Consider the 7-OCP: : X0

N B -

min = u(t =

x()u(l) 2 /o ( ) s

t. x= 0 -1 x g ;

S.T. =u 1 0 s B

x(1)—x(0)=0 o oxa(t)
Invariant

The dynamics have a 1-dimensional invariant. It reads as:
1
Z(x(t)) = Ex(t)Tx(t) = constant  Vx(0), u(t)
0 -1

1 0
such that x(t) € R? is forced to evolve on a 2 — 1 = 1-dimensional manifold.

indeed 7 = ux [ } x =0, Yu, x

@ 2 periodic constraints are then redundant...

@ Because the invariant is a manifold (not a linear space), a simple constraint
elimination cannot guarantee a well-behaved OCP

v
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Invariants in Periodic Optimal Control - Generalization
Periodic OCP

im0 (x(),u())
s.t.

F (x(t),x(t),u(t))=0
X(tf)—X(O)IO

o & = E 2L NGe
S. Gros Optimal Control with DAEs, lecture 13



Invariants in Periodic Optimal Control - Generalization
Periodic OCP

min x(.),u(.
Jmin - 6(x().u()
st. F(x(t),x(t),u(t))=0
X(tf) —X(O) =0
with a finite input parametrization u, and
using the integration function on [0, t]
(single-shooting):

x (tr) = £ (x0,u)
OCP can be written as NLP:
min  ® (xo,u)

u,xq

st. w™=1f(x0,u) —x0 =0

S. Gros Optimal Control with DAEs, lecture 13 2374 of February, 2016
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Invariants in Periodic Optimal Control - Generalization
Periodic OCP Dynamics with invariants:

¢ (x(-),u() Z(x(t)) =Z(x(0), Vt,u,x(0)

mi
u(.),x(.)

st. F(x(t),x(t),u(t))=0
X(tf) —X(O) =0
with a finite input parametrization u, and
using the integration function on [0, t]
(single-shooting):
x (tr) = £ (%o, u)
OCP can be written as NLP:

min  ® (xo,u)
u,xg

st. w™=1f(x0,u) —x0 =0
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Invariants in Periodic Optimal Control - Generalization

Periodic OCP Dynamics with invariants:
u(r)r)]ix(-) o(x(.),u() Z(x(t))=Z(x(0)), Vt,u,x(0)
st. F(x(t),x(t),u(t))=0 yields the property:

X(tf) —X(O) =0

I(f(xo0,u)) — T (x0) =0, Vw= { }‘: ]
with a finite input parametrization u, and 0
using the integration function on [0, t]

(single-shooting):
x (tr) = £ (x0,u)
OCP can be written as NLP:
min  ® (xo,u)

u,xq

st. w™=1f(x0,u) —x0 =0
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Invariants in Periodic Optimal Control - Generalization

Periodic OCP Dynamics with invariants:
ll(r)r)]ix(') o(x(.),u() Z(x(t))=Z(x(0)), Vt,u,x(0)
st. F(x(t),x(t),u(t))=0 yields the property:

x(tr) —x(0)=0 u
(&) (©) Z(f (x0,u)) — Z(x0) =0, Vw:{ ]

with a finite input parametrization u, and xo

using the integration function on [0, t] hence:
(single-shooting): Ve [Z (£ (x0,1)) — T (x0)] =
x (tr) = £ (x0,u) [Vwf (x0,u) — Viwxo] Vo Z (x0) =0

OCP can be written as NLP:
min  ® (xo,u)
u,xq

st. w™=1f(x0,u) —x0 =0
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Invariants in Periodic Optimal Control - Generalization

Periodic OCP Dynamics with invariants:
Jmin - 6(x(),u() I(x() =T(x(0)), Vt,ux(0)
st. F(x(t),x(t),u(t))=0 yields the property:

x(t) —x(0)=0 u
' T(£ (x0,u)) — T (x0) = 0, Vw — { ]

with a finite input parametrization u, and o

using the integration function on [0, t] hence:
(single-shooting): Ve [T (£ (x0, 1)) — T (x0)] =

x (tr) = £ (%o, u) (Vwf (%0, u) = Vwxo) Vx,Z (x0) =0
OCP can be written as NLP: yields: Vwr

min & (xo, u) Vwm VoL (x0)=0
u,xq ————
null space

st. ™ =1f(xo,u) —x0=0
l.e. LICQ deficiency !!
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Invariants in Periodic Optimal Control - Generalization

Periodic OCP Dynamics with invariants:
Jmin - 6(x(),u() Z(x(6) =Z(x(0)), Ve.ux(0)
st. F(x(t),x(t),u(t))=0 yields the property:

x(t) —x(0)=0 u
' T(£(x0,u) — T (x0) = 0, Vw — { ]

with a finite input parametrization u, and o

using the integration function on [0, t] hence:
(single-shooting): Ve [Z (£ (x0, 1)) — T (x0)] =

X(tf) = f(Xo,u) (wa (Xo,u) — wao)VXOI(xo) =0
OCP can be written as NLP: yields: Vwm

min & (xo, u) Vwm VoL (x0)=0
u,Xg N
null space
st. ™ =1f(xo,u) —x0=0 P
l.e. LICQ deficiency !!

Invariants in the dynamics yield an LICQ
deficiency in the periodicity constraints
(also for ODEs) !l
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Projection Method for Invariants

Periodic OCP:
min ¢ (x(.),u()
st. F(x,x,z,u)=0
X(tf) —X(O) =0

where dynamics F have invariant Z.
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Projection Method for Invariants

Periodic OCP with xo € R”

min ¢ (x,u)
X0,u

st. f(xo,u)—x%0=0

where integrator f over [0, t;] preserves Z.
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Projection Method for Invariants

Periodic OCP with xo € R”

min ¢ (x,u)
x0,u

st. f(xo,u)—x%0=0

where integrator f over [0, t¢] preserves Z.

Build basis of the null space of VZ (x0):
ZTVZI(x0) =0

Note: Zisnx n— m with Z € R”
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Projection Method for Invariants

Periodic OCP with xo € R” Rewrite OCP as (NOCP):
Q}iﬂ ¢ (x,u) min & (%o, u)
) Xp,u
st. f(xo,u)—x0=0 st. 7T (f (x0,1) —%X0) = 0

where integrator f over [0, t¢] preserves Z.

Build basis of the null space of VZ (x0):
ZTVZI(x0) =0

Note: Z is n x n— m with Z €¢ R"
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Projection Method for Invariants

Periodic OCP with xo € R”

min ¢ (x,u)
x0,u

st. f(xo,u)—x%0=0

where integrator f over [0, t¢] preserves Z.

Build basis of the null space of VZ (x0):
ZTVZI(x0) =0

Note: Z is n x n— m with Z €¢ R"

S. Gros Optimal Control with DAEs, lecture 13

Rewrite OCP as (NOCP):
min_ & (xo,u)
x0,u,Z

st. 7 (f(x0,u) —x) =0

@ Null-space Z is now function of xo !!
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Projection Method for Invariants

Periodic OCP with xo € R” Rewrite OCP as (NOCP):
min ¢ (x,u) min_ & (%o, u)
xo,u xg,u,Z
st f(xo,u)—x0=0 st. 7' (f (x0,u) —%0) =0

where integrator f over [0, t¢] preserves Z.

Build basis of the null space of VZ (x0):
T @ Null-space Z is now function of xo !!
Z 'VI(x0)=0
@ Can be hard to compute explicitly
Note: Zis n x n— m with Z € R™
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Projection Method for Invariants

Periodic OCP with xo € R”

min ¢ (x,u)

x0,u

st. f(xo,u)—x%0=0

where integrator f over [0, t¢] preserves Z.

Build basis of the null space of VZ (x0):
ZTVZI(x0) =0

Note: Z is n x n— m with Z €¢ R"

S. Gros Optimal Control with DAEs, lecture 13

Rewrite OCP as (NOCP):

min_ & (xo,u)

xp,u,Z
st. 7 (f(x0,u) —x) =0
oz
Rl g
0xg 0

@ Null-space Z is now function of xo !!
@ Can be hard to compute explicitly
@ Can be done implicitly in the NLP
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Projection Method for Invariants

Periodic OCP with xo € R”

min ¢ (x,u)

x0,u

st. f(xo,u)—x%0=0

where integrator f over [0, t¢] preserves Z.

Build basis of the null space of VZ (x0):

Rewrite OCP as (NOCP):

min_ & (xo,u)

xp,u,Z
st. 7 (f(x0,u) —x) =0
oz
Rl g
0xg 0

T @ Null-space Z is now function of xo !!
Z 'VI(x0)=0 .
@ Can be hard to compute explicitly
M i —_— 1 m . ) .
Note: Zis nx n—mwith Z € R @ Can be done implicitly in the NLP
@ Note: Z is not unique !!
P ——



Projection Method for Invariants

Periodic OCP with xo € R”

min ¢ (x,u)

x0,u

st. f(xo,u)—x%0=0

where integrator f over [0, t¢] preserves Z.

Build basis of the null space of VZ (x0):

Rewrite OCP as (NOCP):

min_ & (xo,u)

xp,u,Z
st. 7 (f(x0,u) —x) =0
9, _ ., Z'Zz=1
0xg

T @ Null-space Z is now function of xo !!
Z 'VI(x0)=0 .
@ Can be hard to compute explicitly
M i —_— 1 m . ) .
Note: Zis nx n—mwith Z € R @ Can be done implicitly in the NLP
@ Note: Z is not unique !!
P ——



Projection Method for Invariants

Periodic OCP with xo € R” Rewrite OCP as (NOCP):
min ¢ (x,u) min_ & (%o, u)
Xg,u xp,u,Z
st f(xo,u)—x0=0 st. 7 (f(x0,u) —x) =0
where integrator f over [0, t¢] preserves Z. B_IZ _ 7T 7 =1
0xg ’
Build basis of the null space of VZ (x0):
T T = cst.
Z 'VI(x0)=0
Note: Zis n x n— m with Z € R™ z
f (xo0,u
X0
VI (Xo)
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Projection Method for Invariants

Periodic OCP with xo € R” Rewrite OCP as (NOCP):
)r{ryﬂ o (x,u) xgn:lnz ® (%0, u)
s.t. f(x0,u) —x0 =0 st. 7 (f(x0,u) —x) =0
where integrator f over [0, t;] preserves . g_IZ —0, 7'7=1
X0

Build basis of the null space of VZ (x0):
ZTVZI(x0) =0

Note: Z is n x n— m with Z €¢ R"
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Projection Method for Invariants

Periodic OCP with xo € R” Rewrite OCP as (NOCP):
)I’(T;II[’]I o (x,u) xgn:lnz ® (%0, u)
s.t. f(x0,u) —x0 =0 st. 7 (f(x0,u) —x) =0
where integrator f over [0, t;] preserves . g_IZ —0, 7'7=1
X0

Build basis of the null space of VZ (x0):
ZTVZI(x0) =0

Note: Z is n x n— m with Z €¢ R"

assumptions). Projection creates

NOCP has LICQ (under some
" artificial” feasible solutions !
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Consistency in Periodic Optimal Control

Periodic OCP with consistency

aomin (), ul)
st. F(x(t),x(t),z(t),u(t))=0
x(t) —x(0)=0
C(x(0))=0

where ¢: R” — R™.
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Consistency in Periodic Optimal Control

Periodic OCP with consistency Consistency: for any u,
( )m(ir; 0 o (x(.),u(.) if C(x(0))=0 then C(x(t))=0

st. F(x(t),x(t),z(t),u(t))=0
X(tf)—X(O) =0
C(x(0))=0

where ¢: R” — R™.
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Consistency in Periodic Optimal Control

Periodic OCP with consistency Consistency: for any u,

u(})g?(i.';’z(‘) ¢ (x(.),u(.) if C(x(0))=0 then C(x(t))=0

st. F(x(t),x(t),z(t),u(t))=0
X(tf)—X(O) =0
C(x(0))=0

where ¢ : R" — R™.  With a finite input
parametrization u, can be writen as
(single-shooting):

min & (xo, u)
u,xq

st. g= { f(x&’ao;xo ] =0

using the integration function on [0, t]:

x (tr) = £ (%o, u)
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Consistency in Periodic Optimal Control

Periodic OCP with consistency Consistency: for any u,

u(})g?(i.';’z(‘) ¢ (x(.),u(.) if C(x(0))=0 then C(x(t))=0

st. F(x(t),x(t),z(t),u(t))=0 Observe that Yu
() —x(0) = 0 C(x) =0 = G(F(x0,1)) =0
C(x(0))=0

where ¢ : R" — R™.  With a finite input
parametrization u, can be writen as
(single-shooting):

min & (xo, u)
u,xq

st. g= { f(x&’ao;xo ] =0

using the integration function on [0, t]:

x (tr) = £ (%o, u)
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Consistency in Periodic Optimal Control

Periodic OCP with consistency Consistency: for any u,

u(})g?(i.';’z(‘) ¢ (x(.),u(.) if C(x(0))=0 then C(x(t))=0

st. F(x(t),x(t),z(t),u(t))=0 Observe that Yu
() —x(0) = 0 C(x) =0 = G(F(x0,1)) =0

C(x(0))=0 hence Vo,f VC = 0.

where ¢ : R" — R™.  With a finite input
parametrization u, can be writen as
(single-shooting):

min & (xo, u)
u,xq

st. g= { f(x&’ao;xo ] =0

using the integration function on [0, t]:

x (tr) = £ (%o, u)
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Consistency in Periodic Optimal Control

Periodic OCP with consistency

w2 ¢ (x(.),u(.))

st. F(x(t),x(t),z(t),u(t))=0

X(tf)—X(O) =0
C(x(0) =0

Consistency: for any u,

if C(x(0))=0 then C(x(t))=0

Observe that Vu
C(x0) =0 = C(f(xo0,u)) =0

hence Vo,f VC = 0.

where ¢ : R" — R™. With a finite input
parametrization u, can be writen as
(single-shooting):

Moreover

Vi, C (f (x0,u)) = Vi, f VC € span {VC}

min ® (xo, 1) (see Proposition this morning)
u,xq
f (x0,u) — %o
.t = J =0
B { C (x0)
using the integration function on [0, t]:

x (t¢) = f (%0, u)

23" of February, 2016 14 / 22
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Consistency in Periodic Optimal Control

Periodic OCP with consistency Consistency: for any u,
u(.),T(i.';,z(.) ¢(x(),u() if C(x(0))=0 then C(x(t))=0
st. F(x(t),x(t),z(t),u(t))=0 Observe that Vu
x(t) —x(0)=0 C(x0) =0 = C(f(x0,u)) =0
C(x(0))=0 hence V4, VC = 0.

where ¢ : R" — R™. With a finite input Moreover

parametrization u, can be writen as o
(single-shooting): Vi, C (f (x0,u)) = Vi, f VC € span {VC}
min ® (xo, 1) (see Proposition this morning) i.e.
u,xq

{ f (x0,u) — %o ] Vif VC = VOM
st. g= =0

C (x0) for some M € R™*"™.

using the integration function on [0, t]:

X(tf) = f(Xo,u)
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Consistency in Periodic Optimal Control

Periodic OCP with consistency Consistency: for any u,
u(.),T(i.';,z(.) ¢(x(),u() if C(x(0))=0 then C(x(t))=0
st. F(x(t),x(t),z(t),u(t))=0 Observe that Vu
x(t) —x(0)=0 C(x0) =0 = C(f(x0,u)) =0
C(x(0))=0 hence V4, VC = 0.

where ¢ : R" — R™. With a finite input Moreover

parametrization u, can be writen as

(single-shooting): Vi, C (f (x0,u)) = Vi, f VC € span {VC}
min ® (xo,u) (see Proposition this morning) i.e.

u,xq ’

£ (o0, 1) — o Vo f VC = VCM
s.t. g:{ C (x0) ]:0

using the integration function on [0, t]: Vi f—1 VC vc | 0
Vauf 0 I—M |

=Vg

for some M € R™*™. Then

X(tf) = f(Xo,u)
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Consequence for Periodic OCPs with index-reduced DAEs
Index-1 DAE

ERIGRE

. is built to impose ¢ = 0 at all time.

4
3
Q2
1
0
0 5 10
t
0.5
0 0
-0.5
0 5 10
t
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Consequence for Periodic OCPs with index-reduced DAEs
Index-1 DAE

ERIGRE

. is built to impose ¢ = 0 at all time. The state is:

p
with invariant Z(x)=p'p (=¢) 4
3
02
1
0
0 5 10
t
05
0 0
05
0 5 10
t
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Consequence for Periodic OCPs with index-reduced DAEs
Index-1 DAE

ERIGRE

. is built to impose ¢ = 0 at all time. The state is:

Ny
X = { b ] T~
P
with invariant Z(x)=p'p (=¢) 4
Periodic OCP: o
. 1
min ¢ (x(.),u(.)) o
ml p}[]’j} {u—mgeg} 0 5 10
.t. = T .
° [ p' 0]z -p'p . f
x(tr) —x(0)=0
w0
05
o 5 10

t
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Consequence for Periodic OCPs with index-reduced DAEs
Index-1 DAE

ERIGRE

. is built to impose ¢ = 0 at all time. The state is:

x = { b ] T
P
with invariant Z(x)=p'p (=¢) 4
Periodic OCP: o
min ¢ (x(.),u(.) :
Sl P SR A AL
x(tr) — x(0) = 0 '
_ | e(x0) | _ 0 0
C= { & () ] =0
~o i 10
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Consequence for Periodic OCPs with index-reduced DAEs
Index-1 DAE

ERIGRE

. is built to impose ¢ = 0 at all time. The state is:

x = { p ] T
P
with invariant Z(x)=p'p (=¢) 4
. . 3
Periodic OCP: o2
. 1
min ¢ (x(.),u(.)) .
ml p Pl _[ u—mges 0 5 10
ST Iy f
0.5
x(tr) —x(0)=0
C = c (XO) =0 ‘0 0
¢ (xo)
This Periodic OCP will have an LICQ deficiency !! 035 5 10
t
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Consistency of index-reduced DAEs in Periodic Optimal Control
Periodic OCP:
min ¢ (x(.),u(.))
st. F(x,x,2z,u) =0
x(tr) —x(0)=0

c(x0) =0, ¢(x0) =0 \_/

Proposition: if x (tr) —x(0) =0 and c(x0) =0
hold, then ¢ (x0) = 0 holds.

4
3
Q2
1
0
0 5 10
t
0.5
0 0
-0.5
0 5 10
t
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Consistency of index-reduced DAEs in Periodic Optimal Control
Periodic OCP:

min ¢ (x(.),u(.))
st. F(x,x,z,u)=0
x(tr) =x(0) =0 7
c(x0) =0, €(x0) =0 \\/
~
Proposition: if x (tr) —x(0) =0 and c(x0) =0
hold, then ¢ (x0) = 0 holds.
Proof: since ¢ = 0 is imposed by the dynamics, then :
¢ (x(t)) = &(x(0)) and °
c(x(tr)) =c(x(0)) 4+ ¢(x(0)) t; 0
0 5 10
Periodicity imposes that ¢ (x (tt)) = ¢ (x (0)), hence t
¢(x(0)) = 0 must hold. 05
0 0
035 5 10

t
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Consistency of index-reduced DAEs in Periodic Optimal Control

Periodic OCP:
min ¢ (x(.),u(.))
st. F(x,x,z,u)=0
x (&) — ()=0
c(xo0) = ¢(x0)=0

(x
Proposition: if x (tr) —x(0) =0 and c(x0) =0
hold, then ¢ (x0) = 0 holds.

Proof: since ¢ = 0 is imposed by the dynamics, then :
é(x(t)) = ¢(x(0)) and °
c(x(tr)) = c(x(0)) + ¢(x(0)) te 0

0 5

Periodicity imposes that ¢ (x (t)) = ¢ (x(0)), hence t
¢(x(0)) = 0 must hold. 05
It is not necessary to impose ¢ (xg) = 0 in a periodic o o

OCP based on index-reduced, index-3 DAEs ! J
05 5
t

S. Gros Optimal Control with DAEs, lecture 13

23" of February, 2016

10

16 / 22



Consistency of index-reduced DAEs in Periodic Optimal Control

Periodic OCP:

min ¢ (x(.),u(.))

st. F(x,x,z,u)=0
x (¢

1) = ()=0

(%0) = ¢(x0) =0
T~ _
v
Proposition: if x (tr) —x(0) =0 and c(x0) =0
hold, then ¢ (x0) = 0 holds.
Proof: since ¢ = 0 is imposed by the dynamics, then :
¢ (x(t)) = &(x(0)) and °
c(x(tr)) = c(x(0)) + ¢(x(0)) te 0
0 5 10
Periodicity imposes that ¢ (x (tt)) = ¢ (x (0)), hence t
¢(x(0)) = 0 must hold. 05
It is not necessary to impose ¢ (xg) = 0 in a periodic o o
OCP based on index-reduced, index-3 DAEs ! J
Have we solved our LICQ problem ? ) % i 10
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Consistency of index-reduced DAEs in Periodic Optimal Control
Periodic OCP: with ¢ € R™
min ¢ (x(.),u(.))
st. F(x,x,z,u)=0
x(t) —x(0) =0, c(x0)=0

~ o

-0.5
0

10

~ o
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Consistency of index-reduced DAEs in Periodic Optimal Control
Periodic OCP: with c € R"
min ¢ (%o, u)

st. g= [ f(xi’(ux)o)_x" } =0

4
3
02
1
0
0 5 10
t
0.5
o
-0.5
0 5 10
t
o <& = = z ©ac
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Consistency of index-reduced DAEs in Periodic Optimal Control
Periodic OCP: with c € R"
min ¢ (%o, u)

st. g= [ f(xi’(ux)o)_xo } =0

Note that: ¢ (f (x0,u)) = c(x0) + €(xo0) - t¢
N——"

=0
4
3
2
1
0
0 5 10
t
0.5
Q0
-0.5
0 5 10
t
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Consistency of index-reduced DAEs in Periodic Optimal Control
Periodic OCP: with c € R"
min ¢ (%o, u)

st. g= [ f(xi’(ux)o)_x" } =0

Note that: ¢ (f (x0,u)) = c(x0) + €(x0) - tr hence at

— ¥ B
=0
the solution:
VifVe=Veé -t and VufVe=0 ;
Q2
1
0
’ 5 10
t
0.5
o o
o ° 10
t
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Consistency of index-reduced DAEs in Periodic Optimal Control
Periodic OCP: with c € R"
min ¢ (%o, u)

st. g= [ f(xi’(ux)o)_xo } =0

Note that: ¢ (f (x0,u)) = c(x0) + €(x0) - tr hence at

=0
the solution:
VxfVe=Ve- -ty and VufVe=0 ‘3'
Then Ui
=Vg .
Vxf —1 Ve Ve | [ t&Ve+Ve(M—1) 0 H 10
Vauf 0 M | 0 05
N——
null-space?
w0
05 5 10
t
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Consistency of index-reduced DAEs in Periodic Optimal Control
Periodic OCP: with c € R"
min ¢ (%o, u)

st. g= [ f(x‘;’(ux)o)_x() } =0

Note that: ¢ (f (x0,u)) = c(x0) + €(x0) - tr hence at

=0
the solution:
VxfVe=Ve- -ty and VufVe=0 :
Then Ui
=Vg .
Vef —1 Ve Vel [ &Ve+Ve(M—1) 0 H 0
Vauf 0 M | 0 05
N——
null-space?
0 0
LICQ problem if V¢ € span {Ve}. This does not happen
in index-reduced DAEs from Lagrange mechanics !! 055 - -
(cannot say much in general though) t
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Outline

@ Rotations in Periodic Optimal Control

=] & = E E DAl
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Representing Orientations (more on that tomorrow !!)

What'’s a rotation ?
Orientations are represented via rotations...

@ Let E be a fixed (e.g. inertial)

reference frame
e
@ Let e be a reference frame attached to 3 E3
the object
€9
€1
E
B,
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Representing Orientations (more on that tomorrow !!)

What'’s a rotation ?
Orientations are represented via rotations...
@ Let E be a fixed (e.g. inertial)
reference frame
@ Let e be a reference frame attached to
the object

@ Let T = (7, p) be the transformation €
(translation + rotation) that brings E
to e B

S. Gros Optimal Control with DAEs, lecture 13 23rd of February, 2016 19 / 22




Representing Orientations (more on that tomorrow !!)

What'’s a rotation ?
Orientations are represented via rotations...
@ Let E be a fixed (e.g. inertial)
reference frame
@ Let e be a reference frame attached to
the object

@ Let T = (7, p) be the transformation €
(translation + rotation) that brings E
to e B

2
@ The orientation of the object is \/
represented by p
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Direct Cosine Matrix (DCM)

Representation of the orientation as:
R:[e1 e 93]6R3X3 €3 Fu
where ei1, ez, ez are the vectors of frame e
given frame E. The orientation is then €2 o
represented by the 9 numbers making R. El
Ey
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Direct Cosine Matrix (DCM)

Representation of the orientation as:
R:{el e e3 ]ER3X3

where e, e2, e3 are the vectors of frame e
given frame E. The orientation is then o
represented by the 9 numbers making R. El

Orthonormality must hold, i.e.:
RTR—1=0 \/
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Direct Cosine Matrix (DCM)

Representation of the orientation as:
R = [ e e e3 ] c R3X3 €3 E3
where e, e2, e3 are the vectors of frame e
given frame E. The orientation is then €2 o
represented by the 9 numbers making R. El
Ey

Orthonormality must hold, i.e.:
RTR—1=0 \\\’,ﬂf,ﬂ~/~f~—‘

The time evolution of R is given by:

R = RQ

where Q is a skew symmetric (Q' = —Q) matrix.
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Direct Cosine Matrix (DCM)

Representation of the orientation as:
R = [ e e e3 ] c R3X3 €3 E3
where e, e2, e3 are the vectors of frame e
given frame E. The orientation is then €2 .
represented by the 9 numbers making R. El
Ey

Orthonormality must hold, i.e.:
RTR—1=0 \\\_,ﬂﬁ.—~)~f~—‘

The time evolution of R is given by:

R = RQ

where Q is a skew symmetric (Q' = —Q) matrix.

The dynamics of R preserve orthonormality, i.e.:

i(RTR—I):RTR+RTR:—QRTR+RTRQ:O

fRTR—1=0.
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Direct Cosine Matrix (DCM)

Representation of the orientation as:
R = [ e e e3 ] c R3X3 €3 E3
where e, e2, e3 are the vectors of frame e
given frame E. The orientation is then €2 .
represented by the 9 numbers making R. El
Ey

Orthonormality must hold, i.e.:
RTR—1=0 \/

The time evolution of R is given by:

R = RQ

where Q is a skew symmetric (Q' = —Q) matrix.

The dynamics of R preserve orthonormality, i.e.:

% (RTR— /) —RTR+RTR=—-QR'R+R"RQ =0

if RTR—1 = 0. Hence, imposing R(0) " R(0) — I = 0 yields R(t)" R(t)—/ =0 for all t
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Direct Cosine Matrix (DCM)

Representation of the orientation as:
R = [ e e e3 ] c R3X3 €3 E3
where e, e2, e3 are the vectors of frame e
given frame E. The orientation is then €2 .
represented by the 9 numbers making R. El
Ey

Orthonormality must hold, i.e.:
RTR—1=0 \/

The time evolution of R is given by:

R=RQ R = RQ is an example of ODE with
consistency conditions !!

where Q is a skew symmetric (Q' = —Q) matrix.

The dynamics of R preserve orthonormality, i.e.:

% (RTR— /) —RTR+RTR=—-QR'R+R"RQ =0

if RTR—1 = 0. Hence, imposing R(0) " R(0) — I = 0 yields R(t)" R(t)—/ =0 for all t
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DCM in periodic optimal control
Periodic OCP with rotations
min ¢ (x(.),u(.))
st. F(%,x,2,u,R)=0
R =RQ (x,2z,u, R)
x(t) —x(0)=0 R(t)— R(0)=0

Periodicity of x Periodicity of R
T
c(x0) =0 R(0)T R(0)—1=0
———
Consistency of DAE Orthonormality of R
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DCM in periodic optimal control
Periodic OCP with rotations
min ¢ (x(.),u(.))
st. F(%,x,2,u,R)=0
R =RQ (x,2z,u, R)
x(t) —x(0)=0 R(t)— R(0)=0

Periodicity of x Periodicity of R
T
c(x0) =0 R(0)TR(O)—1=0
———
Consistency of DAE Orthonormality of R

Problem: periodicity & orthonormality constraints
R(0)'R(0)—1=0,  R(ts)—R(0)=0
+ dynamics preserving orthonormality yield LICQ deficiency
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DCM in periodic optimal control
Periodic OCP with rotations
min ¢ (x(.),u(.))
st. F(x,x,z,u,R) =0
R = RQ(x,z,u,R)
x(t) —x(0)=0 R(t)—R(0)=0

Periodicity of x Periodicity of R
T
c(x0)=0 R(0) R(O)—1=0
N ——
Consistency of DAE Orthonormality of R

Problem: periodicity & orthonormality constraints
R(0)"R(0) — 1 =0, R(t:) — R(0) =0
+ dynamics preserving orthonormality yield LICQ deficiency

@ SO(3) has 3 dimensions, R(0) € R**® has 9 dimensions
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DCM in periodic optimal control
Periodic OCP with rotations
min ¢ (x(.),u(.))
st. F(x,x,z,u,R) =0
R = RQ(x,z,u,R)
x(t) —x(0)=0 R(t)—R(0)=0

Periodicity of x Periodicity of R
T
c(x0)=0 R(0) R(O)—1=0
N ——
Consistency of DAE Orthonormality of R

Problem: periodicity & orthonormality constraints
R(0)"R(0) — 1 =0, R(t:) — R(0) =0
+ dynamics preserving orthonormality yield LICQ deficiency

@ SO(3) has 3 dimensions, R(0) € R**® has 9 dimensions
@ Orthonormality condition R(0)" R(0) — / = 0 must block 9 — 3 = 6 dimensions
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DCM in periodic optimal control
Periodic OCP with rotations
min ¢ (x(.),u(.))
st. F(x,x,z,u,R) =0
R = RQ(x,z,u,R)
x(t)—x(0)=0 R(t)—R(0)=0

Periodicity of x Periodicity of R
T
c(x0) =0 R(0)T R(0)—1=0
N ——
Consistency of DAE Orthonormality of R

Problem: periodicity & orthonormality constraints
R(0)"R(0) — 1 =0, R(t:) — R(0) =0
+ dynamics preserving orthonormality yield LICQ deficiency
@ SO(3) has 3 dimensions, R(0) € R**® has 9 dimensions

@ Orthonormality condition R(0)" R(0) — / = 0 must block 9 — 3 = 6 dimensions
@ Periodicity condition R(t;) — R(0) = 0 must block 3 dimensions
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DCM in periodic optimal control
Periodic OCP with rotations
min ¢ (x(.),u(.))
st. F(x,x,z,u,R) =0
R = RQ(x,z,u,R)
x(t)—x(0)=0 R(t)—R(0)=0

Periodicity of x Periodicity of R
T
c(x0) =0 R(0)" R(0)— /=0
N ——
Consistency of DAE Orthonormality of R

Problem: periodicity & orthonormality constraints
R(0)"R(0) — 1 =0, R(t:) — R(0) =0
+ dynamics preserving orthonormality yield LICQ deficiency

@ SO(3) has 3 dimensions, R(0) € R**® has 9 dimensions
@ Orthonormality condition R(0)" R(0) — / = 0 must block 9 — 3 = 6 dimensions
@ Periodicity condition R(t;) — R(0) = 0 must block 3 dimensions

We need to pick 3 + 6 = 9 constraints among Orthonormality & Periodicity
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DCM in periodic optimal control
Periodic OCP with rotations
min ¢ (x(.),u(.))
st. F(x,x,z,u,R) =0
R = RQ(x,z,u,R)
x(t) —x(0)=0 R(t)—R(0)=0

Periodicity of x Periodicity of R
T
c(x0)=0 R(0) R(O)—1=0
N ——
Consistency of DAE Orthonormality of R

Problem: periodicity & orthonormality constraints
R(0)"R(0) — 1 =0, R(t:) — R(0) =0
+ dynamics preserving orthonormality yield LICQ deficiency

How to pick the 9 constraints to eliminate ?

There is no good answer: regardless of your choice, there will be solutions for which
LICQ fails for the rotations. This is related to the "simple elimination” slide !!
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Handling rotations in periodic optimal control
Trick inspired from the projection method: (Ry = R(0), Ry = R(t))

Ry Ro— 1 =0, Ry— Ry =0

Rewrite as:
Ry Ro—1=0, Ry Rv—1=0

Then select 9 constraints...
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Handling rotations in periodic optimal control

Trick inspired from the projection method: (R, = R(0),
Ry Ro—1

Ry Ry—1

Rn = R(t))
—N—
N N R
HE BN

Then select 9 constraints...

o & = E 2L NGe
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Handling rotations in periodic optimal control
Trick inspired from the projection method: (Ry = R(0), Ry = R(t))

Ry Ro—1 Ry Ry—1

Then select 9 constraints...

Proposition: select the periodicity constraints such that - spans so(3) and

the _ constraints such that they do not "collide” with (total of 8
equally valid choices !!)
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Handling rotations in periodic optimal control
Trick inspired from the projection method: (Ry = R(0), Ry = R(t))

Ry Ro—1 Ry Ry—1
—N—
H =0, =0
Proposition: select the periodicity constraints such that - spans so(3) and

the _ constraints such that they do not "collide” with (total of 8
equally valid choices !!)
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Handling rotations in periodic optimal control

Trick inspired from the projection method: (Ro
Ry Ro—1

= R(0),

Ry Ry—1
—N—
H B =0,
HEN

Rn = R(t))

Proposition: select the periodicity constraints such that
equally valid choices !!)

— 7 spans so(3) and
_ constraints such that they do not "collide” with (total of 8
MiE)E
I o o
o M-
o

. I } ’
o & = E E DaAe
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Handling rotations in periodic optimal control
Trick inspired from the projection method: (Ry = R(0), Ry = R(t;))

Ry Ro—1 Ry Ry—1
—_— —N—
= 0’ =0
Proposition: select the periodicity constraints such that - spans so(3) and

the |orthogonality constraints such that they do not "collide” with (total of 8
equally valid choices !!)

Intuition:
® "blocks” the directions orthogonal to the SO(3) manifold
® "blocks” the directions tangent to the SO(3) manifold

Proof: requires operating on the vector space R®*3, with associated scalar products and
differential forms... it is elaborate...
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