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Objectives of the Lecture

@ Basics of the Pontryagin Maximum Principle (PMP)

@ Numerical difficulties of PMP & how to tackle them

@ Some properties of PMP

@ Singular OCPs & their impact on Direct Optimal Control
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Outline

@ Introduction to the Pontryagin Maximum Principle (PMP)
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Pontryagin Maximum Principle

Simple continuous problem:

min ox(t)+ [ LGx(0) u (D)

to
st. x=F(x,u),

X (to) = Xpo
Define the Hamiltonian function

H(x,A\,u) = L(x,u) + AT F (x,u)
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Pontryagin Maximum Principle

Simple continuous problem:

min ox(t)+ [ LGx(0) u (D)

to

st. x=F(x,u),

X (to) = Xpo
Define the Hamiltonian function

H(x,A\,u) = L(x,u) + AT F (x,u)

Get the optimal control solution from u = arg miny H (x, A, u) with:
States: x = F (x,u), x(to) = xo

Costates: A= —VxH(x,A\u), A(t) = Vo (x(t))

Labelled a Two Points Boundary Value Problem (TPBVP) J
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Overview

Continuous Equations

Discrete Equations

Local

Global | Hamilton-Jacobi-Bellman (HJB)

Pontryagin (PMP)

Dynamic Programming (DP)
Direct Optimal Control (DOC)

Continuous problem:

min o(x(@)+ [ Lix() u(e)de

to

st. x=F(x,u)

X(to) = Xo

)
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Overview

Continuous Equations Discrete Equations

Global | Hamilton-Jacobi-Bellman (HJB) | Dynamic Programming (DP)

Local Pontryagin (PMP) Direct Optimal Control (DOC)

Continuous problem:

min o(x(@)+ [ Lix() u(e)de

to
st. x=F(x,u),

X (to) = Xo
PMP: define the Hamiltonian function
H(x,Au) = L(x,u) + A" F(x,u)

Get the optimal input u(x,A) = arg miny H (x, A, u)
Use it in the state-costate integration:
States: %X =F(x,u), x(to) = %o

Costates : A = —VxH(x,A\u), A(tr)= Vxo(x(tr))
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Overview

Continuous Equations

Discrete Equations

Local

Global | Hamilton-Jacobi-Bellman (HJB)

Pontryagin (PMP)

Dynamic Programming (DP)
Direct Optimal Control (DOC)

Continuous problem:

min o(x(@)+ [ Lix() u(e)de

to

st. x=F(x,u)

X(to) = Xo

)

PMP: define the Hamiltonian function

@ PMP equations provide an

" 00" -dimensional input profile u (.)

@ State constraints hard to handle

H(x,Au) = L(x,u) + A" F(x,u)

Get the optimal input u(x,A) = arg miny H (x, A, u)
Use it in the state-costate integration:
States: %X =F(x,u),

Costates : A = —VxH(x,A\u), A(tr)= Vxo(x(tr))

X(to) = Xo
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min o(x(@)+ [ Lix() u(e)de

to

st. x=F(x,u)

X(to) = Xo

)

D.0.C. describes the solution as a finite set
of variables w transform the problem into a

discrete one

Solve the resulting Nonlinear Program

(NLP):

m“i]n d (w)
st. g(w)=0,
h(w) <0
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Overview

Continuous Equations

Discrete Equations

Global | Hamilton-Jacobi-Bellman (HJB)
Local Pontryagin (PMP)

Dynamic Programming (DP)
Direct Optimal Control (DOC)

Continuous problem:
te
min o(x() + [ Lix(0),u(@)de
u to
st. x=F(x,u),

@ Input profile restricted to a
finite-dimensional space (e.g.
piecewise-constant)

@ Easy to treat all types of constraints

X(to) = Xo

D.0.C. describes the solution as a finite set
of variables w transform the problem into a
discrete one

Solve the resulting Nonlinear Program
(NLP):

m“i]n d (w)
st. g(w)=0,
h(w) <0
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Overview

Continuous Equations Discrete Equations
Global | Hamilton-Jacobi-Bellman (HJB) | Dynamic Programming (DP)
Local Pontryagin (PMP) Direct Optimal Control (DOC)

The big distinction in Optimal Control...

" First optimise then discretize” (HJB & PMP)

@ First write the continuous equations describing the solution to the problem

@ ... then discretize the equations & solve

Note: the PMP "family” is referred to as Indirect optimal control here
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Overview

Continuous Equations Discrete Equations
Global | Hamilton-Jacobi-Bellman (HJB) | Dynamic Programming (DP)
Local Pontryagin (PMP) Direct Optimal Control (DOC)

The big distinction in Optimal Control...

" First optimise then discretize” (HJB & PMP)

@ First write the continuous equations describing the solution to the problem
@ ... then discretize the equations & solve
Note: the PMP "family” is referred to as Indirect optimal control here
vs.
" First discretize then optimise ” (DP & DOC)
@ First discretize the continuous OCP into a discrete one...

@ ... then write the discrete equations describing the solution & solve
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Pontryagin Maximum Principle
Simple continuous problem:

min ox(t))+ [ LGx(0) u (D)

to
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Pontryagin Maximum Principle
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Pontryagin Maximum Principle
Simple continuous problem:

min ox(t))+ [ LGx(0) u (D)

to

st. x=F(x,u),

X (to) = Xpo
Define the Hamiltonian function

H(x,Au) = L(x,u) + A" F (x,u)

0 05 1 15 2
t
Get the optimal control solution from u = arg miny H (x, A, u) with:

States: x = F(x,u), x(to) = %o

Costates: A= —VxH(x,Au), A(t) = Vo (x(t))

Two Points Boundary Value Problem
@ |Integrate forward ? We have x(to) = xo, but we don't have A(to)...

@ Integrate forward-backward ? Integrate state forward from x(ty) = xo then
backward from A(t;) = Vx¢ (x (t¢))... but we don’t know u...
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Pontryagin Maximum Principle
Simple continuous problem:

min ox(t))+ [ LGx(0) u (D)

to

st. x=F(x,u),

X (to) = Xpo
Define the Hamiltonian function

H(x,A,u) = L(x,u) + AT F (x,u)

0 05 1 15 2
t
Get the optimal control solution from u = arg miny H (x, A, u) with:

States: % =F(x,u), x(to) = %o
Costates: A= —VxH(x,Au), A(t) = Vo (x(t))

Two Points Boundary Value Problem

Note that the entire solution is " described by” A(to)
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Solving the PMP equations / TPBVP

Input: Initial conditions xg, guess Ag
while ||r|| > tol do

Integrate with u = arg miny H (x, A, u):
x =F(x,u), x(ty) = xo
A= —VxH(x,Au), A(t)=Xo

TPBVP

x (t)
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Solving the PMP equations / TPBVP

Input: Initial conditions xg, guess Ag
while ||r|| > tol do

Integrate with u = arg miny H (x, A, u):

x =F (x,u), x(to) = %o
A= —VxH(x,Au), A(t)=Xo
TPBVP
Compute: or
= X(t) — Vx t d —
P= () - Vxo (x(1) and T
- k1
=
t
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Solving the PMP equations / TPBVP

Input: Initial conditions xg, guess Ag
while ||r|| > tol do

Integrate with u = arg miny H (x, A, u):

x =F(x,u), x(ty) = xo
A= —VxH(x,Au), A(t)=Xo
TPBVP
Compute: or
r=X(tf) — Vx¢(x(tf)) and —
L 0o
Newton step: Ag < Ao — 86—;0_ r =
B x
=
t
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Solving the PMP equations / TPBVP

E le:
Input: Initial conditions xg, guess Ag xample
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg
% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1
A= —VxH(x,Au), A(t)=Xo
TPBVP
Compute: or
r=X(tf) — Vx¢(x(tf)) and —
. Ao
| Newton step: Ag < Ao — 86—/\‘”0 r g
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Solving the PMP equations / TPBVP

Input: Initial conditions xg, guess Ag

while ||r|| > tol do

Integrate with u = arg miny H (x, A, u):

x(to) = %o
)\(to) = X0

x =F(x,u),

A= —VxH(x,Au),

Compute:
r= )\(ff) — Vx¢ (x(tf))

or —1
2N

or
d =
an Dy

Newton step: Ag < Ag — r

1
H(x,u,\) = > (x® + t®) + X (u —sin (x))
is minimised by u = —A. Dynamics read as:

x = —A—sin(x)

A = Acos (x) — x

Find Ao to enforce A\f = A(4) =0 !!

S. Gros Optimal Control with DAEs, lecture 9

Example:
min 1 * (x® + u?) dt
x,u 2 0

x=u-—sin(x), x(0)=1

TPBVP

x (t)
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jo
x =F (x,u), x(tp) = %o X=u=sin(x), x(0)=1
A= —VxH(x,Au), A(t)=Xo
. Guess Ay = 0.36 / Current Ao = 0.36
Compute: or 10+
r=A(t) — Vx¢ (x(tr)) and =
0 X 5
. _ or 1
B Newton step: Ag < Ao g T . ‘ |
0 1 2 3 4
5
1 = 1335
H G uX) = 5 (2 62) + A (u = sin (x) :mﬂ@
-5 L L |
is minimised by u = —A. Dynamics read as: 59 1 2 3 4
x = —A—sin(x) 3 0//
A = Acos (x) — x - w i ; ‘
(*) 5O 1 2 3 4
t

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jo
x =F (x,u), x(tp) = %o X=u=sin(x), x(0)=1
A= —VxH(x,Au), Ato)=Xo
Compute, Guess Ao = 0.36 / Current Ay = 0.45579
) Or 1
r=XA(t) - Vx¢(x(tf)) and — =
or —1 9% Xos
. _ Or
B Newton step: Ag < Ao g T ‘ | ‘ |
1 2 3 4
1 = =-1.
H(x,u,)\):§(x2+u2)+)\(u—sin(x)) ;0?\%«
% 1 2 3 4
is minimised by v = —\. Dynamics read as: .
)'(:—)\—sin(x) :0//
A = Acos(x) — x 2 1 5 3 4
t
Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jo
x =F (x,u), x(tp) = %o X=u=sin(x), x(0)=1
A= —VxH(x,Au), Ato)=Xo
Compute: or L Guess A\g = 0.36 / Current Ao = 0.46888
r=XA(t) ~ Vx¢(x(t)) and —— =
1 6>‘0 X O
Newton step: Ag < Ao — % r
T 1 2 3 4
1,
1 = — 0.5919
H(x,u,\) = > (x® + t®) + X (u —sin (x)) < 0% Af).=0.59128
0 ‘ ‘ ‘
0 1 2 3 4
is minimised by u = —A. Dynamics read as: o
A = Acos (x) — x 5 1 3 2

~ N

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
. 1 4
while ||r|| > tol .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A= —VxH(x,Au), A(t)=Xo

Compute: or L Guess Ao = 0.36 / Current g = 0.46597
r=A(t) — Vxo(x(tf)) and —— =
9o X 0.5}

~1
Newton step: Ag < Ao — % r

OO 1 2 3 4

0.&\ A(4) =-0.0099757
t —o

1 =
H(x,u,)\):§(x2+u2)+)\(u—sin(x)) =~ 0

05 ‘ ; ; j
. L . 0 1 2 3 4
is minimised by u = —\. Dynamics read as: 0.5-
el
% =—X\—sin(x) =0
A= Acos(x) — x 0.5 1 2 3 2
t

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
hil 1 . 1 4
while ||r|| > to .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A= —VxH(x,Au), A(t)=Xo

Compute, Guess Ag = 0.36 / Current Ao = 0.46602
) or 1
r=A(t) — Vxo(x(tf)) and —— =
1 9o 0.5
Newton step: Ag < Ao — % r
L 0 .
0 1 2 3 4
0.

A(4) = 4.6385e-07
1 =
H(x,u,)\):§(x2+u2)+)\(u—sin(x)) =

0 - ©
. L . 0 1 2 3 4
is minimised by u = —A. Dynamics read as: 0
el
. A — sin (x) 5-02
x = —X—sin(x
) 0.4
A = Acos(x) — x 0 1 P 3 2
t

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
hil 1 . 1 4
while ||r|| > to .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A= —VxH(x,Au), A(t)=Xo

Compute. Guess A\g = 0.41 / Current A\g = 0.41

or 4r
r=A(t) — Vxo(x(t)) and W =
_ 0 X oL
Newton step: Ag < Ao — % L 2¥/
% 1 2 3 4
1 —
H 6 uA) = 5 (3 + 0%) + A (u = sin (x) gmﬂ%_e
5 . . : i
is minimised by u = —A. Dynamics read as: 59 1 2 3 4
%= =X —sin(x) o
A = Acos (x) — x 5 ‘ ‘ ‘ ;
0 1 2 3 4
t

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
hil 1 . 1 4
while ||r|| > to .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u—sin(x), x(0)=1
A= —VxH(x,Au), A(t)=Xo

Guess A\g = 0.41 / Current Ay = 1.6486

Compute:
or 50r
r=A(t) — Vxo(x(t)) and W =
_ 0 X 0
Newton step: Ag < Ao — % e
-500 1
407

H(x,u,\) = % (x® + t®) + X (u —sin (x)) 2207

is minimised by u = —A. Dynamics read as:

x = —A—sin(x)

A = Acos (x) — x

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
hil 1 . 1 4
while ||r|| > to .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A= —VxH(x,Au), A(t)=Xo

Compute: Guess A\g = 0.41 / Current A\g = 0.94265
P or 20r

r=A(t) — Vx¢ (x(tr)) and o

or —1 or
Newton step: Ag < Ag — oa T
_ -20 ‘ ‘ ‘

0 1 2 3 4

x(t)

1 A(4) = 17.1841
H(x,u,A\) = 5 (X2+u2) + A (u—sin(x)) <10

is minimised by u = —A. Dynamics read as: 0=
x = —A—sin(x) 3'10\—\
A = Acos(x) — x -20; 1 2 3 4
t

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
hil 1 . 1 4
while ||r|| > to .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A= —VxH(x,Au), A(t)=Xo

Guess A\g = 0.41 / Current Ag = 0.57211

Compute:

P D)~ Vs (x (1) and x =

| Newton step: Ao <~ Ao — 86—/\’0_11' o
% 1 2 3 4

101
H(x,u,A\) = % (X2+u2) + A (u—sin(x)) § 5r X(4) =5.0793 P
0 1 2 3 4

is minimised by u = —A. Dynamics read as: 0-
g .5——\

x = —A—sin(x)

A= Acos(x) — x -10, I

N
w
EN

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
hil 1 . 1 4
while ||r|| > to .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A= —VxH(x,Au), A(t)=Xo

Compute. Guess Ag = 0.41 / Current A\g = 0.49677
) or 5r
r=A(t) — Vxo(x(t)) and W =
_ 0 x oF
Newton step: Ag < Ao — % e
A 1 2 3 4
4,
1 ] = A(4) = 3.186
H(x,u,A\) = 5 (X2+u2) + A (u—sin(x)) 2
;\ L L Il
is minimised by u = —A. Dynamics read as: Oq 1 2 3 4
x ==X —sin(x) ?2’#~_—_——_‘\\\\\\\\\‘
A = Acos (x) — x 4 ‘ ‘ ‘ ‘
0 1 2 3 4
t

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
hil 1 . 1 4
while ||r|| > to .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A= —VxH(x,Au), A(t)=Xo

Guess A\g = 0.41 / Current Ao = 0.043399

Compute:
or 20r
r=A(t) — Vxo(x(tf)) and —— =
1 9o x 10
Newton step: Ag < Ao — % r
00 1 2 3 4
201
1 = .
H(x,u,A\) = 5 (X2+u2) + A (u—sin(x)) =~ O Al4) = -13.6672
-20 :
is minimised by u = —A. Dynamics read as: 209 ! 2 3 4
%= —X—sin(x) Y
A = Acos(x) — x -20; 1 2 3 4
t

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
. 1 4
while ||r|| > tol .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A= _va(x7 }\,ll), A(to)ZAO
Guess A\g = 0.41 / Current Ag = 0.38536

Compute: or
r=A(t) — Vxo(x(t)) and

L M %
Newton step: Ag < Ao — % r
- G i i ]

0 1 2 3 4
1 —
H 6 uA) = 5 (3 + 0%) + A (u = sin (x) gdsﬂo
5 . . : i
is minimised by u = —A. Dynamics read as: 59 1 2 3 4
% = —X—sin(x) S
A = Acos (x) — x 5 ‘ ‘ ‘ ;
0 1 2 3 4

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
hil 1 . 1 4
while ||r|| > to .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A=-—VxH(x,Au), At) =X

Compute. Guess A\g = 0.41 / Current Ag = 0.53059
) or 5r
r=MX(tf) — Vx¢(x(t)) and W =
_ 0 x oF
Newton step: Ag « Ag — % L \
0 1 2 3 4
Ar
1.5 5 . = M) =
H(x,u,)\)zi(x + %) + A (u —sin(x)) 2
is minimised by u = —\. Dynamics read as: Oq 1 2 3 4
% =—X—sin(x) ?2’—~__——‘\\\\\\\\\—_‘
A = Acos (x) — x 4 ‘ ‘ ‘ ‘
0 1 2 3 4
t

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
hil 1 . 1 4
while ||r|| > to .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A= —VxH(x,Au), A(t)=Xo

Guess A\g = 0.41 / Current A\g = 0.33057

Compute:
r :pA(rf) — Vad(x(t)) and a% §1°'
| Newton step: Ao <~ Ao — 867/\’0_11- 5T
% 1 2 3 4
101
H(Xvuv)\):%(X2+u2)+)\(u—sin(x)) § G)—wo
is minimised by u = —\. Dynamics read as: 120 1 2 3 4

x = —A—sin(x)

A= Acos(x) — x -10, I

N
w
EN

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

Example:

Input: Initial conditions xg, guess Ag

hil 1 . 1/
while ||r|| > to .do . min _/‘ (X2 4 u2) it
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A= —VxH(x,Au), A(t)=Xo

Guess A\g = 0.41 / Current Ag = 0.43026

Compute:
or 4r
r=XA(t) — Vx¢ (x(t)) and =
_ 0 X oL
Newton step: Ag < Ag — % 1r 2\'—_‘_/
% 1 2 3 4
1 —
Hiouwd) =5 (34 i) +A(u—sin())  Zo AL
5 . : . y
is minimised by u = —\. Dynamics read as: 5 1 2 8 4
%= —A—sin(x) 3o
A= Acos(x) — x 5 :
0 1 2 3 4
t

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
. 1 4
while ||r|| > tol .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg

% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1

A= —VxH(x,Au), A(t)=Xo

Compute. Guess A\g = 0.41 / Current A\g = 12.0448
: or  _ 500r
r=A(t) — Vx¢(x(t)) and — =
. Ao x 0
Newton step: Ag < Ao — % r
500 1 2 3 4
4007

1
H(x,u,\) = > (x® + t®) + X (u —sin (x)) =200

is minimised by v = —\. Dynamics read as: . Of
S 00
K= A—sin(x) zw__—__—___‘§‘\\\\\\\
A = Acos (x) — x -400, 1 2 3 4
t

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

— — Example:
Input: Initial conditions xg, guess Ag
. 1 4
while ||r|| > tol .do . min _/ (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 /g
% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1
A= —VxH(x,Au), A(t)=Xo
Compute: or
r=A(t) — Vxo(x(tf)) and ——
or —1 9o What is going on ?!?
Newton step: Ag + Ag — 8—/\’0 r
Let’s try to understand the relationship

Ao — )\(t)

H(x,u,A\) = % (X2+ u2) + A (u—sin(x))

is minimised by u = —A. Dynamics read as:

x = —A—sin(x)

A = Acos (x) — x

Find Ao to enforce A\f = A(4) =0 !!
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Solving the PMP equations / TPBVP

E le:
Input: Initial conditions xg, guess Ag xample
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg
% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1
A= —VxH(x,Au), A(to) =Xo
Compute: or 10: t=04
r=X(tf) — Vx¢(x(tf)) and —
L Ao
Newton step: Ag < Ao — 86—/\‘"0_ r 5l
1 S0
H(x,u,\) = > (x® + t®) + X (u —sin (x))
5|
is minimised by u = —A. Dynamics read as:
X = —\ —si -10 ; ‘ ;
X =—hmsin(x) 0.2 0.4 0.6 0.8
Ao

A= Acos(x) — x

Find Ao to enforce A\f = A\(4) =0 !!
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Solving the PMP equations / TPBVP

E le:
Input: Initial conditions xg, guess Ag xample
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg
% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1
A=-—VxH(x,Au), At) =X
Compute: or 10: t=08
r=X(tf) — Vx¢(x(tf)) and —
L Ao
Newton step: Ag < Ao — 86—/\‘"0_ r 5l
H(x,u,\) = > (x® + t®) + X (u —sin (x))
5|
is minimised by u = —A. Dynamics read as:
X = —\ —si -10 ; ; ;
X=—A=sin() 0.2 0.4 0.6 0.8
Ao

A= Acos(x) — x

Find Ao to enforce A\f = A\(4) =0 !!
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Solving the PMP equations / TPBVP

E le:
Input: Initial conditions xg, guess Ag xample
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg
% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1
A=-—VxH(x,Au), At) =X
Compute: or 10: t=12
r=X(tf) — Vx¢(x(tf)) and —
L Ao
Newton step: Ag < Ao — 86—/\‘"0_ r 5l
1 § 0 ,//
H(x,u,\) = > (x® + t®) + X (u —sin (x))
5|
is minimised by u = —A. Dynamics read as:
X = —\ —si -10 ; ; ;
X=—A=sin() 0.2 0.4 0.6 0.8
Ao

A= Acos(x) — x

Find Ao to enforce A\f = A\(4) =0 !!
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Solving the PMP equations / TPBVP

E le:
Input: Initial conditions xg, guess Ag xample
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg
% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1
A=-—VxH(x,Au), At) =X
Compute: or 10: t=16
r=X(tf) — Vx¢(x(tf)) and —
L Ao
Newton step: Ag < Ao — 86—/\‘"0_ r 5l
1 g’ 0 /
H(x,u,\) = > (x® + t®) + X (u —sin (x))
5|
is minimised by u = —A. Dynamics read as:
X = —\ —si -10 ; ‘ ;
X=—A=sin() 0.2 0.4 0.6 0.8
Ao

A= Acos(x) — x

Find Ao to enforce A\f = A\(4) =0 !!
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Solving the PMP equations / TPBVP

E le:
Input: Initial conditions xg, guess Ag xample
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg
% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1
A=-—VxH(x,Au), At) =X
t=2
Compute: or 10,
r=X(tf) — Vx¢(x(tf)) and —
L Ao
Newton step: Ag < Ao — 86—/\‘"0_ r 5l
1 S0
H(x,u,\) = > (x® + t®) + X (u —sin (x))
is minimised by u = —A. Dynamics read as:
X = —\—si -10 : ; ;
X =—hmsin(x) 0.2 0.4 0.6 0.8
Ao

A= Acos(x) — x

Find Ao to enforce A\f = A\(4) =0 !!
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Solving the PMP equations / TPBVP

E le:
Input: Initial conditions xg, guess Ag xample
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg
% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1
A= —VxH(x,Au), A(to) =Xo
Compute: or 10: t=24
r=X(tf) — Vx¢(x(tf)) and —
L Ao
Newton step: Ag < Ao — 86—/\‘"0_ r 5l
1 S0
H(x,u,\) = > (x® + t®) + X (u —sin (x))
5|
is minimised by u = —A. Dynamics read as:
X = —\ —si -10 ; ‘ ;
X =—hmsin(x) 0.2 0.4 0.6 0.8
Ao

A= Acos(x) — x

Find Ao to enforce A\f = A\(4) =0 !!
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Solving the PMP equations / TPBVP

E le:
Input: Initial conditions xg, guess Ag xample
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg
% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1
A=-—VxH(x,Au), At) =X
Compute: or 10: t=28
r=X(tf) — Vx¢(x(tf)) and —
L Ao
Newton step: Ag < Ao — 86—/\‘"0_ r 5l
1 S0
H(x,u,\) = > (x® + t®) + X (u —sin (x))
is minimised by u = —A. Dynamics read as:
X = —\ —si -10 ; ‘ ;
X =—hmsin(x) 0.2 0.4 0.6 0.8
Ao

A= Acos(x) — x

Find Ao to enforce A\f = A\(4) =0 !!
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Solving the PMP equations / TPBVP

E le:
Input: Initial conditions xg, guess Ag xample
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg
% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1
A=-—VxH(x,Au), At) =X
Compute: or 10: t=32
r=X(tf) — Vx¢(x(tf)) and —
L Ao
Newton step: Ag < Ao — 86—/\‘"0_ r 5l
1 S0
H(x,u,\) = > (x® + t®) + X (u —sin (x))
is minimised by u = —A. Dynamics read as:
X = —\ —si -10 ; ‘ ;
X =—hmsin(x) 0.2 0.4 0.6 0.8
Ao

A= Acos(x) — x

Find Ao to enforce A\f = A\(4) =0 !!
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Solving the PMP equations / TPBVP

E le:
Input: Initial conditions xg, guess Ag xample
while ||r|| > tol do min 1/4 (2 + ?) dt
Integrate with u = arg miny H (x, A, u): xu 2 Jg
% =F(x,u), x(to) = xo x=u-—sin(x), x(0)=1
A=-—VxH(x,Au), At) =X
Compute: or 10: t=36
r=X(tf) — Vx¢(x(tf)) and —
L Ao
Newton step: Ag < Ao — 86—/\‘"0_ r 5l
1 S0
H(x,u,\) = > (x® + t®) + X (u —sin (x))
is minimised by u = —A. Dynamics read as:
X = —\ —si -10 ; ‘ ;
X =—hmsin(x) 0.2 0.4 0.6 0.8
Ao

A= Acos(x) — x

Find Ao to enforce A\f = A\(4) =0 !!
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Solving the PMP equations / TPBVP

Input: Initial conditions xg, guess Ag

while ||r|| > tol do
Integrate with u = arg miny H (x, A, u):

x =F(x,u), x(ty) = xo
A= —VxH(x,Au), A(t)=Xo
Compute: or

r=X(tf) — Vx¢(x(tf)) and —
L 0o
Newton step: Ag <— Ag — 867/\1"0— r

H(x,u,A\) = % (X2+ u2) + A (u—sin(x))

is minimised by u = —A. Dynamics read as:

x = —A—sin(x)

A= Acos(x) — x

Find Ao to enforce A\f = A\(4) =0 !!
S. Gros Optimal Control with DAEs, lecture 9

Example:
min 1 * (x® + u?) dt
x,u 2 0

x=u—sin(x), x(0)=1

0.8

0.6

0.4
Ao
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Conservation of volumes in the x, A space

Consider a compact domain D (t) in the x(t), A(t) space, with boundary D (t). The
volume of D (t) say p (D (t)) € R is given by:

(D (1)) = / KL

and evolves with time as the integration of x (t), A (t) proceeds.
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Conservation of volumes in the x, A space

Consider a compact domain D (t) in the x(t), A(t) space, with boundary D (t). The
volume of D (t) say p (D (t)) € R is given by:

(D (1)) = / KL

and evolves with time as the integration of x (t), A(t) proceeds. Its time-derivative
reads as:

ﬁp(o(r)):/mq 5 } nop ) 42D

where is ngp the normal to the surface 0D
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Conservation of volumes in the x, A space

Consider a compact domain D (t) in the x(t), A(t) space, with boundary D (t). The
volume of D (t) say p (D (t)) € R is given by:

(D (1)) = / KL

and evolves with time as the integration of x (t), A(t) proceeds. Its time-derivative
reads as:

soom=/ ([1] >8A [oav([5])a

where is ngp the normal to the surface 9D, and div the divergence operator.
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Conservation of volumes in the x, A space

Consider a compact domain D (t) in the x (t), A (t) space, with boundary 9D (t). The
volume of D (t) say p(D (t)) € R is given by:

p0(e)= [ o

and evolves with time as the integration of x (t), A (t) proceeds. Its time-derivative
reads as:

%p(D(t)):/aD(t)<[ ’; } ,naD>daDGreen”:/\5th'/D(t)div<[ ’; Ddo

where is ngp the normal to the surface 9D, and div the divergence operator. Here it

yields:
: % Ix  OA OF 9 OH\ _
dW(M)—T(a—W—A) T(a—x‘a—ﬁ)—
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Conservation of volumes in the x, A space

Consider a compact domain D (t) in the x (t), A (t) space, with boundary 9D (t). The
volume of D (t) say p(D (t)) € R is given by:

p0(e)= [ o

and evolves with time as the integration of x (t), A (t) proceeds. Its time-derivative
reads as:

Green' sth.
d x P . x
—p(D(t :/ <[ : :|,1’13D>d8D = / d1v<[ : })dD
dt (D) aD(t) A D(t) A
where is ngp the normal to the surface 9D, and div the divergence operator. Here it
yields:
. b'q ox  OA OF 0 OH\
a ([3]) =7 (i) =7 (5 - o) =

iaH 0 (0L (x,u) 6)\TF(X, u)\ _OJF
OXOx  OA ox ox T 0x

because
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Conservation of volumes in the x, A space

Consider a compact domain D (t) in the x (t), A (t) space, with boundary 9D (t). The
volume of D (t) say p(D (t)) € R is given by:

p0(e)= [ o

and evolves with time as the integration of x (t), A (t) proceeds. Its time-derivative
reads as:

Green' sth.
d x P . x
—p(D(t :/ <[ : :|,1’13D>d8D = / d1v<[ : })dD
dt (D) aD(t) A D(t) A
where is ngp the normal to the surface 9D, and div the divergence operator. Here it
yields:
. b'q ox  OA OF 0 OH\
a ([3]) =7 (i) =7 (5 - o) =

0 9OH 0 oL (x,u) +8)\TF(x,u) _OF
OXOx ~ O ox ox T o9x

because

The volume of D (t) is constant throughout the integration of x, A !! J
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Conservation of volumes in the x, A space

Consider a compact domain D (t) in the x (t), A (t) space, with boundary 9D (t). The
volume of D (t) say p(D (t)) € R is given by:

p0(e)= [ o

and evolves with time as the integration of x (t), A (t) proceeds. Its time-derivative
reads as:

Green' sth.
d x P . x
—p(D(t :/ <[ : :|,1’13D>d8D = / d1v<[ : })dD
dt (D) aD(t) A D(t) A
where is ngp the normal to the surface 9D, and div the divergence operator. Here it
yields:
. b'q ox  OA OF 0 OH\
a ([3]) =7 (i) =7 (5 - o) =

0 9OH 0 oL (x,u) +8)\TF(x,u) _OF
OXOx ~ O ox ox T o9x

because

The volume of D (t) is constant® throughout the integration of x, A !! J

* See Liouville's Theorem on phase-space distribution functions in Hamiltonian mechanics
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.

The dynamics become
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.

The dynamics become
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.

The dynamics become
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.

The dynamics become
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.

The dynamics become
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.

The dynamics become
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.

The dynamics become
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.

The dynamics become
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0
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Conservation of volumes in the x, A space (cont’)

Problem:

te
min l/ (x2 + u2) dt
x,u 2 0

x=u—sin(x), x(0)=1

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.

The dynamics become
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.

The dynamics become
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0

S. Gros Optimal Control with DAEs, lecture 9
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.
The punchline:

The dynamics become the states x and costates A cannot be both
stable, as it would imply p(D(t)) — 0 !l
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0
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Conservation of volumes in the x, A space (cont’)

Problem:

Yields
H(x,u,\) = 1 (x2 + uz) + A (u —sin(x))
2
Hamiltonian is minimised by u = —A\.

The dynamics become
X = —A—sin(x)

A= Acos (x) — x

Find Ao to enforce A\ = () =0

S. Gros Optimal Control with DAEs, lecture 9 190 of February, 2016

The punchline:
the states x and costates A cannot be both

stable, as it would imply p (D(t)) — 0 !!

Important consequence: the condition

_ 99
A(tr) = 22 (x (1))
is often very sensitive to A !!
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How to actually use PMP then 7
PMP equations: u* = arg miny H (x, A\, u) with:

States: x = F(x,u), x(to) = Xo
Costates: A= —VxH(x,Au), A(t) = Vo (x(t))
Key idea: apply the multiple-shooting principle to the PMP equations
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How to actually use PMP then 7
PMP equations: u* = arg miny H (x, A\, u) with:

States: x = F(x,u), x(to) = Xo
Costates: A= —VxH(x,Au), A(t) = Vo (x(t))
Key idea: apply the multiple-shooting principle to the PMP equations

State-costate Optimal control
s:[x} u(s) = argmin H (u,s)
A u
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How to actually use PMP then 7
PMP equations: u* = arg miny H (x, A\, u) with:

States: x = F(x,u), x(to) = Xo
Costates: A= —VxH(x,Au), A(t) = Vo (x(t))
Key idea: apply the multiple-shooting principle to the PMP equations

State-costate Optimal control
s:[x} u(s) = argmin H (u,s)
A u

Integrator & (sk) over the time intervals t € [tx, tki1] with:

§ = { _é‘x(;’(‘llls) ] , with s (t) = sk
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How to actually use PMP then 7
PMP equations: u* = arg miny H (x, A\, u) with:

States: x = F(x,u), x(to) = Xo
Costates: A= —VxH(x,Au), A(t) = Vo (x(t))
Key idea: apply the multiple-shooting principle to the PMP equations

State-costate Optimal control
s:[x} u(s) = argmin H (u,s)
A u

Integrator & (sk) over the time intervals t € [tx, tki1] with:

§ = { _é‘x(;’(‘:ls) ] , with s (t) = sk

Root-finding problem over the variables so,... n:
X0 — X0
£ (so) —s1
r(s)= =0
§(sn-1) —sw

An = Vi (xn)
S. Gros Optimal Control with DAEs, lecture 9 190 of February, 2016 10 / 22



Indirect multiple-shooting

Problem: PMP equations with u = —\:
min %/Otf (X2+u2)dt $=-A-sin(d),  x(0)=1
x=u—-sin(x), x(0)=1 A = Acos (x) — x, A(5)=0
Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps

# of shooting interval = 1 (single shooting)

Iter =0
40 0
30 -10
X20 A20
10 -30
0= -40

0 1 2_. 3 4 5 1
Time

S. Gros Optimal Control with DAEs, lecture 9

19" of February, 2016
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
min %/Otf (X2+u2)dt $=-A-sin(d),  x(0)=1
x=u—-sin(x), x(0)=1 A = Acos (x) — x, A(5)=0
Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps

# of shooting interval = 1 (single shooting)

Ilter=1
20 5
15 0
-5
X10 A
-10
5 -15
0 -20
0 1 2_ 3 4 5 0 1 2_ 3 4 5
Time Time
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
min %/Otf (X2+u2)dt $=-A-sin(d),  x(0)=1
x=u—-sin(x), x(0)=1 A = Acos (x) — x, A(5)=0

Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps

# of shooting interval = 1 (single shooting)

Iter =2

200 800
0 600
-200
x 400
-400
-600 200
-800 0
0 1 2_ 3 4 5 0 1 2 3 4 5
Time Time
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
1 [t
min 5/ (x2 + u2) dt x=-A—sin(x), x(0)=1
x,u 0 )
x=u-—-sin(x), x(0)=1 A= Acos(x) — x, A(B) =0

Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps

# of shooting interval = 1 (single shooting)

Iter =3
200 1000
0 800
-200
600
X 400 A
400
-600
-800 200
-1000 0
0 1 2_ 3 4 5 0 1 2_ 3 4 5
Time Time
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
1 [t
min 5/ (x2 + u2) dt x=-A—sin(x), x(0)=1
x,u 0 )
x=u-—-sin(x), x(0)=1 A= Acos(x) — x, A(B) =0

Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps

# of shooting interval = 1 (single shooting)

Iter =4
200 1000
0 800
-200
600
X 400 A
400
-600
-800 200
-1000 0
0 1 2_ 3 4 5 0 1 2_ 3 4 5
Time Time
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
1 [t
min 5/ (x2 + u2) dt x=-A—sin(x), x(0)=1
x,u 0 )
x=u-—-sin(x), x(0)=1 A= Acos(x) — x, A(B) =0

Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps

# of shooting interval = 1 (single shooting)

lter=5
200 1000
0 800
-200
600
X 400 A
400
-600
-800 200
-1000 0
0 1 2_ 3 4 5 0 1 2_ 3 4 5
Time Time
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
1
min > / (X2 + u2) dt x = —X—sin(x), x(0) =1
x,u 0

x=u—-sin(x), x(0)=1 A= Acos (x) — x, A(5) =0

Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps

# of shooting interval = 3

lter=0
1.6 0
1.4 -0.5
12 -1
X A
1 -1.5
0.8 -2
0.6 -2.5
0 1 2_ 3 4 5 0 1 2_ 5
Time Time
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
min %/Otf (X2+u2)dt $=-A-sin(d),  x(0)=1
x=u-—sin(x), x(0)=1 A= Acos(x) - x, A(5) =0

Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps

# of shooting interval = 3

lter =1

1 4
0 3
X1 Ao

/
)

2_ 3 2_
Time Time
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
. 1 [f
min 5/ (X2 + u2) dt x=-A—sin(x), x(0)=1
xu 0 .
x=u—-sin(x), x(0)=1 A= Acos(x) — x, A(B)=0
Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps
# of shooting interval = 3
lter =2
5 30
0 25
5 20
410 s
-15
20 10
25 5'_/-’_/
-30 )
0 1 2 3 4 5 0 1 2 3 4 5
Time Time
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
min %/Otf (X2+u2)dt $=-A-sin(d),  x(0)=1
x=u—-sin(x), x(0)=1 A = Acos (x) — x, A(5)=0
Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps

# of shooting interval = 3

Iter =3
12 10

.
]
J

ol 10
o
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
1
min 3 / (X2 + u2) dt x=-A—sin(x), x(0)=1
x,u 0

x=u—-sin(x), x(0)=1 A= Acos (x) = x, A(5) =0

Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps

# of shooting interval = 3

Ilter =4
20 5
—
15 0
10 5 ~—
X A
5 -10
O\'/ .
5 -20
0 1 2_ 3 4 5 1 2_ 3 4 5
Time Time
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
min %/Otf (X2+u2)dt $=-A-sin(d),  x(0)=1
x=u—-sin(x), x(0)=1 A = Acos (x) — x, A(5)=0
Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps

# of shooting interval = 3

Iter =5
100 500
0—\‘\ 400
-100
300
X200 A
200
-300
-400 100 /
-500 0
0 1 2_ 3 4 5 0 1 2 3 4 5
Time Time
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Indirect multiple-shooting

-\

PMP equations with u

Problem:

x =—=XA—sin(x), x(0)

A

+ u2) dt

S
= u—sin(

A(5) =0

Acos (x) — x,

x(0)
0,

x),

A

X

full Newton steps

5,

Final time: t;

Initial guess: x =1

# of shooting interval = 5
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Indirect multiple-shooting

Problem: PMP equations with u = —\:
min %/Otf (X2+u2)dt $=-A-sin(),  x(0)=1
x=u-—-sin(x), x(0)=1 A = Acos (x) — x, A(5)=0
Initial guess: x =1, A =0, Final time: t; = 5, full Newton steps
# of shooting interval =5

Ilter =1

I I i I
| | |
| | .
i i : i
05 ! | | i
| | | | i / |
X | | A | | | | |
| T
o N . o
I | I I I I I I
| | | | | | |
| | r 1 | | | | |
05 | | | ; ) | | | ; )
0 1 2 3 4 5 0 1 2_ 3 4 5
Time Time
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Indirect multiple-shooting

-\

PMP equations with u

Problem:

x =—=XA—sin(x), x(0)

A

A(5) =0

Acos (x) — x,

x(0)

0,

X =u—sin(x),

full Newton steps

5,

Final time: t;

A=

Initial guess: x =1,

# of shooting interval = 5

=2

Iter

Time
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Indirect multiple-shooting

-\

PMP equations with u

Problem:

x =—=XA—sin(x), x(0)

A

A(5) =0

Acos (x) — x,

x(0)

0,

X =u—sin(x),

full Newton steps

5,

Final time: t;

A=

Initial guess: x =1,

# of shooting interval = 5

=3

Iter

Time
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Indirect multiple-shooting

-\

PMP equations with u

Problem:

x =—=XA—sin(x), x(0)

A

A(5) =0

Acos (x) — x,

x(0)

0,

X =u—sin(x),

full Newton steps

5,

Final time: t;

A=

Initial guess: x =1,

# of shooting interval = 5

=4

Iter

Time
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Indirect multiple-shooting

-\

PMP equations with u

Problem:

x =—=XA—sin(x), x(0)

A

te
/ (X2 + u2) dt
0

A(5) =0

Acos (x) — x,

x(0)

0,

X =u—sin(x),

full Newton steps

5,

Final time: t;

A=

Initial guess: x =1,

# of shooting interval = 10
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Indirect multiple-shooting

-\

PMP equations with u

Problem:

x =—=XA—sin(x), x(0)

A

A(5) =0

Acos (x) — x,

x(0)

0,

X =u—sin(x),

full Newton steps

5,

Final time: t;

A=

Initial guess: x =1,

# of shooting interval = 10

=1

Iter
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Indirect multiple-shooting

-\

PMP equations with u

Problem:

x =—=XA—sin(x), x(0)

A

A(5) =0

Acos (x) — x,

x(0)

0,

X =u—sin(x),

full Newton steps

5,

Final time: t;

A=

Initial guess: x =1,

# of shooting interval = 10

=2

Iter

Time
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Indirect multiple-shooting

-\

PMP equations with u

Problem:

x =—=XA—sin(x), x(0)

A

A(5) =0

Acos (x) — x,

x(0)

0,

X =u—sin(x),

full Newton steps

5,

Final time: t;

A=

Initial guess: x =1,

# of shooting interval = 10

=3

Iter

Time
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Interpretation of Hy,
Consider the functional:
te
Ju()] = ¢(X(tf))+/ L(x,u)dt
to
st x=F(xu), x(b)=x

that maps an input profile u(.) into the
corresponding cost.
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Interpretation of Hy
Consider the functional:
ty
Ju()] = ¢(X(tf))+/ L (x, u)dt
to
st. x=F(x,u), x(t)=xo

that maps an input profile u(.) into the
corresponding cost.
Gateaux derivative (see Calculus of Variations)

5[, €()] = tim 22O +7EO] = J[u ()]
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Interpretation of Hy
Consider the functional:
ty
Ju()]= ¢x(t)) —|—/ L(x,u)dt
to
st. x=F(x,u), x(t)=xo

that maps an input profile u(.) into the
corresponding cost.

Gateaux derivative (see Calculus of Variations) Note: Gateaux derivatives are
 Ju()+7EQ)] = J[u ()] directional derivatives for
6Ju(), €0 = T"L“O pu functionals (" direction” &)
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Interpretation of Hy
Consider the functional:
ty
Ju()]= ¢x(t)) —|—/ L(x,u)dt
to
st. x=F(x,u), x(t)=xo

that maps an input profile u(.) into the
corresponding cost.

Gateaux derivative (see Calculus of Variations) Note: Gateaux derivatives are
100,601ty 2O EOL= w0 | sl denties o
u(.)+7€()
u x1 X2
u()

T ivnn
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Interpretation of Hy

Optimality:
6J[u™(),£()]1=0, VE()

Consider the functional:
JuOl= oG+ [ Lexu)de
st. x=F(x,u), x(t)=x0

that maps an input profile u(.) into the
corresponding cost.

Gateaux derivative (see Calculus of Variations) Note: Gateaux derivatives are
34n(),€ (] = fim U rE UL IUL | e eeton”
u()F7EC)
u x1 x2
u(.)

T ivnn
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Interpretation of H,,

Optimality:

6J[u" (), €)1 =0, VE&()

Consider the functional:

Jfu()] = ¢(x(rf))+/th(x,u)dr

to
st. x=F(x,u), x(t)=x0

that maps an input profile u(.) into the
corresponding cost.

Gateaux derivative (see Calculus of Variations) Note: Gateaux derivatives are
 Ju()+7EQ)] = J[u ()] directional derivatives for
6Ju(), €0 = Ttho pu functionals (" direction” &)

Interpretation of H, (fundamental Lemma of Calculus of Variations):
tf
0

5J[U(-),£(-)]=/ Hu (x(t), A (), u (1)) - £ (t) dt
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Interpretation of H,,

Optimality:

6J[u" (), €)1 =0, VE&()

Consider the functional:

Jfu()] = ¢(x(rf))+/tfux,u)dr

to
st. x=F(x,u), x(t)=x0

that maps an input profile u(.) into the
corresponding cost.

Gateaux derivative (see Calculus of Variations) Note: Gateaux derivatives are
 Ju()+7EQ)] = J[u ()] directional derivatives for
6Ju(), €0 = Ttho pu functionals (" direction” &)

Interpretation of H, (fundamental Lemma of Calculus of Variations):
tf
0

5J[U(-)7£(-)]=/ Hu (x(t), A (), u (1)) - £ (t) dt

What if u(.) is restricted to some (Banach) space ? E.g. piecewise-constant...
... then £ (.) is restricted to the same space !
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Interpretation of H,, (cont’)

Consider a piecewise-constant parametrization of u (.)...
. akin to a restriction of u(.) to that Banach space !
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Interpretation of H,, (cont’)

Consider a piecewise-constant parametrization of u (.)...
. akin to a restriction of u(.) to that Banach space !

Piecewise-constant parametrization

u(t)=ux  Vte [t tiy]
E(t) =&, YVt € [th, thy]
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Interpretation of H,, (cont’)

Consider a piecewise-constant parametrization of u (.)...
. akin to a restriction of u(.) to that Banach space !

Piecewise-constant parametrization Functional — function

u(t)=we  Vte [te, ti] Ju()] = J(u,...,un_1)
£(t) =&, YVt € [tk, tiyi]
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Interpretation of H,, (cont’)

Consider a piecewise-constant parametrization of u (.)...
. akin to a restriction of u(.) to that Banach space !

Piecewise-constant parametrization Functional — function

u(t)=u  VtE [t t] Ju()]=J(u,...,un_1)
£(t) =&, Vit € [te, tipa]

Then optimality requires:

6J[u” (), ()] = /Otf Hu (x(£), A (), u” (1)) - £ (£) dt =

Z/ X(E)A (), uf) - €, dt =0, VE,
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Interpretation of H,, (cont’)

Consider a piecewise-constant parametrization of u (.)...
. akin to a restriction of u(.) to that Banach space !

Piecewise-constant parametrization Functional — function

u(t)=u  VtE [t t] Ju()]=J(u,...,un_1)
£(t) =&, Vit € [te, tipa]

Then optimality requires:

6J[u” (), ()] = /Otf Hu (x(£), A (), u” (1)) - £ (£) dt =

Z/ X(E)A (), uf) - €, dt =0, VE,
Hence optimality condition is Vk:

/tk“ Ha (x(£), A (£) ,u}) dt = 0
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Interpretation of H,, (cont’)

Consider a piecewise-constant parametrization of u (.)...
. akin to a restriction of u(.) to that Banach space !

Piecewise-constant parametrization Functional — function

u(t)=u  VtE [t t] Ju()]=J(u,...,un_1)
£(t) =&, Vit € [te, tipa]

Then optimality requires:

6J[u” (), ()] = /Otf Hu (x(£), A (), u” (1)) - £ (£) dt =

Z/ X(E)A (), uf) - €, dt =0, VE,

Hence optimality condition is Vk: Gateaux — classic derivative
tet1 8] 1
/ Hya (x(t), A (t),uz) dt =0 Far :/ Hy (x(t), A (t),uk) dt
ty t
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Interpretation of H, (cont’)

Consider a piecewise-constant parametrization of u(.)...
. akin to a restriction of u(.) to that Banach space !

Piecewise-constant parametrization Functional — function

u(t)=ux  Vte [t tis] Ju()] = J(ur, ., un—1)
E(t) =&, Vit € [th, thy]

Then optimality requires:

6J[u” (), ()] = /Otf Hu (x(£), A (t) ,u” (1)) - £ (t) dt =

N=1 ety
Z/ H“ (x(t)7A(t)7uZ)'£kdt:Oa v&k
k=0 'tk
Hence optimality condition is Vk: Gateaux — classic derivative
tet1 a] 1
/ Hya (x(t), A (t),uz) dt =0 Far :/ Hy (x(t), A (t),uk) dt
t

tx

When solving an OCP using Direct Optimal Control, one can see the NLP solver as
trying to get f;k“ Ha (x(£), A (t) ,ux) dt =0 Il J
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Input bounds in indirect optimal control
OCP with input bounds:

min o(x(t0) + [ L () u(e) dt

st. x=F(x,u), x(t)=x0

Umin S u S Umax
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Input bounds in indirect optimal control
OCP with input bounds:

min o(x(t0) + [ L () u(e) dt

st. x=F(x,u), x(t)=x0

Umin S u S Umax

Define the Hamiltonian function
H (%, A 1) = L(x,u) + AT F (x,0) + 7 [ I ]

—_——
<0
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Input bounds in indirect optimal control
OCP with input bounds:

min o(x(t0) + [ L () u(e) dt

st. x=F(x,u), x(t)=x0

Umin S u S Umax

Define the Hamiltonian function
H (A pou) = L(x,u) + ATF (x,u) +p” [ L""_‘“u_ . ]

—_——
<0

Get the input from: u = argmin H (x, A, &, u), with:
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Input bounds in indirect optimal control
OCP with input bounds:

min o(x(t0) + [ L (1) u () dt

st. x=F(x,u), x(t)=x0

Umin S u S Umax

Define the Hamiltonian function
H (A pou) = L(x,u) + ATF (x,u) +p” [ L""_‘“u_ . ]

—_——
<0

Get the input from: u = argmin H (x, A, &, u), with:

States: x=TF, x(to) = xo
Costates : A= —VxH, A(tr) = Vx¢ (x(t))
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Input bounds in indirect optimal control
OCP with input bounds:

min o(x(t0) + [ L (1) u () dt

st. x=F(x,u), x(t)=x0

Umin S u S Umax

Define the Hamiltonian function
H (A pou) = L(x,u) + ATF (x,u) +p” [ L""_‘“u_ . ]

—_——
<0

Get the input from: u = argmin H (x, A, &, u), with:

States: x=TF, x(to) = xo
Costates : A= —VxH, A(tr) = Vx¢ (x(t))
Feasibility :  Umin < u < Umax, n>0
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Input bounds in indirect optimal control
OCP with input bounds:

min o(x(t0) + [ L (1) u () dt

st. x=F(x,u), x(t)=x0

Umin S u S Umax

Define the Hamiltonian function
H (A pou) = L(x,u) + ATF (x,u) +p” [ 3‘"_‘“{ . ]

—_——
<0

Get the input from: u = argmin H (x, A, &, u), with:

States: x=TF, x(to) = xo
Costates : A= —VxH, A(tr) = Vx¢ (x(t))
Feasibility :  Umin < u < Umax, n>0

. Umin — U
Complementarity : g ' i =0
U — Umax
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Input bounds in indirect optimal control
OCP with input bounds:

min o(x(t0) + [ L (1) u () dt

st. x=F(x,u), x(t)=x0

Umin S u S Umax

Define the Hamiltonian function

H(x, A pou) = L(x,u) + X F(x,u) +p' [

Get the input from: u = argmin H (x, A, &, u), with:

States :

Costates :
Feasibility :

Complementarity :

S. Gros Optimal Control with DAEs, lecture 9

X = F, X(to) = Xo
A=—ViH, A(t) = Vxo(x(t))
Umin Sugumax, IJ‘ZO

MT|: umin_u:|:0

U — Umax

Umin — U
U — Umax
N————

<0

When u hits the bounds,
[ "creates a gradient” in
H to enforce feasibility
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Input bounds in indirect optimal control
OCP with input bounds:

min o(x(t0) + [ L () u(e) dt

st. x=F(x,u), x(t)=x0

Umin S u S Umax

An equivalent but simpler approach: define the Lagrange function
L(x,Au) = L(x,u) + A" F(x,u)
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Input bounds in indirect optimal control
OCP with input bounds:

min o(x(t0) + [ L () u(e) dt

st. x=F(x,u), x(t)=x0

Umin S u S Umax

An equivalent but simpler approach: define the Lagrange function
L(x,Au) = L(x,u) + A" F(x,u)

Get the input from: u = argmin  £(x, X, u), with:

Upin Su<umax
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Input bounds in indirect optimal control
OCP with input bounds:

min o(x(t0) + [ L (1) u () dt

st. x=F(x,u), x(t)=x0

Unin < U < Umax
An equivalent but simpler approach: define the Lagrange function
L(x,Au) = L(x,u) + A" F(x,u)

Get the input from: u = argmin  £(x, X, u), with:

Upin Su<umax
States: x=TF, x(to) = Xo
Costates: A= —ViL, A(tr)= Vo (x(t))
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Input bounds in indirect optimal control
OCP with input bounds:

min o(x(t0) + [ L (1) u () dt
st. x=F(x,u), x(t)=x0

Umin S u S Umax

An equivalent but simpler approach: define the Lagrange function
L(x,Au) = L(x,u) + A" F(x,u)

Get the input from: u = argmin  £(x, X, u), with:

Upin Su<umax
States: x=TF, x(to) = Xo
Costates: A= —ViL, A(tr)= Vo (x(t))

Note: optimality reads as...

/tf Lu (x(t),A(t),u(t)) &(t)dt >0 for any feasible direction &(.)
0
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Input bounds in indirect optimal control
OCP with input bounds:
tg
TT o(x(t)) +/ L(x(t),u(t)) dt Note: u* is now a non-smooth
o function of x, A. Must be handled

carefully when solving TPBVP via
Unin < U < Umax Newton !!

st. x=F(x,u), x(t)=x0

An equivalent but simpler approach: define the Lagrange function
L(x,Au) = L(x,u) + A F(x,u)

Get the input from: u = argmin  £(x, X, u), with:

Upin Su<umax
States: x=TF, x(to) = Xo
Costates: A= —VxL, A(tr)= Vxo(x(t))

Note: optimality reads as...

/tf Lu (x(t),A(t),u(t)) &(t)dt >0 for any feasible direction &(.)
0
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@ Singular Optimal Control problems
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Consider

Singular Optimal Control problems
min

¢ (x(t))

x =F(x,u),

X(O) = )_{o
Umin < U < Umax

o & = E E DaAe
S. Gros Optimal Control with DAEs, lecture 9
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Singular Optimal Control problems
Consider

min 6 (x (1))

st. x=F(x,u), x(0)=%o0

Umin S u S Umax

PMP equations with £ (x,u,A\) = ATF

u= argmin L£(x,u,\)
Upin Su<uUmax
x=F(x,u”)

A= —Lx(x,u*, )

S. Gros Optimal Control with DAEs, lecture 9

19" of February, 2016

18 / 22



Singular Optimal Control problems
Consider

min 6 (x (1))

st. x=F(x,u), x(0)=%o0

Umin S u S Umax

PMP equations with £ (x,u,A\) = ATF

u= argmin L£(x,u,\)
Upin Su<uUmax
x=F(x,u”)

A= —Lx(x,u*, )

What if £ (x,u, A) is afine in u ?
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Singular Optimal Control problems
Consider

min 6 (x (1))

st. x=F(x,u), x(0)=%o0

Umin S u S Umax

PMP equations with £ (x,u,A\) = ATF

u= argmin L£(x,u,\)
Upin Su<uUmax
x=F(x,u”)

A= —Lx(x,u*, )
What if £(x,u, A) is afine in u ? E.g.
x=f(x)+g(x)u
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Singular Optimal Control problems
Consider

min 6 (x (1))

st. x=F(x,u), x(0)=%o0

Umin S u S Umax

PMP equations with £ (x,u,A\) = ATF

u= argmin L£(x,u,\)
Upin Su<uUmax
x=F(x,u”)

A= —Lx(x,u*, )
What if £(x,u, A) is afine in u ? E.g.
x=f(x)+g(x)u

yields £ (x,1,A) = ATf (x) + AT g (x)u
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Singular Optimal Control problems
Consider

min 6 (x (1))

st. x=F(x,u), x(0)=%o0

Umin S u S Umax

. . T L

PMP equations with £ (x,u,A) =X"F

u= argmin L£(x,u,\)
Upin Su<uUmax

x=F(x,u”)

}‘: —Lx (X, u*a>‘) u

What if £(x,u, A) is afine in u ? E.g.
x=f(x)+g(x)u
yields £ (x,u,A) = ATf (x) + ATg(x)u

Umax it ATg(x) <0
then u =
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Singular Optimal Control problems
Consider

min 6 (x (1))

st. x=F(x,u), x(0)=%o0 I |

Umin S u S Umax E E

. . T L| :

PMP equations with £ (x,u,A) =X"F ' ‘

u= argmin L(x,u,A) E E

Upin Su<uUmax : :

x=F (x’ u*) Umin Umaxi
A=—Ly(x,u*, ) u

What if £(x,u, A) is afine in u ? E.g.
x=f(x)+g(x)u
yields £ (x,u,A) = ATf (x) + ATg(x)u

Umax it ATg(x) <0
thenu=1{ umin if ATg(x)>0
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Singular Optimal Control problems
Consider

min 6 (x (1))

st. x=F(x,u), x(0)=%o0 I |

Umin S u S Umax E E

. . T L| :

PMP equations with £ (x,u,A) =X"F ' '

u= argmin L(x,u,A) E E

Upin Su<uUmax : :

x=F (x’ u*) Umin Umaxi
A=—Ly(x,u*, ) u

What if £(x,u, A) is afine in u ? E.g.
x=f(x)+g(x)u
yields £ (x,u,A) = ATf (x) + ATg(x)u

Umax it ATg(x) <0
thenu=1{ umin if ATg(x)>0
7 if ATg(x)=0
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Singular Optimal Control problems
Consider

min 6 (x (1))

st. x=F(x,u), x(0)=%o0 I |

Umin S u S Umax E E

. . T L| :

PMP equations with £ (x,u,A) =X"F ' '

u= argmin L(x,u,A) E E

Upin Su<uUmax : :

x=F (x’ u*) Umin Umaxi
A=—Ly(x,u*, ) u

What if £(x,u, A) is afine in u ? E.g.

, Find u when ATg(x) =07
X =£(x)+g(x)u

yields £ (x,u,A) = ATf (x) + ATg(x)u

Umax it ATg(x) <0
thenu=1{ umin if ATg(x)>0
7 if ATg(x)=0
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Singular Optimal Control problems
Consider

min 6 (x (1))

st. x=F(x,u), x(0)=%o0 I |

Umin S u S Umax E E

. . T L| :

PMP equations with £ (x,u,A) =X"F ' '
u= argmin L(x,u,A) E E

Upin Su<uUmax : :

x=F (x’ u*) Umin Umaxi
A=—Ly(x,u*, ) I u I

What if £(x,u, A) is afine in u ? E.g.

Find u when A" =07
%= f(x)+g(x)u ind u when A" g (x)

d’ ,
yields £ (x,u,A) = ATf (x) + ATg(x)u Use I La=0, i>0
: T
Umax !f ATg (x) <0 for some i/, the input u appears in
then u = Umin if A g(x)>0 4 . Then solve 42, =0 for u

7 if ATg(x)=0 i dr
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Singular Optimal Control - Example

. 1 /1 2
min = x7 dt
x(u() 2 /g

. 0 0
s.t. X_[O 1
<u

o & = E E DaAe
S. Gros Optimal Control with DAEs, lecture 9



S. Gros Optimal Control with DAEs, lecture 9

Singular Optimal Control - Example

0 1 0 0
s.t X_[O 0}x+{1}u, x(O)—[l]
—5<u<sh
d d? d? d*
Lu=MX2 L A1 dtzﬁu X1 ELU X2 i@
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Singular Optimal Control - Example

01 0 0
S a4 o [2]
—5<u<hb
d d’ d’ ¢
Lu= X2 a u -1 dtzﬁu X1 Fcu 2 dt4£u u

Optimal input:
Umin if  A2>0
u = Umax If A2 <0

: d’ _
0 if @Lu =0

S. Gros Optimal Control with DAEs, lecture 9 190 of February, 2016 19 / 22



Singular Optimal Control - Example

01 0 0
w3 a2 w8
—5<u<hb
d d? d? d*
Eu—)\Z a u=—A1 @Eu—xl EEu—’Q @Eu—u

Optimal input: @ Input is either in the bounds or zero !!
Umin If  A2>0
u = Umax If A2<0

: d’ _
0 if @Lu =0
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Singular Optimal Control - Example

1
*(ou() 5/0
st. x=
—5
Lu=D

Optimal input:

Umin
u = Umax

0

X1 dt
01 0 0
o o[ 2] xo-[1]
<uc<b
d d? d? d*
—Lu=—-A —Lu = —Lu = —Lu =
dt 1 ggle=x gEbes=xe gg@ v
@ Input is either in the bounds or zero !!
i A>0 @ Bang-bang input until x, A = 0 (4 conditions)
if A2 <0
: d/ _
If Hﬁu = 0

S. Gros Optimal Control with DAEs, lecture 9 190 of February, 2016 19 / 22



Singular Optimal Control - Example

1
*(ou() 5/0
st. x=
—5
Lu=D

Optimal input:

Umin
u = Umax

0

X1 dt
0 1 0 0
oo ]xe [T ] <o)
<uc<b
d d? d? d*
—Lu=—-A —Lu = —Lu = —Lu =
dt 1 ggle=x gEbes=xe gg@ v
@ Input is either in the bounds or zero !!
i A>0 @ Bang-bang input until x, A = 0 (4 conditions)
if  A2<0 @ L, is "controlled” via its 4"*-order derivative
if L Lu=0
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Singular Optimal Control - Example

-5 <5
d? d? d*
Lu = )\2 a u = —Al @Lu = X1 @Eu = X2 @Lu =u
Optimal input: @ Input is either in the bounds or zero !!
Wmin i A >0 @ Bang-bang input until x, A = 0 (4 conditions)
u = Umax I A2 <0 @ Ly is "controlled” via its 4*"-order derivative
. qf _
0 if fglu= @ Problem has a degree of singularity of 5 =2

(# of derivatives to get u is always even)
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Singular Optimal Control - Example

-5 <5
d? d? d*
Lu:)\2 a u:—Al @Eu:){l @[AJZXQ @Eu:u
Optimal input: @ Input is either in the bounds or zero !!
Wmin i A >0 @ Bang-bang input until x, A = 0 (4 conditions)
u = Umax I A2 <0 @ Ly is "controlled” via its 4*"-order derivative
. qf _
0 if fglu= @ Problem has a degree of singularity of 5 =2

(# of derivatives to get u is always even)

[

Degrees of freedom: A(0) € R? and switching
times in the bang-bang...
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Singular Optimal Control - Example

s.t. x= [ g
—5<u<5b
d
Lu=A —Lu=—-A
2 it 1
Optimal input:
Umin If A2>0
u = Umax if A2 <0
. d .
0 if Hﬁu =0

d? d*
—Eu:X1 @[,UZXQ @Eu:u
Input is either in the bounds or zero !!
Bang-bang input until x, A = 0 (4 conditions)
L is "controlled” via its 4*"-order derivative
Problem has a degree of singularity of % =2

(# of derivatives to get u is always even)

Degrees of freedom: A(0) € R? and switching
times in the bang-bang...

We will have 2 switching times, to have
2+4+2=4

S. Gros Optimal Control with DAEs, lecture 9 190 of February, 2016 19 / 22



Singular Optimal Control - Example

Optimal solution

0 0.5 1

Time
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Singular Optimal Control - Example

Optimal solution vs. solution from multiple-shooting (tx4+1 — tx = 0.01)

0.1
4
0.08
0.06
ug Il X1

! 0.04

-2 }
! 0.02

4 !
i 0

-6 1

0 0.5 1
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Singular Optimal Control - Example

Optimal solution vs. solution from multiple-shooting (tx4+1 — tx = 0.01)

0.1
4
0.08
0.06
uo L. X1

! 0.04

-2 }
I 0.02

4 !
P 0

-6 |

0 0.5 1
Time
Very common behavior of direct optimal control for singular problems.
What is going on ?1?
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Singular optimal control with direct methods

-6 I
0 0.5
Time

Consider the problem:
J(u)= ¢ (x(),u())
s.t. x(t) = F (x(t), u(t))

X(to) = Xo

Umin < U < Umax

with u (t) = uy for t € [tk, tat1]-
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Singular optimal control with direct methods

-6 I
0 0.5
Time

Consider the problem:
J(u)= ¢ (x(),u())
s.t. x(t) = F (x(t), u(t))

X(to) = Xo

Umin < U < Umax
with u (t) = uy for t € [tx, tkt1]. Then

o
Buk

tiy1

= [ L@ A (@) ) e
ty

is zero when uy is off the bounds.
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Singular optimal control with direct methods

6
4
2
ug il
2 |
4 |
" !
0 05
Time
Consider the problem:
2
J(u)= ¢ (x(),u())
s.t. x(t) = F (x(t), u(t)) 1
X (to) = Xo
Umin < U < Umax Lu0
with u (t) = uy for t € [tx, tkt1]. Then .
o0J tiy1
o= / Lo (x(D,A (1), ue) dt ;

0 0.2 0.4 ) 0.6 0.8 1
is zero when uy is off the bounds. Time
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Singular optimal control with direct methods

6
4
2
ug i
2 |
" |
6 :
0 0.5 1 0 0.5 1
Time Time
Consider the problem:
1 x10°
J(u)= ¢ (x(.),u())
s.t. x(t) = F (x(t), u(t))
0.5
X (to) = Xo
Umin S u S Umax u A
Lu 0 Y
with u (t) = uy for t € [tx, tkt1]. Then
-0.5
tiy1
o _ / Lo (x(£), A (£, uy) dt
auk ty -1
0 0.2 0.4 0.6 0.8

is zero when uy is off the bounds.
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Singular optimal control with direct methods

6 .
01 |
4 |
0.08 |
2 |
0.06 !
ug il
! 0.04
-2 1
! 0.02
-4 }
i 0
-6 I
0 0.5 1 0

Time

Consider the problem:

Ju)= ¢(x(),u())
st %(t) = F (x(£),u(t))
X(to) = Xo

Umin < U < Umax

with u (t) = uy for t € [tx, tk1]. Then

oJ tiy1
= [ 2 el A (1) ) de

tk

-5

is zero when uy is off the bounds. 0 0.2
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© General constraints in Indirect Optimal Control
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State constraints in indirect optimal control

OCP with state (mixed) constraints:

min ox()+ [ LG u(®) ot

to
st. x=F(x,u), x(t)==xo0
h(x,u) <0
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State constraints in indirect optimal control

OCP with state (mixed) constraints:

min ox()+ [ LG u(®) ot

to
st. x=F(x,u), x(t)==xo0
h(x,u) <0

Define the Hamiltonian function
H(x, A, m,u) = L(x,u) + AT F (x,u) + 1 h(x,u)
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State constraints in indirect optimal control

OCP with state (mixed) constraints:

min ox()+ [ LG u(®) ot

to
st. x=F(x,u), x(t)==xo0
h(x,u) <0

Define the Hamiltonian function
H(x, A, m,u) = L(x,u) + AT F (x,u) + 1 h(x,u)

Get the optimal control solution from: u* = argmin H (x, A, &, u), with:
u
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State constraints in indirect optimal control

OCP with state (mixed) constraints:

min ox()+ [ LG u(®) ot

to
st. x=F(x,u), x(t)==xo0
h(x,u) <0

Define the Hamiltonian function
H(x, A, m,u) = L(x,u) + AT F (x,u) + 1 h(x,u)

Get the optimal control solution from: u* = argmin H (x, A, &, u), with:
u

States: x=F, x(to) = %o
Costates: A= —VxH, A(t)= Vx¢(x(t))
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State constraints in indirect optimal control

OCP with state (mixed) constraints:

min ox()+ [ LG u(®) ot

to
st. x=F(x,u), x(t)==xo0
h(x,u) <0

Define the Hamiltonian function
H(x, A, m,u) = L(x,u) + AT F (x,u) + 1 h(x,u)

Get the optimal control solution from: u* = argmin H (x, A, &, u), with:
u
States: % =F, x(to) = xo

Costates: A= —VxH, A(t) = Vo (x(t))
Feasibility : h(x,u) <0, ©n>0
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State constraints in indirect optimal control

OCP with state (mixed) constraints:

min ox()+ [ LG u(®) ot

to
st. x=F(x,u), x(t)=xo0
h(x,u) <0
Define the Hamiltonian function

H(x, A, m,u) = L(x,u) + AT F(x,u) + o h(x,u)

Get the optimal control solution from: u* = argmin H (x, A, &, u), with:
u

States: % =F, x(to) = xo
Costates: A= —VxH, A(t) = Vo (x(t))
Feasibility : h(x,u) <0, pn>0
Complementary slack. : ' h(x,u) =0
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State constraints in indirect optimal control
OCP with state (mixed) constraints:

min o(x(e) + | L () u(e) de

st. x=F(x,u), x(t)==x0
h(x,u) <0

Define the Hamiltonian function
H(x, A, m,u) = L(x,u) + AT F(x,u) + o h(x,u)

Get the optimal control solution from: u* = argmin H (x, A, u, u), with:
u

States: %X =F, x(to) = %o The PMP equations can
Costates : A = —VxH, A(tr) = Vxo (x(t)) be hard to solve in

o general. No good
Feasibility : h(x,u) <0, n=>0 PMP-based

Complementary slack. : [LTh(X, u)=0 general-purpose solver
available.
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State constraints in indirect optimal control

OCP with state (mixed) constraints:

min o(x(t)) + [ L () u(e) de

s.t.

to

x=F(x,u), x(t)=x0
h(x,u) <0

Tentative solutions based on IP method

Stationarity :
States :
Costates :
Feasibility :

Complementary slack. :

Hu (Xa Avl"ﬂu) =0

%x=F(x,u), x(to) = %o

A= —VxH(x A pu),  A(tr) = Vxo (x (&)
h(x,u) <0, nu>0

p' h(x,u)=r1

@ Handle dynamics 4 constraints H, = 0 and pt"h = 7 as a DAE (c.f. next week)
@ Handle h(x,u) <0 and g > 0 via step length (c.f. IP lecture)

@ Also done using Primal IP approach (move h in the cost using log barrier)
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