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Survival map of Direct Optimal Control

Collocation

Y
Y

Another way for going from OCP to NLP
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Outline

@ Polynomial interpolation

@ Collocation-based integration;
© Collocation in multiple-shooting
@ Direct Collocation

© NLP from direct collocation
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@ Polynomial interpolation
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Polynomial interpolation

Consider a time grid:

{tk,Oa ceey tk,K} € [tk, tk+1]
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Polynomial interpolation

E.g.
Consider a time grid:

{tk,05 - tiok b € [tie, tra]
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E.g.
@ =1 ty1 =2
@ K=4
® {tio, ..., tix} = {1.0,1.0694,1.33,1.67,1.931}

Polynomial interpolation

Consider a time grid:
{tk,oa ) tk,K} S [tk, tk+1]
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X (9, tk,j) = Gk_’j
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Polynomial interpolation

Consider a time grid:
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Collocation methods - key idea

Approximate state trajectory x (t) via polynomials (order K) |

to t1 to ts ty ts
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Approximate state trajectory x (t) via polynomials (order K) )
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Collocation methods - key idea

Approximate state trajectory x (t) via polynomials (order K)

@ Time gl‘id: {tk,o,..., tk,K} S [tk, tk+1]
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Collocation methods - key idea

Approximate state trajectory x (t) via polynomials (order K)

@ Time gl‘id: {tk,o,..., tk,K} S [tk, tk+1]
@ Interpolate on each interval [tx, txi1] using:

K
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@ Integration: adjust 0, ; to approximate the dynamics x = F (x, u)
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Collocation methods - how to adjust the 6 ; ?
On each interval [tk, tkt1], approximate x = F (x, ux) using

K
x(0,t) =D O - Pei(t)  with
i~ =~

parameters polynomials

Note: we have K + 1 degrees of freedom per state.

x (O, tij) = O

tk72 |

2F tk,O :
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1 1 1
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Collocation methods - Implementation

Collocation uses the constraints:

Ok 0 = Xk

K
ZGA,,' Pii(ti)) =F (0k ), uk)
i—0

for j=1,.. K.
tr Lit1
[N I 0 n
3r | | " S (k)
ot e e I
' : i k+1
tr ' : ' 1
or ' | | .
Or.0 : | i
1 mk.g N : : 7
21 tk’o E\tk71 I I E tk’2 I I \E tk73 ]
0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85
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Collocation methods - Implementation

Collocation uses the constraints:

Solve for 0 ; using Newton

Ok 0 = Xk _ 610 — Xk
K _ L0 0k Prei(tir) — F (Bi1, ui)
>0 Prilte)) = F (01, ) : =0
— _ :
) E,ﬁo 0r,iPr,i(ti,k) — F (O k,uk)
forj=1,...,K.
tr Lit1
i I 9 “I
3t l l k.3, f (2 ,10)
ot e e I
. X . k+1
Lr : : : :
of ' : : .
010 | .
1 18 : ' ' .
2r tk’o E\tk71 | | E tk’2 | | \E tk73 ]
035 04 045 05 055 06 065 07 075 08 085
1651 of Februay, 2016 9 /24



Collocation methods - Implementation

Collocation uses the constraints:

Solve for 0 ; using Newton

Ok 0 = Xk 610 — Xk
p .
K . > im0 Ok,iPu,i(te1) — F (61, k)
>0 Prilte)) = F (01, ) : =0
— _ :
) E,ﬁo 0r,iPr,i(ti,k) — F (O k,uk)
forj=1,...,K.
73
3,
2k i
b ; .
of : :
010 | .
EyS mkg , ,
2r tk’o E\tk71 | | E tk’2 | | \E tk73 ]
035 04 045 05 055 06 065 07 075 08 085
1651 of Februay, 2016 9 /24



Collocation methods - Implementation
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Collocation methods - Implementation

Collocation uses the constraints: Solve for 0y ; using Newton

Ok 0 = Xk _ 610 — Xk
K . L0 0k Prei(tir) — F (Bi1, ui)
>0 Prilte)) = F (01, ) : =0
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Collocation methods - Implementation
Collocation uses the constraints:

Ok 0 = Xk

Shooting constraints

f(xk,uk) —x41 =0
—_———

=x(9k 7tk+1)

Z@,,-Pk,;(tkﬂ) —Xks1 =0

K
ZGA,,' < Pri(tey) = F (0, ), us)
i=0 becomes:
for j =1,..., K. End-state: K
K i=0
x (O, try1) = Zok,i “ Pri(ti+1)
i=0

73

!

it

8
—~

)
=

<+~
~—

D
o
[N

0/.‘,0
Ak $kg >

g2

Il Il
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Selection of the time grid t ;
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Selection of the time grid ty ;

Collocation points on [0, 1]:

K Legendre Radau

1 0.5 1.0

5 0.211325 | 0.333333
0.788675 | 1.000000
0.112702 | 0.155051

3 0.500000 | 0.644949
0.887298 | 1.000000
0.069432 | 0.088588

4 0.330009 | 0.409467
0.669991 | 0.787659
0.930568 | 1.000000
0.046910 | 0.057104
0.230765 | 0.276843

5 0.500000 | 0.583590
0.769235 | 0.860240
0.953090 | 1.000000

S. Gros Optimal Control with DAEs, lecture 8
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Selection of the time grid ty ;

Collocation points on [0, 1]:

K Legendre Radau

1 0.5 1.0

5 0.211325 | 0.333333
0.788675 | 1.000000
0.112702 | 0.155051

3 0.500000 | 0.644949
0.887298 | 1.000000
0.069432 | 0.088588

4 0.330009 | 0.409467
0.669991 | 0.787659
0.930568 | 1.000000
0.046910 | 0.057104
0.230765 | 0.276843

5 0.500000 | 0.583590
0.769235 | 0.860240
0.953090 | 1.000000

+one point at t; to enforce continuity !

ty i1

2 tr0 3}‘1«.1 ‘ ‘ sz ‘ ‘ ‘itm

0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85

Why these points ?!? They deliver an
exact integration for any polynomial P of
order < 2K (Legendre) and < 2K — 1
(Radau). l.e. for

x =F (x,u) = P(t)

the collocation equations deliver an exact
solution, namely:

tey1
X (th+1, Ok) :xk+/ P(r)dr

tye
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Selection of the time grid ty ;
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0.930568 | 1.000000

0.046910 | 0.057104
0.230765 | 0.276843
5 0.500000 | 0.583590
0.769235 | 0.860240
0.953090 | 1.000000

+one point at t; to enforce continuity !

ty i1
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Interval [tx, tei1] 77

@ Rescale & translate the collocation
points to [tk, tki1]
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@ Rescale & translate the collocation
points to [tk, tki1], or...

@ Modification of the collocation
equations with hy = txi1 — t:
K
ng.jlbk,j(tkti) = heF (0r.i,ux)
j=0
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Collocation points on [0, 1]:

K Legendre Radau
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@ Rescale & translate the collocation
points to [tk, tki1], or...

@ Modification of the collocation
equations with hy = txi1 — t:
K
ng.jlbk,j(tkti) = heF (0r.i,ux)
j=0

Careful if F is time-dependent !
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Selection of the time grid ty ;

Collocation points on [0, 1]:

K Legendre Radau

1 0.5 1.0

5 0.211325 | 0.333333
0.788675 | 1.000000
0.112702 | 0.155051

3 0.500000 | 0.644949
0.887298 | 1.000000
0.069432 | 0.088588

4 0.330009 | 0.409467
0.669991 | 0.787659
0.930568 | 1.000000
0.046910 | 0.057104
0.230765 | 0.276843

5 0.500000 | 0.583590
0.769235 | 0.860240
0.953090 | 1.000000

+one point at t; to enforce continuity !

S. Gros Optimal Control with DAEs, lecture 8

ty

2 troitry

0.35 0.4 0.45

0.5

0.55

Interval [tx, tei1] 77

@ Rescale & translate the collocation
points to [tk, tki1], or...

@ Modification of the collocation
equations with hy = txi1 — t:

K

Z gk./Pk,j(tkti) = heF (0r.i,ux)

Jj=0

Careful if F is time-dependent !

Note that Radau has a collocation point at
the end of the interval, i.e. 0, x provides
the end-state of the integration !
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Stability & Order

@ Collocation methods are A-stable (i.e. can handle stiff equations). They have no
stability limitation on the time intervals h = tx+1 — tx for stiff problems. l.e. even
large time steps h = tx1 — tx allow for capturing steady state and slow dynamics.

@ Radau collocation is additionally L-stable. l.e. it can handle eigenvalues at —oo.

@ On an interval hy = t, 1 — ty, the integration error is O(h2X) for Legendre and
O(hiK’l) for Radau. Losing one order is the "price” for having a collocation point
at tiy1.

@ The integration error applies to the end-state of the integrator, but not to the
intermediate points !

@ Collocation-based integration is an Implicit Runge-Kutta scheme. Implicit Euler
is an order-1 scheme !
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Collocation - Sensitivity

Collocation constraints...
Or0 = Xk

K

ng,jpk,j(tk,i) =F (O ,ux), i=1,..,K
j=0

o & = E E DaAe
S. Gros Optimal Control with DAEs, lecture 8




Collocation - Sensitivity

Collocation constraints... can be seen as
Or0 = Xk

K .

ng,jpk,j(tk,i) =F (O ,ux), i=1,..,K

Jj=0

¢ (x, ux, 0) =0

o & = E E DaAe
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Collocation - Sensitivity
K

Collocation constraints...

Or0 = Xk

ng,jpk,j(tk,i) =F (O ,ux), i=1,..,K
=0

can be seen as

c(xk,uy,04) =0
Solved by iterating:

N =

9 (xp,uk, 0) 7
26,

¢ (xk, ug, 0y)

o & = E E DaAe
S. Gros Optimal Control with DAEs, lecture 8




Collocation - Sensitivity

Collocation constraints...
K

Or0 = Xk

ng,jpk,j(tk,i) =F (O ,ux), i=1,..,K
j=0

can be seen as
Integrator function given by:

c(xx,ux,0,)=0
Solved by iterating:

26, =
f (%, ) = x (0, try1)

_ Oc(xk, ug, 0y) -1
50,

¢ (xk, ug, 0y)

o & = E E DaAe
S. Gros Optimal Control with DAEs, lecture 8




Collocation - Sensitivity

Collocation constraints... ... can be seen as
Or0 = Xk c(xx,ux,0,)=0
K . .
Z Bk,jpk,j(tk,i) _F (ektl_’ uk) Li=1,..K Solved by iterating:
Jj=0 ) 0 -1
AR —w c (xk, Uk, Ox)
Integrator function given by: s )

f (%, ) = x (0, try1)

Get sensitivities using:

of (Xk7 uk) _ o0x (Ok, tk+1) % of (Xk7 llk) _ o0x (Bk, tk+1) %
8xk 69k 8xk ’ Buk 69k 8uk
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Collocation - Sensitivity

Collocation constraints... ... can be seen as
Or0 = Xk c(xx,ux,0,)=0
K . .
Z ek,jpk,j(tk,i) —F (9“’ uk) Li=1,..K Solved by iterating:
j=0 0,)-1
PP R S
Integrator function given by: s )

f (%, ) = x (0, try1)

Get sensitivities using:

of (Xk7 I_lk) _ o0x (0,(, tk+1) % of (Xk7 llk) _ o0x (9,(, tk+1) %
8xk 69k 8xk ’ 6uk 69k 8uk

Implicit function theorem states that

D 90, de o e 90, e
80, 9%, | Ox, 80, du, | Oug
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Collocation - Sensitivity

Collocation constraints...
Or0 = Xk

K

Zek,jﬁ’k,j(tk,,-) =F (BkA,,uk) ,i=1..,K
Jj=0

Integrator function given by:
£ (xk, uk) = x (0, tiy1)

Get sensitivities using:

6f(Xk,llk) _ 6X(0k, tk+1) %

. can be seen as

C (Xk7 Uy, ak) = 0
Solved by iterating:

oc (Xk, Wy Bk) =1

NGy = —
k 90,

c (xk, ug, 0)

6f(Xk,llk) _ 6X(9k, tk+1) %

8xk 69k 8xk ’ 6uk 69k 8uk
Implicit function theorem states that
D 90 e De 90, e
80, Ox ' Bx; 80, du,  Buy
Hence:
90, __detoe 90, de Tt oe
Ax, 90,  Ox’ du, 90,  duy
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Collocation - Sensitivity

Collocation constraints... ... can be seen as
Or0 = Xk c(xx,ux,0,)=0
K . .
Z ek,jpk,j(tk,i) —F (9“’ uk) Li=1,..K Solved by iterating:
j=0 0,)-1
PP R S
Integrator function given by: s )

f (%, ) = x (0, try1)

Get sensitivities using:

of (Xk7 I_lk) _ o0x (Ok, tk+1) % of (Xk7 uk) _ o0x (91(, tk+1) %
8xk 69;( 8xk ’ Buk Bek 8uk

Implicit function theorem states that

oc 00, Jc 0 dc 00, Jc 0

00, Oxy Oxy ’ 00, duy duy Note that BBTC71 is
Hence: computed in the Newton

00, dc 1 dc 80, dc ! de iteration, i.e. it comes for

Oxx 00, Oxi’  Our 90, Ouy free !!
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Outline

@ Collocation in multiple-shooting
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Collocation-based integrators in Multiple-shooting
Collocation-based integrator solves:
C (Xk, Uk, Qk) = 0

on each time interval [tx, tei1],
provides:

f(Xk, uk) =X (6k7 tk+1)

with sensitivities.

v
123 L1

i T i
af : : On3: f ()
ot | | Rt

i .\ 1 Lh+1
tr | t | ]
of E E E ]

Oro - 1 i

2] Lo 1 L itge i3 |

L L L
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Collocation-based integrators in Multiple-shooting

Collocation-based integrator solves:
Cc (Xk, Uk, Ok) =)

on each time interval [tx, tei1],
provides:

f(xk, uk) =X (Gk, tk+1)

with sensitivities.

t

NLP with multiple-shooting

m“i,n ® (w)

X0 — X0
st. g(w)= f(x0,u0) — 31

f (xn—1,un—1) — XN

where w = {xo, uo, ..., Xn—_1, Un—1,XN}

L1

Ak e

f (o)
—

Trt1

L
0.35 0.4 0.45 05 0.55 0.6 0.65
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Collocation-based integrators in Multiple-shooting

Collocation-based integrator solves:
Cc (Xk, Uk, 9/() =)

on each time interval [tx, tei1],
provides:

f (Xk, uk) =X (Gk, tk+1)

with sensitivities.

t

NLP with multiple-shooting

m“i,n & (w)

X0 — X0
st. g(w)= f(x0,u0) — 31

f (xn—1,un—1) — XN

where w = {xo, uo, ..., Xn—_1, Un—1,XN}

Ak e

tet1
f (k)
— NLP solves:
Fhet Vwl (w,A) =0
1 g(w)=0

L
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Collocation-based integrators in Multiple-shooting

Collocation-based integrator solves:
Cc (Xk, Uk, 9/() =)

on each time interval [tx, tei1],
provides:

f (Xk, uk) =X (Gk, tk+1)

with sensitivities.

NLP with multiple-shooting

m“i,n & (w)

X0 — X0
st. g(w)= f(x0,u0) — 31

f (xn—1,un—1) — XN

where w = {xo, uo, ..., Xn—_1, Un—1,XN}

123 lp+1
T
3 . 3 f (r i)
af — NLP solves:
il 4 P VwL (wW,A) =0
of : : 1 g(w)=0
Or.0 i :
2] XIS} _ itpa . ites |
0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85
Collocation-based integrator inside the NLP becomes a two-level Newton scheme !! J
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Collocation-based integrators in Multiple-shooting (cont’)

NLP solver

VwL(w,A)=0

g(w)=0
w = {Xo, g, ...y XN—1, llN—l,XN}

o & = E E DaAe
S. Gros Optimal Control with DAEs, lecture 8




Collocation-based integrators in Multiple-shooting (cont’)

NLP solver

VwL(w,A)=0

g(w)=0
w = {Xo, g, ...y XN—1, llN—l,XN}

NLP level

@ Constraints g =0

@ Newton iterations

(SQP/IP)

o & = E 2L NGe
S. Gros Optimal Control with DAEs, lecture 8




Collocation-based integrators in Multiple-shooting (cont’)

NLP level
NLP solver @ Constraints g =0
VwL(w,A)=0 @ Newton iterati
(W) = 0 ewton iterations

(SQP/IP)

W = {Xo’ o, ..y XN-1, uN—th}

X0, Uo Xky Uk
A4 v
Integrator [to, t1] Integrator [tx, tis1]
C(Xo,uo,eo)zo C(Xk,uk,ek)zo
f (%0, wo) = x (6o, t1) £ (xk, uk) = x (0, tis1)
with sensitivities with sensitivities
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Collocation-based integrators in Multiple-shooting (cont’)

W = {Xo, uo, ..., XN—1, uN—th}

NLP solver
VwL(w,A)=0
g(w)=0

Xo, Uo

Y

Integrator [to, t1]
[ (Xo, uo, 00) =0

Xy Uk

Y

f(Xo7 uo) = X(eo, tl)

with sensitivities

S. Gros Optimal Control with DAEs, lecture 8

Integrator [tx, tis1]
c (Xk, Uk, Hk) =0

£ (xk, uk) = x (O, tis1)
with sensitivities

NLP level
@ Constraints g =0

@ Newton iterations

(SQP/1P)

Integrator level
@ Constraints ¢ =0

@ Newton iterations
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Collocation-based integrators in Multiple-shooting (cont’)

w = {xo, uo, ...

NLP level
NLP solver @ Constraints g =0
> VwL(w,A)=0 @ Newton iterati
(W) = 0 ewton iterations

(SQP/IP)

y XN—1, uN—th}

X0, Uo

Y

Xy Uk

Y

Integrator [to, t1]
C (Xo, uo, 00) =0

Integrator level
Integrator [tx, tis1]

¢ (xk, uK, 0,) =0 @ Constraints ¢ =0

f(Xo7 uo) = X(eo, tl)
with sensitivities

@ Newton iterations

£ (xk, uk) = x (O, tis1)
with sensitivities
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Collocation-based integrators in Multiple-shooting (cont’)

NLP level
NLP solver @ Constraints g =0
> VwL(w,A)=0 . X
g(w) =0 @ Newton iterations
(SQP/IP)
W = {Xo’ o, ..y XN-1, uN—th}
X0, Uo Xky Uk
Y Y
Integrator level
Integrator [to, t1] Integrator [tx, tis1]
¢ (xo,u0,60) =0 ¢ (Xk, uk,0:) =0 @ Constraints ¢ =0
@ Newton iterations
f (%0, wo) = x (6o, t1) £ (xk, uk) = x (0, tis1)
with sensitivities with sensitivities
| |
Constraints are solved at the NLP and at the integrator level separately !! J
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Collocation-based integrators in Multiple-shooting (cont’)

NLP level
NLP solver @ Constraints g =0
> VwL(w,A)=0 . X
g(w) =0 @ Newton iterations
(SQP/IP)
W = {Xo’ o, ..y XN-1, uN—th}
X0, Uo Xk Uk
Y Y
Integrator level
Integrator [to, t1] Integrator [tx, tis1]
¢ (xo,u0,00) =0 ¢ (Xk, uk,0:) =0 @ Constraints ¢ =0
@ Newton iterations
f (%0, wo) = x (6o, t1) f (xk, uk) = x (O, tus1)
with sensitivities with sensitivities
| |
Constraints are solved at the NLP and at the integrator level separately !!
. what about handling them altogether in the NLP ?!?
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@ Direct Collocation
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Direct collocation - Give all constraints to the NLP solver

On each interval [ty, txi1]

X = F(x, l.lk)

is approximated using:

K
x(Bk,t)ZZ O,i Pri(t)
i—0 ~~ N——

parameters polynomials

Note:
@ x (04, tk,i) = Ok,
@ K + 1 degrees of freedom per
state.

ty; tpt1

f (Thguk)
1

Lh+1
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Direct collocation - Give all constraints to the NLP solver

On each interval [ty, txi1]

% =F (x, ug)

is approximated using:

K
x(Bk,t):Z 9;(’,‘ Pk”'(f)
i—0 =~ N——

parameters polynomials
Note:

@ x (04, tk,i) = Ok,

@ K + 1 degrees of freedom per

state. ) . )
t tosn Integr(:;tlon constraints (i =1, ..., K)
”(} ») Fres (Brs tr,i) = F (x (O, b)), ug)
Lh+1
| i.e.
K
Z 01 jPrj(ti,i) =F (6ri,u)
‘ 1 Jj=0
0.35 0.4 0.45 05 0.55 06 0.65 07 0.75 08 0.85
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Direct collocation - Give all constraints to the NLP solver

NLP with direct collocation

On each interval [ty, txi1]

min & (w)
w
% =F (x, ug)
is approximated using:
K —
st. g(w)=
x(Bk,t):Z 9;(.,‘ Pk”'(f)
parameters polynomials
Note:
@ x (04 ki) =0
@ K + 1 degrees of freedom per
state. ) . .

t tosn Integration constraints (i =1, ..., K)
of (w141 X(Op,tx ;) =F (x (O, tgj) ,u
/ ot ( ) k,l) ( ( ) k,l): k)
Trn

il ie.
K
D 0kiPuy(ti) = F (B wi)
‘ 1 J=0
0.35 0.4 0.45 05 0.55 06 0.65 07 0.75 08 0.85
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Direct collocation - Give all constraints to the NLP solver

NLP with direct collocation

On each interval [ty, txi1] min  ® (w)
w

x=F(x,u =
(3, 1) 60,0 — Xo
is approximated using:
K _
st. g(w)=
x(Bk,t):Z 9;(’,‘ . Pk”'(f)
parameters polynomials
Note:
@ x (04 ki) =0 Initial conditions %X J
@ K + 1 degrees of freedom per
state. ) . .
t tosn Integr(:;tlon constraints (i =1, ..., K)
of (w141 X(Op,tx ;) =F (x (O, tgj) ,u
/ ot ( ) k,l) ( ( ) k,l): k)
Lh+1
il ie.
K
D 0kiPuy(ti) = F (B wi)
‘ 1 j=0
0.35 0.4 0.45 05 0.55 06 0.65 07 0.75 08 0.85
ST



Direct collocation - Give all constraints to the NLP solver

NLP with direct collocation

On each interval [ty, txi1] min  ® (w)
w

% =F (x, ug) 0.0 — %o
. ) : x (0o, t1) — 010
is approximated using:
K —
st. g(w)=
x(Bk,t):Z 9;(.,‘ . Pk”'(f)
parameters polynomials
Note:
o x (Gk‘h tk,i) =0y, Continuity constraints (= shooting gaps) J
@ K + 1 degrees of freedom per
state. ) . .
t tosn Integr;tlon constraints (i =1, ..., K)
of (w141 X(Op,tx ;) =F (x (O, tgj) ,u
/ ot ( ) k,l) ( ( ) k,l): k)
L1
il ie.
K
D 0k Prj(te) =F (01, u)
‘ 1 J=0
0.35 0.4 0.45 05 0.55 06 0.65 07 0.75 08 0.85
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Direct collocation - Give all constraints to the NLP solver

NLP with direct collocation

On each interval [ty, txi1]

% =F (x, ug)

is approximated using:

m“i,n d(w)

00,0 — Xo
x(0o,t1) — 010
F (60,7, u0) — Zj-(:o 6o, Po.j(to,i)

K —
st. g(w)=
x(Bk,t):Z 9;(.,‘ Pk”'(f)
i—0 ~~ N——
parameters polynomials
Note:
o x (Gk‘h tk,i) =0y, Integration constraints for k =0 J
@ K + 1 degrees of freedom per
state. . . .
t tosn Integration constraints (i =1, ..., K)
of (w141 X(Op,tx ;) =F (x (O, tgj) ,u
/ ot ( ) k,l) ( ( ) k,l): k)
L1
il ie.
K
D 0kiPuy(ti) = F (B wi)
‘ 1 J=0
0.35 0.4 0.45 05 0.55 06 0.65 07 0.75 08 0.85
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Direct collocation - Give all constraints to the NLP solver

NLP with direct collocation

On each interval [ty, txi1] min & (w)
w

% =F (x, ug) 000 — %o
i ; I x(0o,t1) — 010
is approximated using: F (90./‘, llo) _ ZJK:O 90AjP07j(t07i)
K st. g(w) =
x(ek’t) :Z Ori - Pk,l'(t) X(ekytk+1)_6k+1_0
— ~— —— K -
=0 parameters polynomials F (ek-” uk) - zj:o 01, Pr.j(tk,i)

Note:
@ x (04 ki) =0

@ K + 1 degrees of freedom per
state.

Remaining integration constraints k =1,....,N — 1 J

Integration constraints (i =1, ..., K)

x (04, ti,i) = F (x (O, ti,;) ,ux)

ot
ie.
K
> 04 Prj(te) =F (047, ux)
‘ ] j=0
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Direct collocation - Give all constraints to the NLP solver

NLP with direct collocation

On each interval [ty, txi1] min & (w)
w

% =F (x, ug) 000 — %o
i ; I x(0o,t1) — 010
is approximated using: F (90./‘, llo) _ ZJK:O 90AjP07j(t07i)
K st. g(w) =
x(ek’t) :Z Ori - Pk,l'(t) X(ekytk+1)_6k+1_0
— ~— —— K -
=0 parameters polynomials F (ek-” uk) - zj:o 01, Pr.j(tk,i)

Note:
@ x (04 ki) =0

@ K + 1 degrees of freedom per
state.

Decision variables:

w={6000,..,60,k, U0, s O 1,05 -, On 1.k, UN—1}

Integration constraints (i =1, ..., K)

x (04, ti,i) = F (x (O, ti,;) ,ux)

ot
ie.
K
> 04 Prj(te) =F (047, ux)
‘ ] j=0
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Direct Collocation - Example: swing-up of a pendulum

OCP N—1

min Z uﬁ

pre

st. x=F (X7 uk) , Vte [tk, tk+1]
x(0)=[0 m 0 0], x(tz)=0
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Direct Collocation - Example: swing-up of a pendulum

ocCP
min u
o Z k
st. x=F (X7 uk) , Vte [tk, tk+1]
x(0)=[0 m 0 0], x(tz)=0
N =20 NLP with direct collocation
K = 4 with Legendre, order 8 !!
420 variables . >
404 constraints g Z Uk
) I 60,0 — X0 i
Reminder: x (6o, t1) — 01,0
K e .
F (00,1, u0) — 35720 00, Po,j(to,i)
x(Ok, t) = ng - Pri(t) ( ) o C
i=0 st. g(w)= X (0 tiy1) — Okt =0
x (O, tu,i) = Ok, F (01,1, we) — 00 0k Prj(ti,i)

x (On—1,tn) J

V.
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Direct Collocation - Example: swing-up of a pendulum

ocCP N—1
. 2
min E I
UQ .-y UN_
0 IN—1 k—0

st. x=F(x,u),

Newton step 0

@ K+1=5

@ all nodes are initialised

J

S. Gros Optimal Control with DAEs, lecture 8

Vt € [th, tiga]
x(0)=[0 = 0 0],

X (tf) =0
4.0 3
3.5F 2
3.0 4 1+
2.5¢ 4 dz 0
050l il
1.5¢ —-2r
1.0f -3F
o5} —al
0.0 ! ! ! s !
0.0 0.5 1.0 15 0 0.0 0.5 1.0 1.5 .0
T T T 1.5 T T T
2+
0 1.0p
o
di_p| { Tos|
_al 00
_el
! ! ! _05 ! ! !
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 15 2.0
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Direct Collocation - Example: swing-up of a pendulum

ocCP N—1
. 2
min E I
UQ .-y UN_
0 IN—1 k—0

st. x=F (X7 uk) , Vte [tk, tk+1]

x(0)=[0 m 0 0], x(tz)=0

Newton step 1

15 4.0 3 . . .
10 35 1 2 1
3.0P 1 1
5
023 1 d_zof\/*
0 2ol |l |
U _g 1.50 { -2t —
_10 1.0} -3
1 o5} —al
0.0 ! ! ! s !
20 00 05 10 15 20 080 05 10 15 20
ol : : . 15 . : :
.0 0.5 1.0 15 2.0 ol ]
Ol\_/——" o
o
Q@ K+1=5 di_p| { Tost 1
@ all nodes are initialised -4t 0.0/\,_
_el
! ! ! _05 ! ! !
00 05 1.0 15 20 00 05 1.0 15 2.0
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Direct Collocation - Example: swing-up of a pendulum

ocCP N—1
. 2
min E I
UQ .-y UN_
0 IN—1 k—0

s.t. X:F(x,uk), VtG[tk,tk+1]
x(0)=[0 m 0 0], x(tz)=0

15 Newton step 2 4.0 . . . 3
10} 33
3.0p
5 25}
0 050l
U _g 150
10 1.0f
15 03¢
0.0
_20 0
o
.0 0.5 1.0 15 2.0 >
0
a9
@ K+1=5 di_y|
@ all nodes are initialised —4r 0.0
_6l

. . _o.s . . .
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 15 2.0
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Direct Collocation - Example: swing-up of a pendulum

ocCP N—1
. 2
min E I
UQ .-y UN_
0 IN—1 k—0

s.t. X:F(x,uk), VtG[tk,tk+1]
x(0)=[0 m 0 0], x(tz)=0

15 Newton step 3

@ K+1=5
@ all nodes are initialised

L L | —0.5 L L L
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 15 2.0
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Direct Collocation - Example: swing-up of a pendulum

ocCP N—1
. 2
min E I
UQ .-y UN_
0 IN—1 k—0

s.t. X:F(x,uk), VtG[tk,tk+1]
x(0)=[0 m 0 0], x(tz)=0

15 Newton step 4

@ K+1=5
@ all nodes are initialised

L L | —0.5 L L L
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 15 2.0
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Direct Collocation - Example: swing-up of a pendulum

ocCP N—1
. 2
min E I
UQ .-y UN_
0 IN—1 k—0

s.t. X:F(x,uk), VtG[tk,tk+1]
x(0)=[0 m 0 0], x(tz)=0

15 Newton step 5

@ K+1=5
@ all nodes are initialised

L L | —0.5 L L L
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 15 2.0
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Direct Collocation - Example: swing-up of a pendulum

ocCP N—1
. 2
min E I
UQ .-y UN_
0 IN—1 k—0

s.t. X:F(x,uk), VtG[tk,tk+1]
x(0)=[0 m 0 0], x(tz)=0

15 Newton step 6

@ K+1=5
@ all nodes are initialised

L L | —0.5 L L T
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 15 2.0
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Direct Collocation - Example: swing-up of a pendulum

ocCP N—1
. 2
min E I
UQ .-y UN_
0 IN—1 k—0

s.t. X:F(x,uk), VtG[tk,tk+1]
x(0)=[0 m 0 0], x(tz)=0

15 Newton step 7 2.0
10 3.5f
3.0F
3 25
9 030l
U _g 150
-10 1.0
~15) 0.5
0.0 .
_20 00 05 10 15
ol ; ; ;
.0 0.5 1.0 15 2.0
1.0
@ K+1=5 {Tos
@ all nodes are initialised 0.0
L L L | —05
0.0 0.5 1.0 1.5 2.0 0.0

L L
0.5 1.0 15 2.0
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Direct Collocation - Example: swing-up of a pendulum

ocCP N—1
. 2
min E I
UQ .-y UN_
0 IN—1 k—0

s.t. X:F(x,uk), VtG[tk,tk+1]
x(0)=[0 m 0 0], x(tz)=0

15 Newton step 8 40
10 3.5f
3.0F
3 25
9 050
U _g 150
-10 1.0
~15) 0.5
0.0 .
_20 00 05 10 15
ol ; ; ;
.0 0.5 1.0 15 2.0
Q@ K+1=5
@ all nodes are initialised
L L L | —05
0.0 0.5 1.0 1.5 2.0 0.0

L L
0.5 1.0 15 2.0
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Cost and
OCP:

min

x =F(x,u)

h(x(t),u(t)) <0

o & = E 2L NGe
S. Gros Optimal Control with DAEs, lecture 8

constraints discretisation in Direct Collocation

T (x () + /0 L(se () u(8)) dt
s.t.




Cost and constraints discretisation in Direct Collocation
OCP:

123
te s 11
min T (x(t)) +/ L(x(£),u(t) dt T )
0
s.t. x=F(x,u) : ’
Orol
h(x(t),u(t)) <0 il ol ' :
2L XA V2 Vs

@ Inequality constraints: h (x (t),u(t)) < 0 can be enforced on all collocation nodes:
h(X (Gk,tk,,-),uk) <0, Vk=0,..,N—-1, i=0,...,K

but often only on the "shooting” nodes to0, t1,0, -, tn,0
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Cost and constraints discretisation in Direct Collocation
OCP:

ty
t 3| m
min T(x(tf))—l-/ L(x(t),u(t))dt 2 2
0
st. x=F(x,u) ; )
Opol O
h(x(t),u(t)) <0 O | :
( ( )7 ( )) - 2 : tio Ltha o it

@ Inequality constraints: h (x (t),u(t)) < 0 can be enforced on all collocation nodes:
h(x (64, tci),u) <0, Vk=0,..,N—1, i=0,..,K
but often only on the "shooting” nodes to0, t1,0, -, tn,0
@ Cost function often approximated as (rectangular quadrature):

N—1

T (x(On-1,tno1k)) + D (tirr — t) L (010, i)
=0
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Cost and constraints discretisation in Direct Collocation
OCP:

123
te . N
min Tx()+ [ Lx(@a@)d =
0
st. x=F(x,u) ; ,
h(x(t),u(t)) <0 L e : :
Gelt) u(0) = L {tho it o s

3% 04 045 05 05 06 065 07 075 08 08

@ Inequality constraints: h (x (t),u(t)) < 0 can be enforced on all collocation nodes:
h (x (04, ti),ux) <0, Vk=0,.,N—=1, i=0,.. K
but often only on the "shooting” nodes to0, t1,0, -, tn,0
@ Cost function often approximated as (rectangular quadrature):

N—1

T (x(On-1,tno1k)) + D (tirr — t) L (010, i)
=0

Careful: if you want to use 6, ; for i = 1,..., K, the time grid is not uniform !!

S. Gros Optimal Control with DAEs, lecture 8 180 of February, 2016 19 / 24



Cost and constraints discretisation in Direct Collocation
OCP:

min T (x (&) +/ x(£),u(t) dt

st. x=F(x,u)
h(x(t),u(t)) <0

A

B0
E7s

tro itk itk g
% 04 04 05 0% 06 0% 07 05 08 o8

@ Inequality constraints: h (x (t),u(t)) < 0 can be enforced on all collocation nodes:

h(x (04, te) uk) <0, Vk=0,.,N—1, i=0,..,K

but often only on the "shooting” nodes to0, t1,0, -, tn,0
@ Cost function often approximated as (rectangular quadrature):
N—1

T (x(On-1,tno1k)) + D (tirr — t) L (010, i)
=0

Careful: if you want to use 6, ; for i = 1,..., K, the time grid is not uniform !!

@ Quadratic term in cost function L (x,u) = —xTQx—I— can be implemented using:

k+1 1 by
/ T oxmTex () dt—szak, Qak// " Ps(t)Pe(t)dt = Zajak/ Q0
ty

/=0 j=0 jO

=a;8; ; (P:s are orthogonal)
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Some remarks

123 tit1
- n I o s 1 Newton step 8

3l : : k3] f (Thqu) 1
. s s s f ;
: ' “k+1 9
i ; . ; * g
of : i i , 19
Or.0 . 1 H Bt
1 1@ ? 3 3 1 -29

2+ tk‘O i‘tk,l ) 3 tk,2 ) ) ‘3 k3 4 %o 0.5 1.0 15 2.0

0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85

@ Direct collocation is a "fully simultanuous” approach, as the integration and the
optimization are performed together in the NLP solver.

@ The decision variables are:
W = {90(0, veey 90_;(, uo, ..., 9/\/,1‘0, veey 9/\/,1_;(, uN,l}

Observe that 0 ;, i.e. the state at the collocation point tx,; of the interval
[tk, tis1] is in R” (size of the state). Manipulating these variables properly in a
computer code can be tricky.
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Refining the input discretization

Ly

it

Oro
1l 3y

20 i‘tlc‘l

i1

f (i
1

0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8

Newton step 8

@ Input u(t) is usually chosen piecewise-constant,

S. Gros Optimal Control with DAEs, lecture 8

i.e. constant in every [tk, tii1]

0.5 1.0 1.5 2.0
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Refining the input discretization

Ly

it

Ok
1tz

20 i‘tk.]

f (zrgu
—]

i1

0.4 0.45

0.5

@ Input u(t) is
i.e. constant

usually chosen piecewise-constant,
in every [tk, tk+1]

@ However one can pick a different input uy,; for
each collocation time ti ;. Gives K input vector
per collocation interval, i.e. ug, ..., kK

S. Gros Optimal Control with DAEs, lecture 8

Newton step 8

0.5 2.0

Collocation constraints:
X (Ok, tk) = Xk

0
ax(ek, tk,;) =F (9;(‘,', uk)

fori=1,..,K
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Refining the input discretization
Newton step 8

123 it B
3r f (@rpor) 12
2F '/ 0
A ket | u_
ol Ol 19
1tz : ‘ | -15
2f teoitry | itke o kg | -20
0.35 0.4 0.45 05 0.55 0.6 0.65 0.7 0.75 0.8 0.85 =2 0 05 10 15 2.0
@ Input u(t) is usually chosen piecewise-constant,
i.e. constant in every [tk, tii1]
@ However one can pick a different input uy,; for Collocation constraints:
each collocation time ti ;. Gives K input vector
per collocation interval, i.e. Uk, ..., Uk k x (0, tk) = Xk
. . . . B
@ The c?lr:tlnuous input is thlen given F)y the 8_X(9k’ i) =F (0., u)
K — 1™ order polynomial interpolation of t
Uk,1, ---y UkK for i = 1, ceey K
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Refining the input discretization
Newton step 8

123 it B
‘ f (zrqu) 1
1 5|
. o
k+1 | u_
-10
—15
| -20
08 0 %60 0.5 1.0 15 2.0
@ Input u(t) is usually chosen piecewise-constant,
i.e. constant in every [tk, tii1]
@ However one can pick a different input uy,; for Collocation constraints:
each collocation time ti ;. Gives K input vector
per collocation interval, i.e. Uk, ..., Uk k x (O, ti) = Xk
@ The continuous input is then given by the ix(gk7 tri) =F (0, ux)
K — 1'" order polynomial interpolation of ot
Uk,1y .oy Uk,K fori=1,..,.K

@ Drawbacks: 1. the input profile can present
important "oscillations”, 2. the linear algebra
can loose some conditioning
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Outline

© NLP from direct collocation

=] & = E E DAl
S. Gros Optimal Control with DAEs, lecture 8



Hessian in Direct Collocation
Lagrange function:

L(w,A)=d(w)+Ag(w)+p"h(w)

o & = E E DaAe
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Hessian in Direct Collocation
Lagrange function:
L(w,A)=0(w)+ATg(w)+p'h(w)

Hessian:
V2L (w,A) = V20 1 V2, (ATg) + V2 (pTh)
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Hessian in Direct Collocation
Lagrange function:
60,0 — Xo

L(w,\)= ¢(W)+)‘Tg (w) +“Th (w) x (60, t1) = 610
F (60,i,w0) — X/Sq 00,;P0,j(t0,)

Reminder: dynamics yield

Hessian: g(w) = T
x ks tk+1) — Yk+1,0
V2L (w,A) = V2o + V2, (ATg) + V2, (“Th) F (01 0) — S0 00 Pei(te)

v
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Hessian in Direct Collocation Reminder: dynamics yield

Lagrange function:
000 — %
L(w,A)=o(w)+ )‘Tg (w)+ I"Th (w) x(eﬂov.(il) — 091.0 )
F (60,i,w0) — X/Sq 00,;P0,j(t0,)
Hessian: g(w) =

% (Oks thy1) — Opya,
V2L (w, A) = V2o + V2, (ATg) v (/,LTh) F (01 010) = 500 01 Py y(te)

Contribution of the dynamics:

V2, (ATg)ZV‘ZN Z Z At ( 9k,,uk)—29mpm(tk,))

Jj=0
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Hessian in Direct Collocation Reminder: dynamics yield
Lagrange function:

00.0 —
L(w,A)=o(w)+ )‘Tg (w)+ ”’Th (w) x(900».21) — 091.0 )
F (60,i,w0) — X/Sq 00,;P0,j(t0,)
Hessian: g(w) = T
X\, Lk = Ok+11,
VAL(w,A) = V26 + V2, (ATg) + Vo (uTh) F (00 u0) — 50 01 1B s(t)

Contribution of the dynamics:
Ve (Ne)=vi| 3 PR ( (00w~ 300 P ,)>
Jj=0
= Z Z Vi, ()\K,'TF (01(‘,', uk))
With w = {90_0, 000K) BOAK, W) 000 9/\/7107 000K) 9/\/71,;{, llN_1}, the contributions

V2, (Ak,iTF (Ox,is llk))

are sparse and trivial to compute !! (e.g. CasADi)
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Sparsity pattern

E.g. for the crane, the KKT matrix M is:

A
3
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