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Survival map of Direct Optimal Control
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One way of going from OCP to NLP
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Discretization - Single-Shooting

Problem: First discretize...
min ¢ (x(.), u(.))
sit. x(t) =F (x(t),u(t))
x (to) = %o
h (x(t),u(t)) <0

...then optimize:
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Discretization - Single-Shooting

Problem: First discretize...
min ¢ (x(.),u(.)) @ Usually zero-order hold
st. x(t) = F(x(t),u(t)) u(t € [t, tei1]) = wk
X(to) = Xo

h (x(t),u(t)) <0

...then optimize:
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Discretization - Single-Shooting

Problem: First discretize...
min ¢ (x(.),u(.)) @ Usually zero-order hold
st. x(t) = F(x(t),u(t)) u(t € [ty, trya]) = ux
x (o) = xo over a time grid to, ..., ty—1

h (x(t),u(t)) <0

@ See x(.) as a function f of
w = {uo, ..., un_1}, X0 and t:
f(w,xo,t) : W,Xo, t — x(t)

...then optimize:

x (tf)
ty
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Discretization - Single-Shooting

Problem: First discretize...
min ¢ (x(.),u(.)) @ Usually zero-order hold
st. x(t) = F(x(t),u(t)) u(t € [ty, trya]) = ux
x (o) = xo over a time grid to, ..., ty—1

h (x(t),u(t)) <0

@ See x(.) as a function f of
w = {uo, ..., un_1}, X0 and t:
f(w,xo,t) : W,Xo, t — x(t)

given by:

%f(w,xo7 t) = F(f (w, %o, t),ux),

f (w, %o, to) = Xo

...then optimize:
= (t) mvin ¢(f(w7x07~)7w)

to t‘l t‘z t‘g t‘,l t‘r t‘e t‘7 f,‘g to
° s.t. h(f(W,Xo,tk),Wk)SO
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Single Shooting - Example: swing-up of a pendulum

ocp
N—-1
2
min u
st. x=F (X7 uk) , Vte [tk, tk+1]
—20<u <20

x(0)=[0 « 0 0], x(t)=0

S. Gros Optimal Control with DAEs, lecture 7 180 of February, 2016 6 /26



Single Shooting - Example: swing-up of a pendulum

ocp
N—-1
. 2
min u
o, S
st. x=F (X7 uk) , Vte [tk, tk+1]
—20<u <20

x(0)=[0 « 0 0], x(t)=0

Integrator function provides x(t) = f (uo, ..., un—1, x(0), t)

S. Gros Optimal Control with DAEs, lecture 7 180 of February, 2016 6 /26



Single Shooting - Example: swing-up of a pendulum

ocp
N—-1
. 2
min u
o, S
st. x=F (X7 uk) , Vte [tk, tk+1]

—20< u <20
x(0)=[0 = 0 0],

X(tf) =0

Integrator function provides x(t) = f (uo, ..., un—1, x(0), t)
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An integrator is a function in the most
rigorous sense of the term. E.g.

of

6uk

is well defined and computable

(llo, L, uUN—1, X(O), t)
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Single Shooting - Example: swing-up of a pendulum
ocp
min Z uf
st. x=F (X7 uk) s Vt € [tk, tk+1]

—20 < u <20
x(0)=[0 « 0 0], x(t)=0

Integrator function provides x(t) = f (uo, ..., un—1, x(0), t)

NLP from smgle shooting An integrator is a function in the most
rigorous sense of the term. E.g.

min Z uy of

yeeey U,
e = (uo, ..., un—1,%(0), t)

811;(

st. —20<u <20
is well defined and computable

f (U()7 L, Un—1, X(O), tf) =0
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Single Shooting - Example: swing-up of a pendulum
NLP from single shooting

N—1
. 2
min E i
k=0

U,y UN—1

st. —20<u <20
f(uo,..., un—1,%(0),t) =0
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Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f
f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.
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Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f
f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.

Example

x=10(y — x)
y=x(u-2)-y
z=xy—3z

X
State: x(.)= | y
z

Input: u(.)
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Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f

f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.

Example
States as a function of u (constant) at time t, for a fixed xo
x=10(y — x)

y=x(u—2z)—y Time t = 0.25 [s]
z = Xy — 3z 14 w0 16
14
x " 7 "
State: x(.)= | y \Ew T =
8|
z 8 15 6|
Input: u(.) . )

10
20 25 30 35 20 25 30 35 20 25 30 35
u u u
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Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f

f (o, ..., un—1, X0, t) :

tends to become highly nonlinear for large t.

uo, ..., UN—1, X0, t

—

x(t)

Example

x=10(y — x)
y=x(u-2)-y
z=xy—3z

State: x(.) =

N <

Input: u(.)

States as a function of u (constant) at time t, for a fixed xo

Time ¢t = 0.45 [s]

15 45
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10
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10 40
0
— —~ —~
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~— 5| ~— ~— 35
8 =10 N
-15
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20 30
5 25
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u u
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Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f
f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.

Example
States as a function of u (constant) at time t, for a fixed xo
x=10(y — x)
y=x(u—2z)—y Time t = 0.65 [s]
z=xy—3z o 40
2| °
X — — P
+~ + 0 +
State: x(.)= | y = . = =
z s -5
Input: u(.) . “
20 25 30 35 0 20 25 30 35 20 25 30 35
U U U
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Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f

f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.

Example

x=10(y — x)
y=x(u-2)-y
z=xy—3z

State: x(.) =

N <

Input: u(.)

States as a function of u (constant) at time t, for a fixed xo

Time t = 0.85 [s]
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Single-Shooting - Propagating continuous dynamics
Nonlinearity propagation: integrator function f
f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.

Example
States as a function of u (constant) at time t, for a fixed xo
x=10(y — x)
y=x(u—2z)—y Time ¢t = 1.05 [s]
Z‘ — Xy _ 3z 15 20 45
10 15 40
X — Py 10| 35|
+> 5] +~ ::»\
State: x(.)= | y e = =%
z 0| 0| 25
Input: u(.) & N “
10| 15|
20 25 30 35 20 25 30 35 20 25 30 35
u u u
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Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f
f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.

Example
States as a function of u (constant) at time t, for a fixed xo
x=10(y — x)
y=x(u—2z)—y Time ¢t = 1.25 [s]
z=xy—3z 15 2 59
45
10 10 40
X = 5| : —.35]
had
. — ~— ~— o ~—30
State: x(.)= | y 5 = P
z s -10 20
. -10 15
Input: u(.) . " »
20 25 30 35 20 25 30 35 20 25 30 35
U U U
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Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f
f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.

Example
States as a function of u (constant) at time t, for a fixed xo
x=10(y — x)
y=x(u—2z)—y Time t = 1.45 [s]
. -3 20
zZ=X z 15 20 50
10|
X — 5 7 7
-~
State: x(.)= | y T l;/ 0 T
-5
z -10| o 20
Input: u(.) 15 20
20 10|
20 25 30 35 20 25 30 35 20 25 30 35
u u U
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Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f

f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.

Example
X =10(y — x)
=x(u—2z)—y
z=xy —3z
x
State: x(.)=| y
z
Input: u(.)
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States as a function of u (constant) at time t, for a fixed xo

Time ¢ =5 [s]
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Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f

f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.

Example
States as a function of u (constant) at time t, for a fixed xo
X =10(y — x)
y=x(u-z)-y Time t =5 [s]
z=xy —3z s
10|
x —
State: x(.)=| y ::j 0
-5
z -10|
Input: u(.) 15

What'’s this crazy system btw ?!?
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Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f
f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.

Example

Lorentz attractor (u = 28) stable but chaotic
x=10(y — x)

y=x(u—-z)—y
z=xy—3z
X

State: x(.)= | y
z

Input: u(.)

S. Gros Optimal Control with DAEs, lecture 7 180 of February, 2016 7/ 26




Single-Shooting - Propagating continuous dynamics

Nonlinearity propagation: integrator function f
f(uo,...,un—1,X0,t) 1 Uo,...,un—1,X0,t +—> x(t)

tends to become highly nonlinear for large t.

Example

Lorentz attractor (u = 28) stable but chaotic
x=10(y — x)

y=x(u—-z)—y
z=xy—3z
X

State: x(.)= | y
z

Input: u(.)

In optimal control,
don’t simulate a
nonlinear/unstable
system over a long
time horizon
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Nonlinearity of the integrator function - A bit of formalism...

Consider the dynamics x = F (x) and the corresponding integrator function f (x, t)
that maps the initial conditions x € R" onto a trajectory x(t) € R", i.e.

f(x,t) : x,t = x(t)
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Nonlinearity of the integrator function - A bit of formalism...

Consider the dynamics x = F (x) and the corresponding integrator function f (x, t)
that maps the initial conditions x € R" onto a trajectory x(t) € R", i.e.

f(x,t) : x,t = x(t)
Remarks:

@ Here we omit the input, but x = F (x) is still general. Indeed, one can always

rewrite x = F (x,u) as:
f2] o]

then the contorl input is "hidden” in the initial conditions for z.
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Nonlinearity of the integrator function - A bit of formalism...

Consider the dynamics x = F (x) and the corresponding integrator function f (x, t)
that maps the initial conditions x € R" onto a trajectory x(t) € R", i.e.

f(x,t) : x,t = x(t)
Remarks:

@ Here we omit the input, but x = F (x) is still general. Indeed, one can always

rewrite x = F (x,u) as:
f2] o]

then the contorl input is "hidden” in the initial conditions for z.

@ How to measure the nonlinearity of f (x,t) in x ?
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Nonlinearity of the integrator function - A bit of formalism...

Consider the dynamics X = F (x) and the corresponding integrator function f (x, t)
that maps the initial conditions x € R" onto a trajectory x(t) € R, i.e.

f(x,t) : x,t — x(t)
Remarks:

@ Here we omit the input, but x = F (x) is still general. Indeed, one can always

rewrite X = F (x,u) as:
e[2) ]

then the contorl input is "hidden” in the initial conditions for z.
@ How to measure the nonlinearity of f (x, t) in x ? What about:

of (x,t)  Of(y,t)
ox y

]gLnx—yn

If £ (x,t) is affine in x, i.e. f(x,t) = A(t)x+ b(t), then L =0... If L large, then
f (x, t) is very nonlinear...
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Nonlinearity of the integrator function - A bit of formalism...

Consider the dynamics x = F (x) and the corresponding integrator function f (x, t)
that maps the initial conditions x € R" onto a trajectory x(t) € R", i.e.

f(x,t) : x,t = x(t)

Proposition
Assume:
@ Lipschitz ODE: ||F (x) — F (y)|| < Lo|lx — ]|

@ Lipschitz sensitivity of the dynamics: Hag—i") — alg_gly)H <L|x-yl

@ Bounded sensitivity of the dynamics: HBE—S{X)H < B for all x
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Nonlinearity of the integrator function - A bit of formalism...

Consider the dynamics X = F (x) and the corresponding integrator function f (x, t)
that maps the initial conditions x € R" onto a trajectory x(t) € R, i.e.

f(x,t) : x,t — x(t)

Proposition
Assume:
@ Lipschitz ODE: ||F (x) — F (y)|| < Lo [|[x — y/||

@ Lipschitz sensitivity of the dynamics: Hag—i") — ag—gly)H <L|x-yl
@ Bounded sensitivity of the dynamics: HBE—S‘X)H < B for all x

Then the following holds:
@ Bounded divergence of the solutions: || (x,t) — f (y, t)|| < e™||x — y||
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Nonlinearity of the integrator function - A bit of formalism...
Consider the dynamics X = F (x) and the corresponding integrator function f (x, t)
that maps the initial conditions x € R" onto a trajectory x(t) € R, i.e.

f(x,t) : x,t — x(t)

Proposition
Assume:
@ Lipschitz ODE: ||F (x) — F (y)|| < Lo [|[x — y/||

@ Lipschitz sensitivity of the dynamics: H 9L 81;§,y) H < Lifx -yl

@ Bounded sensitivity of the dynamics: Hag—XX)H < B for all x

Then the following holds:
@ Bounded divergence of the solutions: || (x,t) — f (y, t)|| < e™||x — y||

fot)

@ Bounded sensitivity: H < eft
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Nonlinearity of the integrator function - A bit of formalism...
Consider the dynamics X = F (x) and the corresponding integrator function f (x, t)
that maps the initial conditions x € R" onto a trajectory x(t) € R, i.e.

f(x,t) : x,t — x(t)

Proposition
Assume:
@ Lipschitz ODE: ||F (x) — F (y)|| < Lo [|[x — y/||

@ Lipschitz sensitivity of the dynamics: Hag—s‘) — 81;—;")“ <L|x-yl

@ Bounded sensitivity of the dynamics: HBE—S:‘)H < B for all x

Then the following holds:
@ Bounded divergence of the solutions: || (x,t) — f (y, t)|| < e™||x — y||

Ofxt)

@ Bounded sensitivity: H < eft

Of (x,t) _ of (y,t)
Ox Oy

< geff (el —1) x —yll

@ Bounded nonlinearity: H <%
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Proof

Two useful mathematical tricks:
@ The inequality
d
— llall < [jal

holds on any vector space equipped with a differentiable norm ||.|| (e.g. 2-norm,
Frobenius).
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Proof

Two useful mathematical tricks:
@ The inequality
d
— llall < [jal

holds on any vector space equipped with a differentiable norm ||.|| (e.g. 2-norm,
Frobenius).

@ Gronwall Lemma: if d
3z 12l =< a(t) a2l + A(t)
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Proof

Two useful mathematical tricks:
@ The inequality
d
— llal| < ||la
— llall < [jal

holds on any vector space equipped with a differentiable norm ||.|| (e.g. 2-norm,
Frobenius).

@ Gronwall Lemma: if
% la(t)[l < oft) la(e)]| + B(t)
then .
la(t)]| < [la(0)[ e/ *% +/O el *9p(s)ds

holds for all t.
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Proof

Bounded divergence of solutions: let e (x,y,t) = f (x,t) — f (y, t), then:

el = IF (£ (x,8)) = F (£ (v, )l < Lo[If (x,8) = £ (y, t)[| = Lolle]l

hence

d
— <L
~llell < Lol
Using e (x,y,0) = x —y, Gronwall Lemma ensures that

L
le(x,y, t) ]| < e[x —yll

ie.:
£ (x,t) — £ (v, t)[| < e®F[lx — y]|
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Proof

Let us write Bf(x ) = A(x,t). Here we will use the fact that A(x, t) is given by
i _ OF(f(x 1))

Bounded sensitivities: we use the Frobenius matrix norm and observe that

el < A o] = |ZEEEDae o) < |[ZEEED | jage o)

such that 4
T 1A Ol < BlIA K 1)l

Using A(x,0) =/, the Gronwall Lemma then ensures that:

IA(x, t)]| < €™
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Proof

Bounded nonlinearity: let us write E (x,y,t) = A(x,t) — A(y, t) then

S 1e < ] = | G - EEL-Dagy, o

Let us use the short notation £ = L Then:

HEH =& (A% t) = Ay, 1)) + (& = &) Ay, Bl <
1€ A (%, ) — Ay, Ol + 1€ = &N Ay, DI < BIEI + [1€x — &y |l Bt

Then we observe that:

€ = &Il < LulIf (x. ) = £ (y, 8| < Lie™[lx — ]|

We use E (x,y,0) =0 and the Gronwall Lemma to conclude that:
t t
E(x,y,t)] < el Pl Ix — yl| ePHods = [ P |x — y|| eP T ds =
IE (x,y, y y
0 0

t L : L
eBtLl ||x—y||/ eLostZ L_leﬁt ||x—y|| eLos — _1631‘ ||x—y|| (eLgt_l)
0 0 0 Lo
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Outline

© Multiple-Shooting

=] & = E E DAl
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Multiple-Shooting - Key idea

Example States as a function of v at time t
Time t = 0.25 [s]
=10(y —x) :
14 - 16)
=x(u—2z)—y 1
12|
z=xy—3z —~ " "
10 = 10
= NadPN =
8 = Q
8|
15 6|
6| 4
10
20 25 30 35 20 25 30 35 20 25 30 35
U U U

S. Gros Optimal Control with DAEs, lecture 7 180 of February, 2016 11 /26



Multiple-Shooting - Key idea
Example States as a function of v at time t
Time ¢t = 0.65 [s]

=10(y — x)
0| 40
= X\u—2z)— 5
(u—2)—y B}
S 35
Z =Xy — oz
y—3 = = 0 -
> * X
ST = W 30
5
8 25
-10]
-10
20 25 30 35 20 25 30 35 20 25 30 35
Uu u u
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Multiple-Shooting - Key idea

Example States as a function of v at time t
Time t = 1.05 [s]
=10(y — x :

('y ) 15 20| 45|
:X(U—Z)—y 10 15 40
z=xy —3z — ~ 5

+> 5] +~ +~
— Ny =30

8 > I
0 0 25|
. 5 20}
10| 15|

20 25 30 35 20 25 30 35 20 25 30 35
U U U
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Multiple-Shooting - Key idea

Example States as a function of v at time t
Time t =5 |s
=10(y — x) 0 ] w0
=x(u—2z)—y i 5
z= Xy — 3z — 5 A0
Ny Nad
] . = 30
10 20
-15 10
5 35 20 25 30 35
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Multiple-Shooting - Key idea

Example States as a function of v at time t
Time t = 0.25 [s]
=10(y —x) :
14 - 16)
=x(u—2z)—y 1
12|
z=xy—3z —~ " "
10 = 10
= NadPN =
8 = Q
8|
15 6|
6| 4
10
20 25 30 35 20 25 30 35 20 25 30 35
U U U
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Multiple-Shooting - Key idea
Example States as a function of v at time t
Time ¢t = 0.25 [s]

x=10(y — x)
. B 30 1
y=x(u—-2z)—y 1
12|
- 25
Z=xy—3z — —~ "
10 = + 10|
~— ~— 20 ~—
8 = T,
8|
15 6|
8 4
10
20 25 30 35 20 25 30 35 20 25 30 35
u u u

For any smooth dynamics x = F (x, u) differentiable and Lipschitz continuous, with
bounded & Lipschitz continuous sensitivities
OF (x,u) OF (x,u)
ox ' Ou
the integration function f (x, u, t) can be made "arbitrarily linear” by reducing the
integration time t !!
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Multiple-Shooting - Key idea
Example States as a function of v at time t
Time ¢t = 0.25 [s]

x=10(y — x)
. B 30 1
y=x(u—-2z)—y 1
12|
- 25
Z=xy—3z — —~ "
10 = + 10|
~— ~— 20 ~—
8 = T,
8|
15 6|
8 4
10
20 25 30 35 20 25 30 35 20 25 30 35
u u u

For any smooth dynamics x = F (x, u) differentiable and Lipschitz continuous, with
bounded & Lipschitz continuous sensitivities
OF (x,u) OF (x,u)
ox ' Ou
the integration function f (x, u, t) can be made "arbitrarily linear” by reducing the
integration time t !!

Multiple-shooting breaks down the system integration into short time intervals !! )
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Multiple-Shooting - key idea

Input ...
tg t1 to t3 1y s
10| U]
5|
5 o ug
=3
—_ -5 uZ
-10|
us U4
-15!

0.1 0.4 0.5

0.2 03
Time [s]

. discretised on the time grid
{to, t1, ..oy tN}
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Multiple-Shooting - key idea

Input ... State...
fo bty oty oty ty BB T D
" 03t Ty f (I4,u H
5 0.251 T3 i
@ ozf f (3, u3)]
-ig'- o g % 0;:: X9 f (9327U2) :
c 0.0sf- Z f(xhul) ,
_ - U9 G.T(; ]
-0.05F f (1‘0, ug) i
-10 ur{ u4 0 Ov‘OS 0.1 O.‘15 0.2 0.‘25 03 0235 0.4 0.‘45 05

-15
0.1 0.2 0.3 0.4 . . . .
Time [s] ...integration on the time intervals [tx, tii1]

. discretised on the time grid
{to, t1, ..oy tN}
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Multiple-Shooting - key idea

Input ... State...
fo bty oty oty ty BB T D
" 03t Ty f (334au H
5 0.251 T3 i
@ ozf f (3, u3)]
-ig- o g % 0;:: X9 f (3327U2) :
c 0.0sf- Z f(xhul) ,
_ - U9 (,.T(; ]
-0.05F f (1‘0, ug) i
-10 ur{ u4 0 Ov‘OS 0.1 0.‘15 0.2 0.‘25 03 0235 0.4 0.‘45 05

-15
0.1 0.2 0.3 0.4 . . . .
Time [s] ...integration on the time intervals [tx, tii1]

@ short integrations starting from given x

. discretised on the time grid
{to, t1, ..oy tN}
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Multiple-Shooting - key idea

Input ... State...
fo bty oty oty ty BB T D
U1 0af Ty f (334au H
5 0251 T3 ]
@ ozf » f (3, u3)]
= @ o015 T2 f (I27U2) b
8. h 5 0.1 i
c 0.05 1 f(xhul) B
= - Uo (,'770 |
-10 -0.051 , ! (x0\7 uo) . . , b
/U/’{ u4 0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4 0.45 05
-15!
0.1 0.2 0.3 0.4 . . . .
Time [s] ...integration on the time intervals [tx, tii1]
@ short integrations starting from given x
. discretised on the time grid @ function f (xx, ux) moderately nonlinear
{to, t1, ..oy tN}
ST



Multiple-Shooting - key idea

Input ... State...
fo bty oty oty ty BB T D
" 03t Ty f (334a Ugh
5 0.251 T3 i
O oo » f (3, u3)]
= T o5 He) ! (I27U2) 7
8. h o 01 |
c 0.0sf- Z f(xhul) ,
_ - U9 (,.’I?(; ]
-0.05F f (xg, ug) i
-10 u.—{ u4 0 0‘05 0.1 0.‘15 0.2 0.‘25 03 0235 0.4 0.‘45 05

-15
0.1 0.2 0.3 0.4 . . . .
Time [s] ...integration on the time intervals [tx, tii1]

. discretised on the time grid

{to,

S. Gros Optimal Control with DAEs, lecture 7

t1, ..oy

tN}

@ short integrations starting from given x

@ function f (xx, ux) moderately nonlinear

@ the trajectory is physically meaningful when the
shooting gaps are closed, i.e.

£ (xk, wk) — Xpy1= 0
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Multiple-Shooting - key idea

Input ... State...
to t1 ty t3 ty s M 2 W ~ S B N
10| 0.35[ .
t 0af Ty f (334a UgH
5 0251 T3 ]
@ ozf f (3, u3)]
5 o ug %0»15* Zo [ (z2,u9) 1
o 0.1F . q
[ 5 0.05[-, € f (xly ul) B
_— - UQ (,.I’(; ]
-0.05F f (xo, ug) i
-10 u.—{ /LLA 0 055 0.1 0.‘15 0.2 0.‘25 03 0135 0.4 0.‘45 05
-15!
1 .2 . .4 . . . . .
0 -ﬁme ‘Eg] ° %% .integration on the time intervals [ti, ti 1]
@ short integrations starting from given x
. discretised on the time grid @ function f (xx, ux) moderately nonlinear

{to, t1, .., tu} @ the trajectory is physically meaningful when the

) o shooting gaps are closed, i.e.
@ The x will become decision

variables in the NLP f (xk, uk) — xp1=0

@ The shooting gaps will be
constraints in the NLP
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Multiple-shooting - Example

N—-1

. 2

st f(xp,ur) —x41=0
—20 <y <20
xo=[0 © 0 0], xy=0

f (xx, uy) integrates the dynamics over the time interval [tx, tx+1]

to  t1  to t3 ty ts tO tq to t3 ty t5

10

il 2!
0251 €T —
02} ’ J (w3, u3)]
0.151 X9 f (-732, UZ) B
01l |
L € f (561, ul) i

e ) 0.05 70
0 01 02 03 04 05 i
G f (1’07 U,o)

Time [s]

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Input
State
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Multiple-shooting - Example

N—-1

. 2

st f(xp,ur) —x41=0
—20 <y <20
xo=[0 © 0 0], xy=0

. . . . X
f (xx, uy) integrates the dynamics over the time interval [tx, tx+1]
4
. 1
SQP lter: 0 Sy
x 0, e
o T
= 10 . 0 T
Z o 05 1 15 2 0 0.5 1 15 2
g
o 4 4
L 19 2|
xo 9‘2)
0 1 15 2 A4
Time [s] -4 -6
1 15 2 ~o 05 1
Time [s] Time [s]
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Multiple-shooting - Example

N—-1

. 2

st f(xp,ur) —x41=0
—20 <y <20
xo=[0 © 0 0], xy=0

. . . . X
f (xx, uy) integrates the dynamics over the time interval [tx, tx+1]
4
. 1
SQP lter: 0 Sy
x 0, e
o T
= 10 . 0 T
Z o 0.5 1 15 2 0 0.5 1 15 2
Q
e
o 4 4
L 19 2|
xo 9‘2)
0 1 15 2 A4
Time [s] -4 -6
1 15 2 ~o 05 1
Time [s] Time [s]

Note: one can provide a guess for the state trajectories in the form of the xqo . n !!
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Multiple-shooting - Example

N—-1

. 2

st f(xp,ur) —x41=0
—20 <y <20
xo=[0 © 0 0], xy=0

f (xx, uy) integrates the dynamics over the time interval [tx, tx+1]

SQP lter: 1 1 4
x”/\‘/ “
0

0
o 0.5 1 15 2 0 0.5 1 15 2
4,

?E/\‘\-—/M//A\ 0. \\_‘//W

1 15 2
Time [s] -4

5

Force [N]

5

oS HBNoN S

0.5

o

Time [s] Time [s]
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Multiple-shooting - Example

N—-1

. 2

st f(xp,ur) —x41=0
—20 <y <20
xo=[0 © 0 0], xy=0

. . . . X
f (xx, uy) integrates the dynamics over the time interval [tx, tx+1]
SQP lter: 2 1 !
x b,
0¢
10f " 0
o 05 1 15 2 0 0.5 1 15 2

Force [N]

>
i

L

Time [s]

N
o
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Multiple-shooting - Example

N—-1

. 2

st f(xp,ur) —x41=0
—20 <y <20
xo=[0 © 0 0], xy=0

f (xx, uy) integrates the dynamics over the time interval [tx, tx+1] X
SQP lter: 3 1 ¢
T 0,
0¢
10 0
710 0.5 1 15 2 0 0.5 1 15 2

Force [N]

0!

Time [s]

° 5

8

N>
Oﬁbr\)Q)Nb
Nl

05 15 2 ) 0.5 15

Time [s] Time [s]
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Multiple-shooting - Example

N—-1

. 2

st f(xp,ur) —x41=0
—20 <y <20
xo=[0 © 0 0], xy=0

. . . . X
f (xx, uy) integrates the dynamics over the time interval [tx, tx+1]
SQP lter: 4 1 4
z 0,
0¢
= 10 1 0
— 0 0.5 1 15 2 0 0.5 1 15 2
8 9
2
S 4 4
LS -10| 2 . 2
ot 03
0 1 15 2 2 -4
Time [s] -4 -6
0 5 1 15 2 ~o 05 _ 1 1 2
Time [s] Time [s]
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= 10 4 0
— 0 0.5 1 15 2 0 0.5 1 15 2
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S 4 4
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ot 03
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Multiple-shooting - Example

N—-1

. 2

st f(xp,ur) —x41=0
—20 <y <20
xo=[0 © 0 0], xy=0

. . . . X
f (xx, uy) integrates the dynamics over the time interval [tx, tx+1]
SQP Iter: 9 1 4
z 0,
01
=" 1 0
— 0 0.5 1 15 2 0 0.5 1 15 2
8 9
2
S 4 4
L -10| 2 ) 2
9 03)
0 1 15 2 2 -4
Time [s] -4 -6
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Multiple-shooting - Example

N—-1

. 2

st f(xp,ur) —x41=0
—20 <y <20
xo=[0 © 0 0], xy=0

. . . . X
f (xx, uy) integrates the dynamics over the time interval [tx, tx+1]
SQP lter: 10 1 4
z 0,
01
=" 1 0
— 0 0.5 1 15 2 0 0.5 1 15 2
8 9
2
S 4 4
L -10| 2 ) 2
9 03)
0 1 15 2 2 -4
Time [s] -4 -6
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Remember Single-shooting 7
An example

N—1
. 2 |
min Z uj 0
k=0
st x=1f(x,u)

|
-20<u<20

x(0)=[0 « 0 0], x(Tf)=0 !

o & 2L NGe
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Remember Single-shooting 7
An example

N—1
min Z ui 9
R,
st. x=1f(x,u)
—-20<u<20

u
x(0)=[0 « 0 0], x(Tf)=0 =
SQP lter: 0 2 4
1
§ T 0,
— 0 =)
Z
= 1 0 D
10 0 0.5 1 15 2 0 0.5 1 1.5 2
5 5
0 05 1 15
Time [s]
5 0 =)
Lo 4 0
5
O 0.5 1 1.5 2 1% 0.5 1 15 2
Time [s] Time [s]
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Remember Single-shooting 7
An example

N—1

. 2

min u

" E k
k=0

st. x=1f(x,u)
—-20<u<20

x(0)=[0 « 0 0], x(Tf)=0

SQP lter: 1 2

Py
A

T
10|
ﬁj"'_'_'_'_"\—\_\—\_\_\_\"_r i (
Z

3 1 0
10 0 0.5 1 15 2 0 0.5 1 1.5
5 5
0 05 1 15
Time [s]

Cbo\/\/(

.

h o
}

&

0.5

1
Time [s]

15
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Remember Single-shooting 7
An example

N—1
min Z ui '0
R L\
st. x=1f(x,u) l
—20<u <20 "
x(0)=[0 « 0 0], x(Tf)=0 "
SQP lter: 2 2 4
1
B T 0,
= 0 QP
= N 0 P
10 ) 0.5 1 15 2 0 0.5 1 1.5 2
5 5
0 05 1 15
Time [s]
5 0 @
Lo 4o 0
5
O 0.5 1 1.5 2 10 0.5 1 15 2
Time [s] Time [s]
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Remember Single-shooting 7
An example
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Remember Single-shooting 7
An example

N—1
min Z ui '0
R L\
st. x=1f(x,u) l
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Multiple-Shooting is a Lifted Single-Shooting

o & = E E DaAe
S. Gros Optimal Control with DAEs, lecture 7



Multiple-Shooting is a Lifted Single-Shooting

Lifting: reformulate a function with more variables so as to make it less nonlinear...
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Multiple-Shooting is a Lifted Single-Shooting

Lifting: reformulate a function with more variables so as to make it less nonlinear...
N—1
. 2
min u
ug,-.- UN—1 ; k
st. —20<u <20
f(X(O), ug, ..., UN71) =0

where f (x(0), wo, ..., un_1) integrates over [0, t¢]
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Multiple-Shooting is a Lifted Single-Shooting

Lifting: reformulate a function with more variables so as to make it less nonlinear...
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. 2 4
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Yoy UN—1 4o 4
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f (X(O), uo, ..., UNfl) =0 .'iq)/\/\ 0 D/\/\"/
where f (x(0), wo, ..., un—1) integrates over [0, t¢] e b ¢ Crmep
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Multiple-Shooting is a Lifted Single-Shooting

Lifting: reformulate a function with more variables so as to make it less nonlinear...

N—1
. 2 4
min E p _,,/\J 0,
ugs---sUN—1 =0 b
0| P

°

s.t. _ 20 S Uk S 20 “o 05 1 15 2 0 05 1 15 2
f (x(0), uo, ..., uny—1) =0 ;iO/\/\‘ ) °~/\/\
where f (x(0), wo, ..., un—1) integrates over [0, t¢] e b ¢ Crmep

Using f (x«, ux) as an integrator over [tx, txt1], one can construe single shooting:

f(x(0),u0,....,un_1): x(0), ug, ..., un_1  +— x(tr)
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Multiple-Shooting is a Lifted Single-Shooting

Lifting: reformulate a function with more variables so as to make it less nonlinear...
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Multiple-Shooting is a Lifted Single-Shooting

Lifting: reformulate a function with more variables so as to make it less nonlinear...
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Using f (x«, ux) as an integrator over [tx, txt1], one can construe single shooting:
f(x(0),u0,....,un_1): x(0), ug, ..., un_1  +— x(tr)
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Multiple-Shooting is a Lifted Single-Shooting

Lifting: reformulate a function with more variables so as to make it less nonlinear...

N—1
. 2 4
min E p _,,/\J 0,
ugs---sUN—1 =0 b
0| P

°

s.t. _ 20 S Uk S 20 “o 05 1 15 2 0 05 1 15 2
f (x(0), uo, ..., uny—1) =0 .'iq)/\/: ) °~/\/\
where f (x(0), wo, ..., un—1) integrates over [0, t¢] e b ¢ Crmep

Using f (x«, ux) as an integrator over [tx, txt1], one can construe single shooting:
f(x(0),u0,....,un_1): x(0), ug, ..., un_1  +— x(tr)
as x(tr) = f (... f(F(£(x(0),u0),u1),u2)...,;un—1) = £ (x(0), 1o, ..., uy_1)

The nonlinearity of  follows from the N recursive calls of the integrator f.
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Multiple-Shooting is a Lifted Single-Shooting

Lifting: reformulate a function with more variables so as to make it less nonlinear...

N—1
. 2 4
min E p _,,/\J 0,
ugs---sUN—1 =0 b
0| P

s.t. _20 S Uk S 20 o 05 1 15 2 0 05 1 15 2

f‘(X(O),uo,...,ul\/f:l) =0 /\/\

15 2 o o

°

Iy

S
a6 o

where f (x(0), wo, ..., un_1) integrates over [0, t¢] Foo

5 1 15 2
Time [s]

vsTin:e [s]

Using f (x«, ux) as an integrator over [tx, tx+1], one can construe single shooting:
f(x(0),u0,....,un_1): x(0), ug, ..., un_1  +— x(tr)

as x(t) =f (... £ (£(f(x(0),u0),u1),u2)....,uny_1) = f (x(0), uo, ..., un_1)

The nonlinearity of  follows from the N recursive calls of the integrator f.
Multiple-Shooting introduces the variables xo, ..., xy and lifts the recursion as:

X1 = f(Xo,uO)
X2 = f(xl,ul)
xy = f(xy-1,un-1)
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Multiple-Shooting is a Lifted Single-Shooting
Lifting: reformulate a function with more variables so as to make it less nonlinear...

N—-1
. 2 : 2
min ug A 4
u,x T
k=0 e

s.t. f(Xk7 uk) — X)4+1= 0

—20 < u <20 Jo 1 i

Xo = [ 0 = 0 O ]7 xy =0 * Times) ** Timels] |

Using f (x«, ux) as an integrator over [tx, tx+1], one can construe single shooting:
f’(x (0),uo,...,un—1) :  x(0), wo, ..., un—1 +—  x(t)
as x(t) =f (... £ (£(f(x(0),u0),u1),u2)....,uny_1) = f (x(0), uo, ..., un_1)

The nonlinearity of  follows from the N recursive calls of the integrator f.
Multiple-Shooting introduces the variables xo, ..., xy and lifts the recursion as:

X1 = f(Xo,uO)
X2 = f(xl,ul)

xy = f(xy-1,un-1)
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Cost and constraints discretisation in Multiple-shooting

OCP:
te

min T(x(tf))—l-/ L(x(t),u(t))dt t t A t 4 I

x,u 0 oss]
03t 7 J (e u

st. x=F(x,u), x(0)==%o P “""»f(ﬁ)f (w3, u3)

B o1y ay [ (w2, u2
h (X (t) ,ua (t)) S 0 m D“D; . T —f (e1,w)

T o)

o & = E 2L NGe
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Cost and constraints discretisation in Multiple-shooting

OCP:
te
e T(X(tf))+/ L(x(t),u(z))dt t t ty iy t ts
M O - 2y S (@au
o 4 4
st. x=F (Xy ll) ;X (0) = Xo 2 e n,f(k)f (3, u3)
% o oy
h(x(t),u(t)) <0 “d o T
—nns»—\ (0, ug)

@ Inequality constraints: h(x (t),u(t)) < 0 are enforced on the the shooting nodes:
h(xk,tk,uk)go, Vk=0,...N—1

. what happens in between 71?7
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Cost and constraints discretisation in Multiple-shooting

OCP:
te
min T(X(tf))+/ L(x(t),u (1) dt o
x,u O 0.35f :
o oy f (@
st. x=F(x,u), x(0)==%o @ u,ﬁf (w3, u3)
o oy
h(x(t),u(t)) <0 “d o T
—ws»—\ (w0, o)

005 o1 ofs 02 0% 03 0% 04 04 05

@ Inequality constraints: h(x (t),u(t)) < 0 are enforced on the the shooting nodes:
h(xk,tk,uk)go, Vk=0,...N—1

. what happens in between 71?7
@ Cost function often approximated as (rectangular quadrature):

N-1
T (xn) + Y (terr — tic) L (ki ui ()
k=0
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Cost and constraints discretisation in Multiple-shooting

OCP:
tf
min T(x(tf))—l-/ L(x(t),u(t))dt t 4 6 t 4 &5
x,u 0 oss] )}
04 7 J(za,u
st. x=F(x,u), x(0)==%o P "’ﬁf (23, u3)
S oas Ty _— (@2, u
h(x(6),u (1) < 0 S o
oS (w0, w0)

@ Inequality constraints: h(x (t),u(t)) < 0 are enforced on the the shooting nodes:
h(xk,tk,uk)go, Vk=0,...N—1

. what happens in between 71?7
@ Cost function often approximated as (rectangular quadrature):

N1
T (xn) + Y (terr — tic) L (ki ui ()
k=0

@ Alternatively, Lagrange term L (x,u) can be implemented via a dynamic extension:
d [ x F(xu)} |:X(0)i| |:)_c0:|
— — ) , _ 7 ® T
dt [ p ] [ L(x,u) p(0) 0 (W) =T (xn) + pn
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NLP from Multiple-Shooting
OCP:
min @ (x(.), u(.))
st. x(t)=F(x(t),u(t))
h (x(t),u(t),t) <0

X(to) = Xo

Input

U

-10
U3 Uy

-15

0.1 0.2 0.3 0.4 0.5

Time [s]
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NLP from Multiple-Shooting
OCP:
min

s.t.

@ (x(.);u(.)

x(t) = F (x (1), u(t))

h (x(t),u(t),t) <0

X(to) = Xo

f (xx, ux) integrates the dynamics F
over the time interval [tx, txi1]
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NLP from Multiple-Shooting

OCP:
min & (x(.),u(.))

st. x(t)=F(x(t),u(t))
h (x(t),u(t),t) <0

X(to) = Xo

f (xx, ux) integrates the dynamics F
over the time interval [tx, txi1]
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NLP from Multiple-Shooting
OCP:

min

@ (x(.);u(.)

NLP with w = {Xo, Uo, ...,XNfl,uNfl,xN}

min & (w
st. x(t)=F(x(t),u(t)) w (W)
h(x(t),u(t),t) <0
X (to) = Xo s.t.
f (xx, ux) integrates the dynamics F
over the time interval [tx, tii1]
tg tl tz t3 t4 t5 t(J t‘l t‘Z t§ t‘4 t5
10 Uy 0.351
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5 o U 9 o2
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- 5 U N oal
B L e
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NLP from Multiple-Shooting
OCP:
min & (x(.),u(.))
st. x(t)=F(x(t),u(t))
h (x(t),u(t),t) <0

X(to) = Xo

f (xx, ux) integrates the dynamics F

over the time interval [tx, tii1]
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NLP with w = {Xo, Uo, ...,XNfl,uNfl,xN}

min  ® (w)
w
X0 — X0
f _
st. g(w)= (x0, o) =32 =0
f (xn, un—1) — Xn—1
51 to t3 4 ls

0.151

f (an 'LLO)

L I L L
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 05

S. Gros Optimal Control with DAEs, lecture 7 180 of February, 2016 18 / 26




NLP from Multiple-Shooting

OCP:
min & (x(.),u(.))

st. x(t)=F(x(t),u(t))
h (x(t),u(t),t) <0

X(to) = Xo

f (xk, uk) integrates the dynamics F
over the time interval [tx, tii1]
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QP structure from Multiple-Shooting

NLP:
min ¢ (w)
[ . Xo — Xo SQP recursively solves the QPs:
st. g(w) = (o, “0) - =0 min %AWTHAW + Vo Aw
L £ (Gews un—1) = xn— st. Vg'Aw+g=0
h (x0, uo) Vh'Aw +h <0
_ <
b (w) h(xy-1,un-1) | = 0
L h(xw)
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QP structure from Multiple-Shooting

NLP:

min ¢ (w)
[ . Xo — Xo SQP recursively solves the QPs:

Xo,Ug) — X .

st. g(w)= (xo O) ! =0 min %AWTHAW + Vo Aw

L £ (Gews un—1) = xn— st. Vg'Aw+g=0
h (o, uo) Vh'Aw +h <0
h(w) = h (xy—1,un—1) <0

L h(xw)

Let’s have a look at matrices H, Vg' and Vh' for this specific type of NLP
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Constraints Jacobian - Dynamics M xo 7
ug
e (xo) o
£ (x0,u0) — x1 x;
Constraints: g (w) = £, u1) = with  w=| w
f (x2,u2) — x3 x
f(x3,u3) — x4 uz
f (X4, U4) — X5 X4
uy4
L x5
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Constraints Jacobian - Dynamics

Constraints: g(w) =

c(xo)

f (%0, u0) — x1
f(x1, 1) —x
f(x2,u2) — x3
f(x3,u3) — x4
f(x4,u4) — x5

with

w =

Let's denote f) = f (xx, uy), then the constraints derivative reads as:

dc
9%
otg
Oxg

Vg(w)' =

o O O o

0

—1
ofy

ox1

0
0
0

0

0
of

ou;

0
0
0

0
0

—1
ofp

Oxp

0
0

0
0

0
Ofy

Ouy

0
0

0

0

0
—1
of3

Ox3
0

QY
o¢fl"mo o o o
S

S. Gros Optimal Control with DAEs, lecture 7

X0

o

X1

u

X2

u2

X3

u3

X4

uy

X5

0 0 0
0 0 0
0 0 0
0 0 0
—1 0 0
o O
Oxy duy

18" of February, 2016

20 / 26



Constraints Jacobian - Dynamics

Constraints: g(w) =

c(xo)

f (x0,u0) — x1
f(x1,u1) — x2
f (x2,u2) — x3
f(x3,u3) — x4
f(x4,u4) — x5

with

W =

Let's denote f) = f (xx, uy), then the constraints derivative reads as:

dc
9%
Dty
Oxg

Vg(w)' =

o O O o

Observe the banded structure of the Jacobian Vg (w

0

—1
of;

ox1

0
0
0

0

0
of;

ou;

0
0
0

0
0

—1
ofp

Oxg

0
0

0
0

0
Ofy

Ouy

0
0

0
0
0

—1
Of3

Ox3

0

Q|
O¢glm O © © O
&

X0

o

X1

u

X2

u2

X3

u3

X4

uy

X5

0 0 0
0 0 0
0 0 0
0 0 0
—1 0 0
o O
Oxy duy

)T

Note that this structure hinges on the ordering in w and g !!!

)
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Constraints Jacobian - Bounds

hg (%0, uo)
hy (x1,u1)
hy (x2,u2)
h3 (x3,u3)
hy (x4, u4)
h5 (X5)

Bounds: h(w) = with  w =
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Constraints Jacobian - Bounds

Bounds:
Then:

9hg
9xq

0

oh 0
ow | o

0

0

dhy
dug

o O O o

ohy
0x1

o

o O o

hg (%0, uo)
hy (x1,u1)
hy (x2,u2)
h3 (x3,u3)
hy (x4, u4)
h5 (X5)

with w =
0 0
0 0
Oh.
o
0 sz
0 0
0 0

Ohs
ous

0
0
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X0
ug
X1
ug
X2
u
X3
u3
X4

X5

0 0 0
0 0 0
0 0 0
0 0 0
Ohy  Ohg 0
Oxyg duy oh
0 0o g
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Constraints Jacobian - Bounds

ho (xo, uo)
hj (x1,u1)
h; (x2,uz
Bounds: h(w) = h3 §X37 U3§
hy (X4, 114)
hs (XS)
Then:
dhy  Ohg 0 0
X0 dug oh oh
1
0 0 FH aw O
oh 0 0 0 0 %
ow 0 0 0 0 °
c o0 0 0 O
6o o0 0 0 O

with

W =

Ohz
0x3

0
0

Ohs
ous

0
0

X0
ug
X1
ug
X2
u
X3
u3
X4

X5

0 0 0
0 0 0
0 0 0
0 0 0
Ohy  Ohg 0
Oxyg duy oh
0 0o g

Observe the banded structure of the Jacobian Vh (w) .
Note that this structure hinges on the ordering in w and g !!!
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Constraints Jacobian sparsity pattern - lllustration

h T
min %AWTBAw+v¢TAw Vh (w)

st. Vg'Aw+g=0
Vh'Aw+h <0
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NLP:

Lagrange function in Multiple-Shooting
m“iln d(w)

X0 — X0

st g(w)= £ (x0,10) =1 =0
| f(xn,un—1) —xn_1

h(w) =

h (%, up)

<0
h(xy_1,uy_1) | =
h (xp)

o & = E 2L NGe
S. Gros Optimal Control with DAEs, lecture 7



Lagrange function in Multiple-Shooting
NLP: Lagrange function:
min & (w) T T
w L(w,A\pu)=¢(w)+Xg(w)+p h(w)
X0 — X0
f (x0,u0) — x1

st. g(w) = =0

L £ (xw, uN.—“l) —XN_1

h (xo, up)

hw) = h(xN—.l.;uN—l)
h (xp)
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Lagrange function in Multiple-Shooting

NLP:

m“i,n d(w)

st. g(w) =
h(w) =
Then write:

L(w, A p) =T (xn) + > L(xp,u)

X0 — X0
f (Xo, uO) — X1

| f(xn,un—1) —xn_1

h (xo, up)
h(xy_1,uy_1)
h (xp)

N—1

k=0

(w)

Lagrange function:

L(w, A p)=d(w)+ATg(w)+pu"h(w)

=0
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Lagrange function in Multiple-Shooting
NLP: Lagrange function:

m“i,n d(w) L(w, A, ) = & (w) + ATg (w) + ”Th(w)

Xo — Xo
st. g(w) = £ (x0,u0) —x1 =0
| f(xn,un—1) —xn_1
h (xo, ug)
BW)=| n (fo.l.; uy-1) 0
L h(xp)
Then write:
N—1 N—1
L(w, A ) =T(xn)+ > L(xioue) +Ag (Ro—x0) + > Adyq (F (6, W) — xp11)
k=0 k=0
d(w) ATg(w)
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Lagrange function in Multiple-Shooting

NLP: Lagrange function:

m“i,n d(w) - L(w, A, ) = & (w) + ATg (w) + ”Th(w)
X0 — X0

st. g (W) — f (XO, uO) — X1

=0
| f(xn,un—1) —xn_1
h (xo, ug)

hw) =1y (fo.l.; uy_1)
h (xp)

Then write:

N—-1 N—-1

L(w, A p) =T (xy)+ Z L (xk,uk) +Ad (Fo — x0) + Z Apy1 (F (o ug) — Xkp1)
k=0 k=0

(w) ATg(w)
N—1
+ pyh (xn) + D prh (kg ug)
k=0

uTh(w)
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Separability of the Lagrange function

N—1 N—1
L(w, A p)=T (xy)+ Z L (xk, uk) +Ad (Ro — x0) + Z Apy1 (F (o ug) — Xkp1)
k=0 k=0

(w) ATg(w)
N—1
+pyh () + D prh (kg )
k=0
wTh(w)
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Separability of the Lagrange function

N—-1

L(w, A, p) =T (xp) + Z L (xk, ug) + A§ (Ro — x0) + Z Apy1 (F (o ug) — Xkp1)
k=0
N1

N—-1
+ puh (en) + Y i Gk, ug)

k=0
k=0

o & = E 2L NGe
S. Gros Optimal Control with DAEs, lecture 7



L(w, X, p1)

N—-1

Separability of the Lagrange function

k=0

N—-1
xN) + Z L(xk,uk) + )\0 X0 — )\Oxo + Z )‘k+1f xk,uk) — Z )\k+1xk+1
N—-1

N—-1
k=0
k=0

o & = E 2L NGe
S. Gros Optimal Control with DAEs, lecture 7

+ pyh xN)"‘ZH h (%, uy)

k=0



Separability of the Lagrange function

N—1 N—1 N—1
L(w, A\ p)=T (xn) + Z L (xp,ug) + Ad %o — Agxo + Z >‘;I<—+1f(xkv uy) — Z A-,<r+1xk+1
k=0 k=0 k=0
N—1
+uyh(xn) + D pph(xeu) =
k=0

T (xn) + pyh (xn) + Ad %o — Afxp

N—1
+ Z (L(Xk, ug) + Xkrﬂf (%k, Uk) — A xp + pph (x4, Uk))
k=0
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Separability of the Lagrange function

N—1 N—1 N—1
L(w, A\ p)=T (xn) + Z L (xp,ug) + Ad %o — Agxo + Z >‘;I<—+1f(xkv uy) — Z >‘1+1xk+1
k=0 k=0 k=0
N—1
+ pyh () + ZH h (x4, ) =
k=0

T (xn) + pyh (xn) + Ad %o — Afxp

+ Z (L(Xk, ug) + Xkrﬂf (%k, Uk) — A xp + pph (x4, Uk))
k=0
Define:

Ly (Wk,)\, [A) = L(xk,uk) + )\-II(—Jrlf(xk,uk) — )\Zxk + p-{h(xk,uk), k=1,..,.N—-1

S. Gros Optimal Control with DAEs, lecture 7 180 of February, 2016 24 / 26



Separability of the Lagrange function

N—1 N—1 N—1
L(w, A\ p)=T (xn) + Z L (xp,ug) + Ad %o — Agxo + Z >‘;I<—+1f(xkv uy) — Z >‘1+1xk+1
k=0 k=0 k=0
N—1
+uyh(xn) + D pph(xeu) =
k=0

T (xn) + pyh (xn) + Ad %o — Afxp
N—1
+ Z (L(Xk, ug) + Xkrﬂf (%k, Uk) — A xp + pph (x4, Uk))
k=0
Define:

Ly (Wk,)\, [A) = L(Xk,llk) + )\-II(—Jrlf(xk,uk) — )\Zxk + p-{h(xk,uk), k=1,..,.N—-1
Lo (wWo, A, ) = L(x0,up) + A[ f (x0,u0) — Ag X0 + pg h (x0,10) + Ag Ko
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Separability of the Lagrange function

N—1 N—1 N—1
L(w, A\ p)=T (xn) + Z L (xp,ug) + Ad %o — Agxo + Z >‘;I<—+1f(xkv uy) — Z >‘1+1xk+1
k=0 k=0 k=0
N—1
+uyh(xn) + D pph(xeu) =
k=0

T (xn) + pyh (xn) + Ad %o — Afxp
N—1
+ Z (L(Xk, ug) + Xkrﬂf (%k, Uk) — A xp + pph (x4, Uk))
k=0
Define:

Ly (Wk,)\, [A) = L(Xk,llk) + )\-II(—Jrlf(xk,uk) — )\Zxk + p-{h(xk,uk), k=1,..,.N—-1
Lo (wo, A, i) = L(x0,u0) + AJf (x0,u0) — AJ X0 + 2§ h (%0, o) + AJ Ko
Ly (W, A, ) = T (xn) — Agxy + pyh (xn)
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Separability of the Lagrange function

N—1 N—1 N—1
L(w, A\ p)=T (xn) + Z L (xp,ug) + Ad %o — Agxo + Z >‘;I<—+1f(xkv uy) — Z AZ+1Xk+1
k=0 k=0 k=0
N—1
+uyh(xn) + D pph(xg,uy) =
k=0

T (xn) + pyh (xn) + Ad %o — Afxp
N—1
+ Z (L(Xtm ug) + Xkrﬂf (%k, Uk) — A xp + pph (x4, Uk))
k=0
Define:

Ly (Wk,)\, [.A) = L(Xk,l.lk) + )\I+1f(xk,uk) — )\Zxk + u-,[h(xk,uk), k=1,..,.N—-1
Lo (wo, A, i) = L(x0,u0) + AJf (x0,u0) — AJ X0 + 2§ h (%0, o) + AJ Ko
Ly (W, A, ) = T (xn) — Agxy + pyh (xn)

Then use wy = {xy,ux} for k =0,..., N —1, and wy = xp, so that

N
‘C’(Wv Av ”’) = Z‘Ck (Wk7 A7"")
k=0
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Sparsity of the exact Hessian

Separability of the Lagrange function

N
L(w,\pn)= Z L (Wi, A\, p)

k=0

where wy = {x),ux} for k =0,...,N —1, and wy = xp.
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Sparsity of the exact Hessian

Separability of the Lagrange function

N
L(w, A p) = Li(wio A 1)

k=0
where wy = {xx,ux} for k =0,..., N — 1, and wy = xp. Hence:

0L (W, A\, ) _

(9W,‘8Wj 0’ Vi #J
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Sparsity of the exact Hessian

Separability of the Lagrange function

N
L(w, A p) = Li(wio A 1)

k=0

where wy = {xx,ux} for k =0,..., N — 1, and wy = xp. Hence:

822‘(’::778’3;,‘) =0, Vi#j
Hence the Hessian is block diagonal, i.e.
VLo (Wo, A, ) , 0 0 0
Ve o TR
0 0 0 Vaulw(wn, A p)
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Sparsity pattern - Illustration min %AWTBAW-F vo Aw

st. Vg Aw+g=0
Vh'Aw+h <0

Ve (w)'

B=V3L(w,A)

Vh (w)"
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