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Survival map of Direct Optimal Control

Interior-Point

Interior-Point
QP solver

Y
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Let's approach again the problem of solving the KKT conditions
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Outline

ﬂ KKT - Reminder

© Primal Interior-Point I\/Iethod;:

9 Primal-Dual Interior-Point Methods
@ Primal-Dual Interior-Point Solver

© Warm-start in Interior-Point Methods
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KKT conditions - Reminder
Consider the NLP problem:
m“i’n ®(w)
st. g(w)=0
h(w) <0

KKT conditions with £ = ® (w) + ATg (w) + p"h (w)

Primal Feasibility: g(w)=0, h(w)<O0,
Dual Feasibility: Vwl(w, p, A)=0, p>0,
Complementary Slackness: phi(w) =0, Vi
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KKT conditions - Reminder
Consider the NLP problem:
m“i,n b (w)
st. g(w)=0
h(w) <0

KKT conditions with £ = ® (w) + ATg (w) + p"h (w)

Primal Feasibility: g(w)=0, h(w)<0,
Dual Feasibility: Vwl(w, g, A\)=0, p>0,
Complementary Slackness: phi(w) =0, Vi

The difficulty of the KKT conditions is the non-smooth Complementary Slackness
conditions resulting from the inequality constraints. Remember: "constraint h; can push
(p; > 0) only when w touches it (i.e. when h; = 0)”
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KKT conditions - Reminder
Solution manifold of p;hi(w) =0

Consider the NLP problem:

m“i,n b (w)

3 =
t =0 - g
st. 8 (W) - 32 >
[e]
h (W) S 0 1 %‘
0
h;j(w) not active
5 -4 3 2 1 0 1

KKT conditions hi(w)

Primal Feasibility: g(w)=0, h(w)<0,
Dual Feasibility: Vwl(w, g, A\)=0, p>0,
Complementary Slackness: phi(w)=0, Vi

The difficulty of the KKT conditions is the non-smooth Complementary Slackness
conditions resulting from the inequality constraints. Remember: "constraint h; can push
(p; > 0) only when w touches it (i.e. when h; = 0)”
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KKT conditions - Reminder Solution manifold of 4;h;(w) =0
Consider the NLP problem:

. 1, =
min —w" —w 3 S
w . s
-, 2
st. w<0 * a
Q
1 <
. * o
Solution w* =0 .
hj(w) not active
15 -4 -3 2 -1 0 1

h,-kw)

KKT conditions with £ = ® (w) + ATg(w) 4+ pu"h(w)

Primal Feasibility: g(w)=0, h(w)<O0,
Dual Feasibility: VwLl(w, g, A\)=0, p©>0,
Complementary Slackness: phi(w)=0, Vi

The difficulty of the KKT conditions is the non-smooth Complementary Slackness

conditions resulting from the inequality constraints. Remember: "constraint h; can push
(p; > 0) only when w touches it (i.e. when h; = 0)”
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KKT conditions - Reminder Solution manifold of 4;h;(w) =0
Consider the NLP problem:

min  Zw® —w 3 £
w2 . B
st. w<0 % a
1 s
Solution w* =0 .
hj(w) not active
k3 -4 3 2 1 0 1
h,‘(W)
KKT conditions with £ = —w —w+ uw
Primal Feasibility: w <0,
Dual Feasibility: w—1+upu=0, p>0,
Complementary Slackness: uw =0

The difficulty of the KKT conditions is the non-smooth Complementary Slackness
conditions resulting from the inequality constraints. Remember: "constraint h; can push
(p; > 0) only when w touches it (i.e. when h; = 0)”
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KKT conditions - Reminder
Consider the NLP problem:

st. w<0

Solution w* =0

Solution manifold of uw =0

. 2 N
min  —w’ —w 3 I
w 2 o
22 L
1)
a
1 <
2
0
w < 0 (inactive)
k3 4 2 1 0 1
w
KKT conditions with £ = —w —w+ uw
Primal Feasibility: w <0,

Dual Feasibility:

Complementary Slackness:

pw =0

The difficulty of the KKT conditions is the non-smooth Complementary Slackness

conditions resulting from the inequality constraints. Remember:

(p; > 0) only when w touches it (i.e. when h; = 0)”

"constraint h; can push
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KKT conditions - Reminder Solution manifold of uw =0

Consider the NLP problem:
4
min  Zw® —w 3 ﬁ
w 2 o
st. w<0 =2 A
Solution w* =0 . [~
w < 0 (inactive)
k3 -4 3 2 1 0 1
w
KKT conditions with £ = —w —w+ uw
Primal Feasibility: w <0,
Dual Feasibility: w—1+upu=0, p>0,
Complementary Slackness: uw =0
Original idea of the IP method: introduce the inequality constraints in the cost !! J
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
v becomes min®. (w;) = &(w,) — 7 Z log(—hi(w~))
st. h(w)<0 e P

-1 -0.5 0
h;
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
v becomes min®. (w;) = &(w,) — 7 Z log(—hi(w~))
st. h(w)<0 e P

T =0.47287

-1 -0.5 0
h;

S. Gros Optimal Control with DAEs, lecture 6 170 of February, 2016 6 /21



Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
v becomes min®. (w;) = &(w,) — 7 Z log(—hi(w~))
st. h(w)<0 wr 2
7 =10.22361
4
~3
-]
Lo
V1]
o
Tt ’/J
0 3
-1 -0.5 0
h;
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
v becomes min®. (w;) = &(w,) — 7 Z log(—hi(w~))
st. h(w)<0 wr 2
7=0.10574
4
—~3
-]
Lo
V1]
kel
Tl '
0___/_/
-1 -0.5 0
h;

S. Gros Optimal Control with DAEs, lecture 6 170 of February, 2016 6 /21



Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function
min  d(w) ) i

& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w) <0 T i=1

Log-barrier approximates the characteristic function

0 if h; <0
X(hi)_{ oo if h; >0
7 =0.05
4 :
-3
= :
Lo :
V0]
o
-1
0 E
1 05 0
h;
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
v becomes min®. (w;) = &(w,) — 7 Z log(—hi(w~))
st. h(w)<0 wr ’

Example:

. 1
min  =w? — 2w
w

st. —1<w<1
le. 1
d(w) = EW —2w
w
h(w) = [ w—l] 0
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) ) 4
& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w) <0 T =
Example:
D, (w)=3iw?—2w—r7log(w+1)—7log (1 —w)

. 1
min  =w? — 2w
w

st. —1<w<1
le. 1
d(w) = EW —2w
w
h(w) = [ w—l] 0
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w)<0 e i=

Example:

1, D, (w)=3iw?—2w—r7log(w+1)—7log (1 —w)
min  ow — 2w

st. —1<w<1 T=1
le. 1 =
d(w)==w’—2w —
2 G
S
w el
h(w) = Tu} ] <o 2
S
o
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w)<0 e i=
Example:

1, D, (w)=3iw?—2w—r7log(w+1)—7log (1 —w)
min  ow — 2w

st. —1<w<1 7 =0.51795
le. 1 i~
d(w)==w’—2w -
2 <
h(w) = [ 3_1 ] 0 E
S
<
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w)<0 e i=
Example:

1, D, (w)=3iw?—2w—r7log(w+1)—7log (1 —w)
min  ow — 2w

st. —1<w<1 T =0.26827
le. 1 i~
d(w)==w’—2w -
2 <
h(w) = [ 3_1 ] 0 E
S
<
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w)<0 e i=
Example:

1, D, (w)=3iw?—2w—r7log(w+1)—7log (1 —w)
min  ow — 2w

st. —1<w<1 7 =0.13895
le. 1 i~
d(w)==w’—2w -
2 <
h(w) = [ z—l] 0 E
S
<
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w)<0 e i=
Example:

1, D, (w)=3iw?—2w—r7log(w+1)—7log (1 —w)
min  ow — 2w

st. —1<w<1 7 =0.071969
le. 1 i~
d(w)==w’—2w -
2 <
h(w) = [ z—l] 0 E
S
<
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w)<0 e i=
Example:

1, D, (w)=3iw?—2w—r7log(w+1)—7log (1 —w)
min  ow — 2w

st. —1<w<1 T§0.037276
le. 1 i~
d(w)==w’—2w —
2 sl |
h(w) = [ z—l] 0 Bl
E : w
<
: ‘ WN/
-1 0 1 2
w
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w)<0 e i=
Example:

1, D, (w)=3iw?—2w—r7log(w+1)—7log (1 —w)
min  ow — 2w

st. —1<w<1 7 =0.019307
le. 1 i~
d(w)==w’—2w -
2 <
h(w) = [ 3_1 ] 0 E
S
<
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w)<0 e i=
Example:

1, D, (w)=3iw?—2w—r7log(w+1)—7log (1 —w)
min  ow — 2w

st. —1<w<1 7 =0.01
le. 1 =

d(w)==w’—2w —
2 & i
e
w el !
h(w) = [ w—l] 0 =
© :

| B

-1 0 1 2
w

How accurate is the solution w; ?
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w)<0 e i=
Example:

1, D, (w)=3iw?—2w—r7log(w+1)—7log (1 —w)
min  ow — 2w

How accurate is the solution w. ?

st. —1<w<1 o
10
l.e. 1
d(w) = EW —2w .
w *g L 2
h(w) = [ w—l] 0 I 10" *
*Ek .
2
10 :
10° 10" 10°
T
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Primal Interior-Point Methods

Log-barrier method: introduce the inequality constraints in the cost function

min  $(w) _ m;
& becomes min®. (w;) = &(w,) —7 Z log(—hi(w-))
st. h(w)<0 e i=
Example:

1, D, (w)=3iw?—2w—r7log(w+1)—7log (1 —w)
min  ow — 2w

How accurate is the solution w. ?

st. —1<w<1 0
10
l.e. 1
d(w) = EW — 2w ' .
w *g L 2
h(w) = [ w—l] 0 I 10" *
*gk L)
If w* is LICQ & SOSC, then : |
[wr —w7[| = O(7) J 10° :
10° 10" 10
T
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Newton on the Primal Interior-Point method

Problem:
min
w

s.t.

d(w)
h(w) <0

S. Gros Optimal Control with DAEs, lecture 6

Barrier formulation:

m“i,n o, (w) = m“i,n d(w) — 7'2’: log(—hi(w))

i=1

7 =0.019307
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Newton on the Primal Interior-Point method

Problem:
min  $(w)
st. h(w) <0

KKT conditions:
Voé(w) + Vh(w)p =0
pihi(w) =0
h(w) <0, p>0

S. Gros Optimal Control with DAEs, lecture 6

Barrier formulation:

m“i,n o, (w) = m“i,n d(w) — TZ log(—hi(w))

i=1

7 =0.019307
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Newton on the Primal Interior-Point method

Problem:
min  $(w)
st. h(w) <0

KKT conditions:
Voé(w) + Vh(w)p =0
pihi(w) =0
h(w) <0, p>0

S. Gros Optimal Control with DAEs, lecture 6

Barrier formulation:

m“i,n o, (w) = m“i,n d(w) — TZ log(—hi(w))

KKT conditions™:

Vo, (w) = Vo(w) — 7 Z hi(w) 'Vhi(w) =0

*valid for hj(w) < 0

i=1

i=1

7 =0.019307
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Newton on the Primal Interior-Point method

Problem:
min  $(w)
st. h(w) <0

KKT conditions:
Voé(w) + Vh(w)p =0
pihi(w) =0
h(w) <0, p>0

v

Newton direction for the Primal Interior-Point KKTs:

<V2¢(w) +ry h,-(w)2Vh,-Vh,T> Aw + Vo, (w) =0
i=1

Barrier formulation:

m“i,n o, (w) = m“i,n d(w) — TZ log(—hi(w))

KKT conditions™:

Vo, (w) = Vo(w) — 7 Z hi(w) 'Vhi(w) =0

*valid for hj(w) < 0

i=1

i=1

=V20.(w)

for h affine
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Newton on the Primal Interior-Point method

Problem:
min  $(w)
st. h(w) <0

KKT conditions:
Voé(w) + Vh(w)p =0
pihi(w) =0
h(w) <0, p>0

v

Barrier formulation:

m“i,n o, (w) = m“i,n d(w) — TZ log(—hi(w))

KKT conditions™:

Vo, (w) = Vo(w) — 7 Z hi(w) 'Vhi(w) =0

*valid for hj(w) < 0

i=1

i=1

Newton direction for the Primal Interior-Point KKTs:

<V2¢(w) +7 i h,-(w)2Vh,-Vh,-T> Aw + b, (w)=0

i=1

for h affine
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Newton on the Primal Interior-Point method

Problem: Barrier formulation: _
" (w) min ®.(w) = min &(w) — TZ log(—hi(w))
st. h(w) <0 i=1
KKT conditions™:
KKT conditions: m; .
Vo(w) + Vh(w)p = 0 Vo, (w) = Vo(w) — 7> hi(w) 'Vhi(w) =0
i=1
pihi(w) =0
h(w) <0, p>0 *valid for hi(w) < 0

v

Newton direction for the Primal Interior-Point KKTs:

il ™ =0.019307
<v2¢(w) +ry h,-(w)2Vh,-Vh,-T> Aw+ &, (w)=0
i=1
for h affine
As 7 — 0, the term h; ?(w) becomes very large when 1 o I 3
h; — 0, which hinders the convergence w
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Primal-Dual Interior-Point method
Problem:

min
w

d(w)

h(w) <0
KKT conditions:

s.t.

Vo (w) + Vh(w)u =0

pihi(w) =0
h(w) <0, p>0

o & = E 2L NGe
S. Gros Optimal Control with DAEs, lecture 6



Primal-Dual Interior-Point method

Problem:
min  $(w)
st. h(w) <0
KKT conditions:
Vo(w) + Vh(w)p =0
pihi(w) =0
h(w) <0, p>0

Barrier formulation:

m|n d(w,) —TZIog i(wr))

KKT conditions™:

Vo(w) — 7 Z h; '(w)Vh;(w) =0

i=1

*valid for hj(w) < 0

S. Gros Optimal Control with DAEs, lecture 6 170 of February, 2016

8 /21



Primal-Dual Interior-Point method

Problem:
min  $(w)
st. h(w) <0
KKT conditions:
Vo(w) + Vh(w)p =0
pihi(w) =0
h(w) <0, p>0

Barrier formulation:

m|n d(w,) —TZIog i(wr))

KKT conditions™:

Vo(w) 7 Z h; '(w)Vhi(w) =0

*valid for hj(w) < 0
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Primal-Dual Interior-Point method

Problem:
min  $(w)
st. h(w) <0
KKT conditions:
Vo(w) + Vh(w)p =0
pihi(w) =0
h(w) <0, p>0

Barrier formulation:

m|n d(w,) —TZIog i(wr))

KKT conditions™:

Vo(w) 7 Z h; '(w)Vhi(w) =0

*valid for hj(w) < 0

Introduce variable v; = frhl.’1
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Primal-Dual Interior-Point method

Problem:
min  $(w)
st. h(w) <0
KKT conditions:
Vo(w) + Vh(w)p =0
pihi(w) =0
h(w) <0, p>0

Barrier formulation:

m|n d(w,) —TZIog i(wr))
KKT conditions™:

d(w)— TZh w)Vhi(w) =0

*valid for hj(w) < 0

4

Introduce variable v; = —7h;

fvalid for hi(w) <0, v; > 0

~!(w), then the Primal-Dual KKT conditions' read as:

Vo(w) + Z v;Vhi(w) =0
i=1

vihi(w) = —
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Primal-Dual Interior-Point method

Problem:
min  $(w)
st. h(w) <0
KKT conditions:
Vo(w) + Vh(w)p =0
pihi(w) =0
h(w) <0, p>0

4

Barrier formulation:

m|n d(w,) —TZIog i(wr))
KKT conditions™:

d(w)— TZh w)Vhi(w) =0

*valid for hj(w) < 0

Introduce v; = —Thfl, then the Primal-Dual Interior-Point KKT conditions read as:

Vo(w) + Vh(w)r =0

vihi(w)+7=0
h(w)<0, v»>0

S. Gros Optimal Control with DAEs, lecture 6 170 of February, 2016

8 /21



Primal-Dual Interior-Point method

Problem: Barrier formulation:
g A7) m|n d(w,)—71 Z log(—hi(w-))
st. h(w) <0
KKT conditions™:
KKT conditions:
Vo(w) + Vh(w)u =0 d(w)—7 Z h, ' (w)Vhi(w) =0
pihi(w) =0
h(w) <0, pu>0 *valid for hi(w) < 0
Introduce v; = —Thfl, then the Primal-Dual Interior-Point KKT conditions read as:

Vo(w) + Vh(w)r =0
vihi(w)+7=0
h(w)<0, v»>0

@ Primal-Dual IP conditions yield the same solution as the Barrier problem

@ Observe the similitude with the original KKT conditions !!
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Interpretation of the Primal-Dual Interior-Point method

Problem: Solution manifold of p;h;j(w) =0
5
min  $(w)
w al
st. h(w) <0 ) =
- g
KKT conditions: X 2t =
Vo(w) + Vh(w)p =0 A %
pihi(w) =0 . ®
h(w) <0, pu>0 h;(w) not active
ERE 2 1 o 1

2
Primal-Dual IP KKT conditions hi(w)
Vé(w) 4+ Vh(w)ry =0

l/jh,'(W) +7=0

h(w)<0, v>0
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Interpretation of the Primal-Dual Interior-Point method
phi(w)=0and vihij(w)+7=0
s

Problem:
min d(w) Lor=1
st. h(w) <0 g
B8
KKT conditions: o
Vo(w) + Vh(w)u =0 2
pihi(w) = 0 ’
h(w) <0, pu>0 h;(w) not active
I R > 1 0 1

2
Primal-Dual IP KKT conditions hj(w)
Vé(w) 4+ Vh(w)ry =0
vihi(w)+7=0
h(w)<0, v>0
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Interpretation of the Primal-Dual Interior-Point method

Problem: phi(w)=0and vihij(w)+7=0
5
in ¢
min  ®(w) J T =0.51795
s.t. h(W) <0 ol =2
5 B
KKT conditions: =2 o
Vo(w) + Vh(w)p =0 1 8
pihi(w) =0 0 °
h(w) <0, pu>0 h;(w) not active
R R ‘ 1 0 1

2

Primal-Dual IP KKT conditions hi(w)
Vé(w) 4+ Vh(w)ry =0
l/jh,'(W) +7=0

h(w)<0, v>0
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Interpretation of the Primal-Dual Interior-Point method

Problem: . phi(w)=0and vhi(w)+7=0
min  ®(w) [T =0.26827
st. h(w)<0 I =
S B
KKT conditions: =2 o
Vo(w) + Vh(w)p =0 1 8
phi(w) =0 . °
h(w) <0, pu>0 h;(w) not active
R R ‘ 1 0 1

2

Primal-Dual IP KKT conditions hi(w)
Vé(w) 4+ Vh(w)ry =0
V;h,'(W) +7=0

h(w)<0, v>0
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Interpretation of the Primal-Dual Interior-Point method

Problem: phi(w)=0and vihij(w)+7=0
5
in ¢
min - ®(w) J 7 =0.13895
s.t. h(W) <0 ol =2
5 B
KKT conditions: =2 o
Vo(w) + Vh(w)p =0 1 8
pihi(w) =0 0 °
h(w) <0, pu>0 h;(w) not active
R R > 4 0 1

2

Primal-Dual IP KKT conditions hi(w)
Vé(w) 4+ Vh(w)ry =0
V;h,'(W) +7=0

h(w)<0, v>0
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Interpretation of the Primal-Dual Interior-Point method

Problem: . phi(w)=0and vhi(w)+7=0
min  ®(w) ST =0.071969
st. h(w)<0 I =
g B8
KKT conditions: =2 o
Vo(w) + Vh(w)p =0 1 J 8
phi(w) =0 . °
h(w) <0, pu>0 h;(w) not active
R R ‘ 1 0 1

2

Primal-Dual IP KKT conditions hi(w)
Vé(w) 4+ Vh(w)ry =0
V;h,'(W) +7=0

h(w)<0, v>0
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Interpretation of the Primal-Dual Interior-Point method

Problem: . phi(w)=0and vhi(w)+7=0
min  ®(w) [T =0.037276
st. h(w)<0 I =
‘ z
KKT conditions: =2 o
Vo(w) + Vh(w)p =0 1 8
phi(w) = 0 i J °
h(w) <0, pu>0 h;(w) not active
R R ‘ 1 0 1

2

Primal-Dual IP KKT conditions hi(w)
Vé(w) 4+ Vh(w)ry =0
V;h,'(W) +7=0

h(w)<0, v>0
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Interpretation of the Primal-Dual Interior-Point method
phi(w)=0and vihij(w)+7=0
s

Problem:
min  $(w)

st. h(w) <0

KKT conditions:
Vo(w) + Vh(w)p =0
pihi(w) =0
h(w) <0, p>0

Primal-Dual IP KKT conditions
Vé(w) 4+ Vh(w)ry =0
vihi(w)+7=0
h(w)<0, v>0

7 = 0.019307

anide (m)y

_J

h;(w) not active

-4 -3 -1 0 1

h,--(w)
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Interpretation of the Primal-Dual Interior-Point method

Problem: phi(w)=0and vihij(w)+7=0
s
in ¢
min  ®(w) S T =0.01
s.t. h(W) <0 ol =2
5 B
KKT conditions: -2 T
Vo(w) + Vh(w)u =0 1 g
p;hi(w) =0 i J°
h(w) <0, pu>0 h;(w) not active
T E— ; 1 0 1

2

Primal-Dual IP KKT conditions hi(w)
Vé(w) 4+ Vh(w)ry =0
l/jh,'(W) +7=0

h(w)<0, v>0
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Interpretation of the Primal-Dual Interior-Point method

Problem: ) phi(w)=0and vhi(w)+7=0
min  ®(w) S T =0.01
st. h(w) <0 i =
‘ &
KKT conditions: =2 o
Vo(w) + Vh(w)p =0 1 8
pihi(w) =0 i 4
h(w) <0, pu>0 h;(w) not active
B4 3 2 1 0 1
Primal-Dual IP KKT conditions hi(w)
Vo(w) + Vh(w)r =0 @ Primal-Dual IP method solves KKT conditions
vihi(w)+7=0 with smoothed complementary slackness

h(w)<0, v>0
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Interpretation of the Primal-Dual Interior-Point method

Problem: ] phi(w)=0and vihij(w)+7=0
min  ®(w) S T =0.01
st. h(w) <0 J =
5 8
KKT conditions: -2 T
Vé(w) + Vh(w)p =0 1 g
p;hi(w) =0 i J°
h(w) <0, pu>0 h;(w) not active
B4 3 2 1 0 1
Primal-Dual IP KKT conditions hj(w)
Vo(w) + Vh(w)r =0 @ Primal-Dual IP method solves KKT conditions
y,—h,-(w) +7=0 with smoothed complementary slackness
h(w) <0, v>0 @ |P approximation
lp* —v*||=0(r)
[w* — w2l =0(r)
wi, v* and w*, pu* are equivocated )
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Interpretation of the Primal-Dual Interior-Point method

Problem:
min  $(w)
st. h(w) <0

KKT conditions:
Vo(w) + Vh(w)p =0
pihi(w) =0
h(w) <0, p>0

Primal-Dual IP KKT conditions
Vé(w) 4+ Vh(w)ry =0
vihi(w)+7=0
h(w)<0, v>0

Note: the PD-IP KKT conditions
require that w is inside the feasible
domain

phi(w)=0and vihij(w)+7=0
5

J 7 =0.01

anide (m)y

y

h;(w) not active

ES ) 3

2 1 0 1
hi(w)
@ Primal-Dual IP method solves KKT conditions
with smoothed complementary slackness
@ |P approximation
ln* — v =0O(r)

[w* —wr|=0O(r)

wi, v* and w*, pu* are equivocated
v

4
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP KKT conditions
min  $ (w)
E Vo(w) + Vg(w)A + Vh(w)u =0
st. g(w)=0 g(w)=0
h{w) =0 phi(w) =0

h(w) <0, >0
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP PD-IP KKT conditions
min  $ (w)
E Vo(w) + Vg(w)A + Vh(w)u =0
st. g(w)=0 g(w)=0
h(w)<0 phi(w)+7=0

h(w) <0, pu>0
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP PD-IP KKT conditions
min  $ (w)
w VL(w,A\,p)=0
st. g(w)=0 g(w)=0
h(w)<0 phi(w)+7=0

h(w) <0, pu>0
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP Newton on the conditions (parametrized by 7)
min  $ (w)
w VL (W, @)
st. g(w)=0 g(w) =1, (W,A,p)=0
h(w) <0 wihi(w) +7

with h(w) <0, p>0
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP Newton on the conditions (parametrized by 7)
min  $ (w)
w VL (W, @)
st. g(w)=0 g(w) =r-(W,A,p)=0
h(w) <0 wihi(w) +7

with h(w) <0, p>0

Newton direction d given by

Aw
Vel (w2 pm) | AN | 41 (w, A p)=0
Ap |
Newton step: updates
w w ] Aw
A< X |+t] AX
iz [T Ap

v
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP Newton on the conditions (parametrized by 7)
min  $ (w)
w VL (W, @)
st. g(w)=0 g(w) =r-(W,A,p)=0
h(w) <0 wihi(w) +7

with h(w) <0, p>0

Newton direction d given by

Aw
Vel (w2 pm) | AN | 41 (w, A p)=0
Ap |
Newton step: updates
w w ] Aw
A< X |+t] AX
iz [T Ap

Step-size: t €]0, 1] must ensure:

h(w + tAw) <0, p+tAp>0

v
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP Newton on the conditions (parametrized by 7)
min ¢ (w
W o) VE (w A )
st. g(w)=0 g(w) =r-(W,A,p)=0
h(w) <0 wihi(w) +7

with h(w) <0, p>0

Newton direction d given by Difficulties:
Aw | .
@ Selecting t to get
Vel (w2 pm) | AN | 41 (w, A p)=0 = .
Ap | h(w + tAw) <0
Newton step: updates cannot be done simply.
w w ] Aw Requires evaluating h for
A || X |+t AX decreasingly large values of t
n © | Ap until the condition is met.

. Can be expensive !!
Step-size: t €]0, 1] must ensure:

h(w + tAw) <0, p+tAp>0

v
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP Newton on the conditions (parametrized by 7)
min ¢ (w
W o) VE (w A )
st. g(w)=0 g(w) =r-(W,A,p)=0
h(w) <0 wihi(w) +7

with h(w) <0, p>0

Newton direction d given by Difficulties:
Aw | .
@ Selecting t to get
Vel (w2 pm) | AN | 41 (w, A p)=0 = .
Ap | h(w + tAw) <0
Newton step: updates cannot be done simply.
w w ] Aw Requires evaluating h for
A || X |+t AX decreasingly large values of t
n © | Ap until the condition is met.

Can be expensive !!
Step-size: t €]0, 1] must ensure: o
@ We need the initial guess to
h(w +tAw) <0, p+tAp>0 be feasible for h !l

J 4
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Slack formulation of the Primal-Dual Interior-Point conditions

Primal-Dual IP KKT conditions:
Voé(w) + Vh(w)p =0 (1a)
whi(w) +7=0  (ib)
h(w)<0, pu>0 (1¢)

@ Newton steps on (1a)-(1b)

@ Backtrack to ensure (1c)

S. Gros Optimal Control with DAEs, lecture 6 170 of February, 2016 11 /21



Slack formulation of the Primal-Dual Interior-Point conditions

Primal-Dual IP KKT conditions:
Voé(w) + Vh(w)p =0 (1a)
whi(w) +7=0  (ib)
h(w)<0, pu>0 (1¢)

@ Newton steps on (1a)-(1b)
@ Backtrack to ensure (1c)

Difficulty: one must ensure that
h(w) starts and remains negative
throughout the Newton iterations
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Slack formulation of the Primal-Dual Interior-Point conditions

Primal-Dual IP KKT conditions:
Voé(w) + Vh(w)p =0 (1a)
whi(w) +7=0  (ib)
h(w)<0, pu>0 (1¢)

@ Newton steps on (1a)-(1b)
@ Backtrack to ensure (1c)

Difficulty: one must ensure that
h(w) starts and remains negative
throughout the Newton iterations

@ need a feasible initial guess
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Slack formulation of the Primal-Dual Interior-Point conditions
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whi(w) +7=0  (ib)
h(w)<0, pu>0 (1¢)

@ Newton steps on (1a)-(1b)
@ Backtrack to ensure (1c)

Difficulty: one must ensure that
h(w) starts and remains negative
throughout the Newton iterations

@ need a feasible initial guess
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Slack formulation of the Primal-Dual Interior-Point conditions

Primal-Dual IP KKT conditions:

Voé(w) + Vh(w)p =0 (1a)
pihi(w) +7=0  (1b)
h(w)<0, pu>0 (1¢)

@ Newton steps on (1a)-(1b)
@ Backtrack to ensure (1c)

Difficulty: one must ensure that
h(w) starts and remains negative
throughout the Newton iterations

@ need a feasible initial guess

@ backtracking can be expensive

S. Gros Optimal Control with DAEs, lecture 6

Slack reformulation: new variable —s = h (w)

Voé(w) + Vh(w)p =0

h(w)+s=0
—p;si+7=0
—-s<0, >0
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Slack formulation of the Primal-Dual Interior-Point conditions

Primal-Dual IP KKT conditions:

Voé(w) + Vh(w)p =0 (1a)
pihi(w) +7=0  (1b)
h(w)<0, pu>0 (1¢)

@ Newton steps on (1a)-(1b)
@ Backtrack to ensure (1c)

Difficulty: one must ensure that
h(w) starts and remains negative
throughout the Newton iterations

@ need a feasible initial guess

@ backtracking can be expensive
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Slack reformulation: new variable —s = h (w)

Voé(w) + Vh(w)p =0

h(w)+s=0
p;si—7=0
s>0, p>0
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Slack formulation of the Primal-Dual Interior-Point conditions

Primal-Dual IP KKT conditions:

Voé(w) + Vh(w)p =0 (1a)
phi(w)+7=0 (1b)
h(w)<0, pu>0 (1¢)

@ Newton steps on (1a)-(1b)
@ Backtrack to ensure (1c)

Difficulty: one must ensure that
h(w) starts and remains negative
throughout the Newton iterations

@ need a feasible initial guess

@ backtracking can be expensive

S. Gros Optimal Control with DAEs, lecture 6

Slack reformulation: new variable —s = h (w)

Voé(w) + Vh(w)p =0

h(w)+s=0
p;si—7=0
s>0, p>0

Newton on the slack formulation

@ initialize with s, u > 0 and p;si = 7
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Slack formulation of the Primal-Dual Interior-Point conditions

Primal-Dual IP KKT conditions:
Voé(w) + Vh(w)p =0 (1a)
phi(w)+7=0  (1b)
h(w)<0, pu>0 (1¢)

@ Newton steps on (1a)-(1b)
@ Backtrack to ensure (1c)

Difficulty: one must ensure that
h(w) starts and remains negative
throughout the Newton iterations

@ need a feasible initial guess

@ backtracking can be expensive

Slack reformulation: new variable —s = h (w)

Voé(w) + Vh(w)p =0

h(w)+s=0
p;si—7=0
s>0, p>0

Newton on the slack formulation
@ initialize with s, u > 0 and p;si = 7

@ h(w) > 0 does not matter at the initial
guess or during the iterations

S. Gros Optimal Control with DAEs, lecture 6 1780 of February, 2016 11 /21



Slack formulation of the Primal-Dual Interior-Point conditions

Primal-Dual IP KKT conditions:
Voé(w) + Vh(w)p =0 (1a)
phi(w)+7=0  (1b)
h(w)<0, pu>0 (1¢)

@ Newton steps on (1a)-(1b)
@ Backtrack to ensure (1c)

Difficulty: one must ensure that
h(w) starts and remains negative
throughout the Newton iterations

@ need a feasible initial guess

@ backtracking can be expensive

Slack reformulation: new variable —s = h (w)
Voé(w) + Vh(w)p =0

h(w)+s=0
p;si—7=0
s>0, p>0

Newton on the slack formulation
@ initialize with s, u > 0 and p;si = 7

@ h(w) > 0 does not matter at the initial
guess or during the iterations

@ finding t € ]0, 1] to enforce:
s+ tAs >0
p+tAp >0

is trivial.
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP KKT conditions with slack
min () Vo(w) + Vg(w)A + Vh(w)u = 0
st. g(w)=0 g(w)=0
h(w) <0 h(w)+s=0
M;si =0
s>0, p>0 )
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP PD-IP KKT conditions with slack
min ®(w) Vo (w) + Ve(w)A + Vh(w)u = 0
st. g(w)=0 g(w)=0
h(w) <0 h(w)+s=0
pisi—7=0
s>0, p=>0 )
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP PD-IP KKT conditions
i) VL (W, p) =0
st. g(w)=0 g(w)=0
h(w) <0 h(w)+s=0
pisi—7=0
s>0, >0 )
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP Newton on the conditions
min ®(w) VL (w, A1)
st g(w)=0 B0 (A s =0
h(w)<0 (w) +s
HiSi — T

with s >0, p>0
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP Newton on the conditions
min ®(w) VL (w, A1)
st g(w)=0 B0 (A s =0
h(w)<0 (w) +s
HiSi — T

with s >0, p>0

Newton direction d given by Vr, (w, A, p,s)d + 1, (w, A\, u,s) =0
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP Newton on the conditions
min ®(w) VL (w, A1)
st g(w)=0 B0 (A s =0
h(w)<0 (w) +s
Hisi —T
with s >0, p>0

Newton direction d given by Vr, (w, A, p,s)d + 1, (w, A\, u,s) =0

H Vg Vh 0 Aw
veg' 0 0 0 AX
Vlg1T 0 0 / Ap | T (5525
0 0 diag(s) diag(w) As
=Vr.(w,\,u,s) =d

with H = V2L (w, A\, i)
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Newton on the Primal-Dual Interior-Point KKT conditions

NLP Newton on the conditions
min ®(w) VL (w, A1)
st g(w)=0 B0 (A s =0
h(w)<0 (w) +s
Hisi —T
with s >0, p>0

Newton direction d given by Vr, (w, A, p,s)d + 1, (w, A\, u,s) =0
H Vg Vh 0 Aw
vg' 0 0 0 AN |
Vh' 0 0 / Ap | T (5525
0 0 diag(s) diag(w) As
=Vr.(w,\,u,s) =d
with H = V2L (w, A\, i)
Observe the specific structure of the matrix Vr, (w, X, u,s) !! J
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL (W, @)
W
rr (W, p,s)= h(gV\S)—i)—s =0
KiSi — T

Taking steps along the...
Newton direction: d given by

VI‘-,— (Wa )‘a K, S)T d +r. (Wa )‘5 122 S) =0

S. Gros Optimal Control with DAEs, lecture 6
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pisi=0and p;s; =7

= 0.01
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL(w, A, p) w;si=0and s =7
g(w) o
rr (w,\, u,s)= =0
(652 () Y J = 0.01
Wi =
3l
Taking steps along the...
@ 2
Newton direction: d given by
1
Vr, (W, A\, p,8) d+r, (W, p,8) =0 ol L
E 0 1 2 3 4 5

v

We want to solve r- (w, X, u,s) = 0 for a very small r.
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL (W, @)
W
rr (W, p,s)= h(gV\E)—i)—s =0
KiSi — T

Taking steps along the...
Newton direction: d given by
VI‘-,— (Wa )‘a K, S)T d +r. (Wa )‘5 122 S) =0

Reminder: Newton convergence depends on
the Lipschitz constant of Vr, (w, A, i, s), i.e.
Newton does not "like” strong nonlinearities

We want to solve r- (w, X, u,s) = 0 for a very small r.

Sj

pisi=0and p;s; =7

= 0.01
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL (W, @)
W
rr (W, p,s)= h(gV\E)—i)—s =0
KiSi — T

Taking steps along the...
Newton direction: d given by
VI‘-,— (Wa )‘a K, S)T d +r. (Wa )‘5 122 S) =0

Reminder: Newton convergence depends on
the Lipschitz constant of Vr, (w, A, i, s), i.e.
Newton does not "like” strong nonlinearities

pisi=0and p;s; =7

4 = 0.01

S
N

We want to solve r- (w, X\, u,s) = 0 for a very small 7. But we do not want to get

through the "corner” in [i;s;

= 7 when T is small.
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL (W, u) pisi=0and p;si =7
g(w) il
rr (w,\, u,s)= =0
(w; 2, p1,5) h(w) + 8 | 7 =0.01
Wi =
3l
Taking steps along the... )
@ 2
Newton direction: d given by .
Vr, (W, A\, p,8) d+r, (W, p,8) =0 ol L
Reminder: Newton convergence depends on 4 o 1 B 3 7 5
the Lipschitz constant of Vr, (w, A, i, s), i.e. I

Newton does not "like” strong nonlinearities

We want to solve r- (w, X\, u,s) = 0 for a very small 7. But we do not want to get
through the "corner” in ji;s; = 7 when T is small.

Key idea: solve at large 7, then reduce it while solving again...
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL (W, u) wisi=0and p;si =171
_ g(w) _ o
r- (W, u,s) = h(w) + =0 |
Wi =
3l
Taking steps along the... )
@ 2
Newton direction: d given by A
VI‘-,— (W,)\,[,L,S)Td-‘r‘l‘T (W,)\,[.L,S) =0 (s
Reminder: Newton convergence depends on 1 o 1 B s 4 .
the Lipschitz constant of Vr, (w, A, i, s), i.e. I

Newton does not "like” strong nonlinearities

We want to solve r- (w, X\, u,s) = 0 for a very small 7. But we do not want to get
through the "corner” in ji;s; = 7 when T is small.

Key idea: solve at large 7, then reduce it while solving again...
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL (W, u) wisi=0and p;si =171
_ g(w) _ o
r- (W, u,s) = h(w) + =0 |
Wi =
3l
Taking steps along the... )
@ 2
Newton direction: d given by A
VI‘-,— (W,)\,[,L,S)Td-‘r‘l‘T (W,)\,[.L,S) =0 (s
Reminder: Newton convergence depends on 1 o 1 B s 4 .
the Lipschitz constant of Vr, (w, A, i, s), i.e. I

Newton does not "like” strong nonlinearities

We want to solve r- (w, X\, u,s) = 0 for a very small 7. But we do not want to get
through the "corner” in ji;s; = 7 when T is small.

Key idea: solve at large 7, then reduce it while solving again...
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL(w, A, p) w;si=0and s =7
g(w) o
rr (w,\, u,s)= =0 ,
(w; 2, p1,5) h(w) +s | T = 0.26827
Wi =
3l
Taking steps along the... )
@ 2
Newton direction: d given by A
VI‘-,— (W,)\,[,L,S)Td-‘r‘l‘T (W,)\,[.L,S) =0 (s
Reminder: Newton convergence depends on 1 o 1 B s 4 .
the Lipschitz constant of Vr, (w, A, i, s), i.e. I

Newton does not "like” strong nonlinearities

We want to solve r- (w, X\, u,s) = 0 for a very small 7. But we do not want to get
through the "corner” in ji;s; = 7 when T is small.

Key idea: solve at large 7, then reduce it while solving again...
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL (W, u) pisi=0and p;si =7
g(w) o
rr (w,\, u,s)= =0 .
(w, A, 1,5) ) e J T = 0.13895
Wi =
3l
Taking steps along the... )
@ 2
Newton direction: d given by A
VI‘-,— (W,)\,[,L,S)Td-‘r‘l‘T (W,)\,[.L,S) =0 (s
Reminder: Newton convergence depends on 1 o 1 B s 4 .
the Lipschitz constant of Vr, (w, A, i, s), i.e. I

Newton does not "like” strong nonlinearities

We want to solve r- (w, X\, u,s) = 0 for a very small 7. But we do not want to get
through the "corner” in ji;s; = 7 when T is small.

Key idea: solve at large 7, then reduce it while solving again...
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL (W, u) pisi=0and p;si =7
g(w) o
rr (w,\, u,s)= =0
7 (W, A, ,8) ) e J 7 = 0.071969
Wi =
3l
Taking steps along the... )
@ 2
Newton direction: d given by A
VI‘-,— (W,)\,[,L,S)Td-‘r‘l‘T (W,)\,[.L,S) =0 (s
Reminder: Newton convergence depends on 1 o 1 B s 4 .
the Lipschitz constant of Vr, (w, A, i, s), i.e. I
Newton does not "like” strong nonlinearities

We want to solve r- (w, X\, u,s) = 0 for a very small 7. But we do not want to get
through the "corner” in ji;s; = 7 when T is small.

Key idea: solve at large 7, then reduce it while solving again...
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL (W, u) pisi=0and p;si =7
g(w) il
r-(w, A: y8) = = 0 < A
(w; 2, p1,5) h(w) +s | T = 0.037276
Wi =
3l
Taking steps along the... )
@ 2
Newton direction: d given by .
Vr, (W, A\, p,8) d+r, (W, p,8) =0 ol L
Reminder: Newton convergence depends on 4 o 1 B 3 7 5
the Lipschitz constant of Vr, (w, A, i, s), i.e. I

Newton does not "like” strong nonlinearities

We want to solve r- (w, X\, u,s) = 0 for a very small 7. But we do not want to get
through the "corner” in ji;s; = 7 when T is small.

Key idea: solve at large 7, then reduce it while solving again...
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL (W, u) pisi=0and p;si =7
g(w) il
rr (w,\, u,s)= =0 .
(652 () h(w) + s J 7 =0.019307
Wi =
3l
Taking steps along the... )
@ 2
Newton direction: d given by .
Vr, (W, A\, p,8) d+r, (W, p,8) =0 ol L
Reminder: Newton convergence depends on 4 o 1 B 3 7 5
the Lipschitz constant of Vr, (w, A, i, s), i.e. I

Newton does not "like” strong nonlinearities

We want to solve r- (w, X\, u,s) = 0 for a very small 7. But we do not want to get
through the "corner” in ji;s; = 7 when T is small.

Key idea: solve at large 7, then reduce it while solving again...
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Solving an NLP using the Primal-Dual Interior-Point method

Solve:
VL (W, u) pisi=0and p;si =7
g(w) il
rr (w,\, u,s)= =0
(w; 2, p1,5) h(w) + 8 | 7 =0.01
Wi =
3l
Taking steps along the... )
@ 2
Newton direction: d given by .
Vr, (W, A\, p,8) d+r, (W, p,8) =0 ol L
Reminder: Newton convergence depends on 4 o 1 B 3 7 5
the Lipschitz constant of Vr, (w, A, i, s), i.e. I

Newton does not "like” strong nonlinearities

We want to solve r- (w, X\, u,s) = 0 for a very small 7. But we do not want to get
through the "corner” in ji;s; = 7 when T is small.

Key idea: solve at large 7, then reduce it while solving again...
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Solving an NLP using the Primal-Dual Interior-Point method

Key idea:
Algorithm: PD-IP solver
Set 7, pu, s < 1, guess w, A
while 7 > tol do
Solve r (W, A, pt,8) =0
Update 7 < y7 with 0 < vy < 1
return w, A\, u, s
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Solving an NLP using the Primal-Dual Interior-Point method

Key idea:

Algorithm: PD-IP solver

Set 7, pu, s < 1, guess w, A
while 7 > tol do

Solve r (W, A, pt,8) =0 wsi=0and p;si =17

Update 7 < y7 with 0 < vy < 1 5
return w, A\, u, s 4
3]
n 2
1
0|

B 0 1 2 3 4 5
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Solving an NLP using the Primal-Dual Interior-Point method

Key idea:

Algorithm: PD-IP solver

Set 7, pu, s < 1, guess w, A
while 7 > tol do

Solve r (W, A, pt,8) =0 0.2 |
Update 7 +—y7 with0 <y <1 0.15
return w, A\, 1, s 01
0.05
g 0
Example 005
min  =(w — Wo)TQ (w — wo) 01
w 2 0.15
st. wsSw<1 0.2

-0.5 0 0.5
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Solving an NLP using the Primal-Dual Interior-Point method

Key idea:
Algorithm: PD-IP solver 0.2 |
Set 7, u, s + 1, guess w, A 015
while 7 > tol do 01
Solve r- (w, A, u,8) =0 0.05
Update 7 <+ yT with 0 <y < 1 g o
return w, \, . s 0.05
-0.1
0.15
Example 025 0 05
min E(W—WO)TQ(W—WO) . w
st. w'Sw<1 !
0.8
Central path: solution manifold of w06
0.4
r- (W7 A, S) =0 0.2 F_
for 7 € [1, O] % 1 2 u 3 4
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Solving an NLP using the Primal-Dual Interior-Point method

Key idea:
Algorithm: PD-IP solver 0.2 |
Set 7, u, s < 1, guess w, A 0.15
while 7 > tol do 01
Solve r- (w, A, u,8) =0 0.05
Update 7 <+ y7 with 0 <y < 1 g 0
return w, \, i, s -0.05
-0.1
-0.15
-0.2
Example . 05 0 05
min E(W_WO) Q (w — wo) ) w
st. w'Sw<1 ! *
0.8
Central path: solution manifold of 0.6
0.4
rr (W, Aa 22 S) = 0 0.2
for 7 € [1, O] % 1 2 " 3 2
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Solving an NLP using the Primal-Dual Interior-Point method

Key idea: homotopy on 7

Algorithm: PD-IP solver

Set7, pu, s« 1

while 7 > tol do
Solve rr (w, A\, u,8) =0
Update 7 + 7

return w, A\, u, s

Example
min E(W —wo)'Q(w — wo)

st. w'Sw<1
Central path: solution manifold of
r- (w, A\, pu,s) =0

for 7 € [1, O

S. Gros Optimal Control with DAEs, lecture 6

17" of February, 2016
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.25

Key idea: homotopy on 7
Algorithm: PD-IP solver

Set7, pu, s« 1

while 7 > tol do
Solve rr (w, A\, u,8) =0
Update 7 < 7

return w, A\, i, s

Example
min E(W —wo)'Q(w — wo)

st. w'Sw<1

Central path: solution manifold of e I ps=r1
0.4 N
r- (w, A\, pu,s) =0 02 h _____
o T
for 7 € [1, O] 0 : T 4
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Solving an NLP using the Primal-Dual Interior-Point method

v=0.25

Key idea: homotopy on 7

Algorithm: PD-IP solver

Set7, pu, s« 1

while 7 > tol do
Solve rr (w, A\, u,8) =0
Update 7 < 7

return w, A\, i, s

Example w
m“i,n E(W—Wo)TQ(W—WO) 12
st. wsSw<1 : |
08|
Central path: solution manifold of woen
0al\HSET
rr (W, Aa M, S) =0 0.2 }\f"
old e
for 7 € [1, O] 0 t u ° 4
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.25

Key idea: homotopy on 7
Algorithm: PD-IP solver

Set7, pu, s« 1

while 7 > tol do
Solve rr (w, A\, u,8) =0
Update 7 < 7

return w, A\, i, s

Example 1 k wh
m“i,n E(W—Wo)TQ(W—WO) 12
st. w'Sw<1 '
0.8
Central path: solution manifold of e T
0.4} WS=T
r- (w, A\, pu,s) =0 02 \‘{,/——
old ==~ a o
for 7 € [1, O] 0 t u ° 4
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.25

Key idea: homotopy on 7

Algorithm: PD-IP solver

Set7, pu, s« 1

while 7 > tol do
Solve rr (w, A\, u,8) =0
Update 7 < 7

return w, A\, i, s

Example 0. wh
m“i,n E(W—Wo)TQ(W—WO) 12
st. w'Sw<1 '
0.8
Central path: solution manifold of noer
04l HS=T
rr (W, A, p,8)=0 02 Vs
ol
for 7 € [1, O] 0 t u ° 4
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.25

Key idea: homotopy on 7
Algorithm: PD-IP solver

SetT, p, s+ 1

while 7 > tol do
Solve rr (w, A\, u,8) =0
Update 7 < 7

return w, A\, i, s

Example

min  =(w — wo)' Q (W — wo)
w 2
T 1
st. wSw<l1
0.8
Central path: solution manifold of K I
oulHS=T
rr (W, Aa 22 S) =0 0.2
V.
for 7 € [1, O] 0 ! u 4
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.25

Key idea: homotopy on 7
Algorithm: PD-IP solver

SetT, p, s+ 1

while 7 > tol do
Solve rr (w, A\, u,8) =0
Update 7 < 7

return w, A\, i, s

Example

min  =(w — wo)' Q (W — wo)
w 2
T 1
st. wSw<l1
0.8
Central path: solution manifold of K I
oulHS=T
rr (W, Aa 22 S) =0 0.2
V.
for 7 € [1, O] 0 ! u 4
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.25

Key idea: path-following

Algorithm: PD-IP solver 0.2
SetT, p, s+ 1 015
while 7 > tol or ||r-||s > tol do 0.1
Newton step on r, (w, A, p,s) 0.05
if ||r- (w, X, 1,8)|x <1 then g 0
| Update 7 < ~7 -0.05
-0.1
return w, A, u, s 015
-0.2
Example -
min  =(w — wo)' Q (W — wo) 12
w 2
T 1
st. wSw<l1
0.8
Central path: solution manifold of K I
0.4 14 S=T71
rr (w, A, pu,s) =0 02 L
for 7 € [1, O] % i 5# e @
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.1
Key idea: path-following

Algorithm: PD-IP solver 0.2
Set 7, pu, s« 1 015
while 7 > tol or ||r-|lec > tol do 0.4
Newton step on r, (w, A, p,s) 0.05
if [lr. (w, A, 12,5)||x < 1 then s o
| Update 7 <— 1 -0.05
return w, A, i, s ot
-0.15
Example 02
min E(w —wo)'Q(w —wo)
st. wsSw<1 1 5"
0.8 ™
Central path: solution manifold of 006 o
- Hs=1
rr (W, Aa M, S) =0 e —
0.2 g
for 7 € [1, O] 0 i
0 1 2 3 4
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.1
Key idea: path-following

Algorithm: PD-IP solver 0.2
Set 7, u, s+ 1 0.15
while 7 > tol or ||r-|lec > tol do 0.4
Newton step on r, (w, A, p,s) 0.05
if [lr. (w, A, 12,5)||x < 1 then s o
| Update 7 <— 1 -0.05
return w, A, i, s ot
-0.15
Example 0
min E(w —wo)'Q(w —wo)
st. wsSw<1 1 SK
0.8 ™
Central path: solution manifold of 006 o
- Hs=1
rr (W, Aa M, S) =0 e —
0.2 g
for 7 € [1, O] 0 i
0 1 2 3 4
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.1

Key idea: path-following

Algorithm: PD-IP solver 0.2
Set 7, pu, s« 1 015
while 7 > tol or ||r-|lec > tol do 0.4
Newton step on r, (w, A, p,s) 0.05
if [lr. (w, A, 12,5)||x < 1 then s o
| Update 7 <— 1 -0.05
return w, A, i, s ot
-0.15
Example 02
min E(w —wo)'Q(w —wo)

st. w'Sw<1 1

0.8

Central path: solution manifold of 006

0.4]

r- (w, A\, pu,8) =0

0.2
for 7 € [1, O] 0 i
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.1

Key idea: path-following

Algorithm: PD-IP solver 0.2
Set 7, u, s+ 1 0.15
while 7 > tol or ||r-|lec > tol do 0.4
Newton step on r, (w, A, p,s) 0.05
if v, (w, A, 1,5 [x < 1 then s o
| Update 7 <— 1 -0.05
return w, A, i, s ot
-0.15
Example 02
min E(w —wo)'Q(w —wo)
st. w'Sw<1 1
0.8 ‘
Central path: solution manifold of wos b
ps=rt
0.4]

r- (w, A\, pu,8) =0

02f
for 7 € [1, 0] =
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.1

Key idea: path-following

Algorithm: PD-IP solver 0.2
Set 7, pu, s« 1 015
while 7 > tol or ||r-|lec > tol do 0.4
Newton step on r, (w, A, p,s) 0.05
if [lr. (w, A, 12,5)||x < 1 then s o
| Update 7 <— 1 -0.05
return w, A, i, s ot
-0.15
Example 02
min E(w —wo)'Q(w —wo)

st. w'Sw<1 1

0.8

Central path: solution manifold of 006

Hs=T1
0.4f

r- (w, A\, pu,8) =0

0.2|‘
for 7 € [1, O] 0 /Pk

0 1 2 3 4
I
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.1

Key idea: path-following
Algorithm: PD-IP solver

Set 7, pu, s« 1
while 7 > tol or ||r-|lec > tol do
Newton step on r, (w, A, p,s)
if |lr- (w, A, u,s)||x <1 then
| Update 7 <— 1

return w, A\, i, s

Example
min E(W—Wo)TQ(W—Wo) i
st. w'Sw<1 1
0.8
Central path: solution manifold of 006
Hs=T1
r- (w, A\, pu,8) =0 o4
0.2
for 7 € [1, O] 0~f7i
0 1 2 3 4
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.1

Key idea: path-following
Algorithm: PD-IP solver

Set 7, pu, s« 1
while 7 > tol or ||r-|lec > tol do
Newton step on r, (w, A, p,s)
if |lr- (w, A, u,s)||x <1 then
| Update 7 <— 1

return w, A\, i, s

Example
min E(W—Wo)TQ(W—Wo) i
st. w'Sw<1 1
0.8
Central path: solution manifold of 006
Hs=T1
r- (w, A\, pu,8) =0 o4
0.2
for 7 € [1, O] 0~f7i
0 1 2 3 4
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Solving an NLP using the Primal-Dual Interior-Point method
v=0.1

Key idea: path-following
Algorithm: PD-IP solver

Set 7, pu, s« 1
while 7 > tol or ||r-|lec > tol do
Newton step on r, (w, A, p,s)
if |lr- (w, A, u,s)||x <1 then
| Update 7 <— 1

return w, A\, i, s

Example
min E(W—Wo)TQ(W—Wo) i
st. w'Sw<1 1
0.8
Central path: solution manifold of 006
Hs=T1
r- (w, A\, pu,8) =0 o4
0.2
for 7 € [1, O] fo
0 1 2 3 4
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The Primal-Dual Interior-Point algorithm

Algorithm: a Primal-dual Interior-Point solver
Input: w

Sett=1, p=1,s=1,A=0

while 7 > tol or ||r-||s > tol do

p;si=0and s =7

return w, A\, u, s
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The Primal-Dual Interior-Point algorithm

Algorithm: a Primal-dual Interior-Point solver

Input: w
Set_T:LN:le:L)‘:O pisi=0and p;s;i =7
while 7 > tol or ||r-||s > tol do 5
Evaluate H, g, h, Vg, Vh, Vo 4
0 2

return w, A\, u, s

S. Gros Optimal Control with DAEs, lecture 6 170 of February, 2016 15 /21




The Primal-Dual Interior-Point algorithm

Algorithm: a Primal-dual Interior-Point solver
Input: w

Sett=1, p=1,s=1,A=0

while 7 > tol or ||r-||s > tol do

p;si=0and s =7

Evaluate H, g, h, Vg, Vh, Vo 4 T=1
Compute the Newton direction given by 3
H Vg Vh 0 Aw i
ve' 0 0 0 AN |
VhT 0 0 I Ap |77
0 0 diag(s) diag(u) As o ﬁi o

return w, A\, u, s
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The Primal-Dual Interior-Point algorithm

Algorithm: a Primal-dual Interior-Point solver
Input: w

Sett=1, p=1,s=1,A=0

while 7 > tol or ||r-||s > tol do

p;si=0and s =7

Evaluate H, g, h, Vg, Vh, Vo 4 =1
Compute the Newton direction given by 3
H Vg Vh 0 Aw i
ve' 0 0 0 AN | ,
Vh' 0 0 / Ap |77
0 0 diag(s) diag(u) As o ﬁi o

Compute a step-size tmax < 1 ensuring:
S+ tmaxAS > €8, b+ tmax Ap > €pt

return w, A\, u, s
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The Primal-Dual Interior-Point algorithm

Algorithm: a Primal-dual Interior-Point solver
Input: w

Sett=1, p=1,s=1,A=0

while 7 > tol or ||r-||s > tol do

p;si=0and s =7

Evaluate H, g, h, Vg, Vh, Vo 4 =1
Compute the Newton direction given by 3
H Vg Vh 0 Aw i
ve' 0 0 0 AN | ,
Vh' 0 0 / Ap |77
0 0 diag(s) diag(u) As o ﬁi o

Compute a step-size tmax < 1 ensuring:
S+ tmaxAS > €8, b+ tmax Ap > €pt

Backtrack t € |0, tmax] to ensure progress

return w, A\, u, s
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The Primal-Dual Interior-Point algorithm

Algorithm: a Primal-dual Interior-Point solver
Input: w

Sett=1, p=1,s=1,A=0

while 7 > tol or ||r-||s > tol do

p;si=0and s =7

Evaluate H, g, h, Vg, Vh, Vo 4 =1
Compute the Newton direction given by 3
H Vg Vh 0 Aw i
ve' 0 0 0 AX
Vh' 0 0 / Ap |77
0 0 diag(s) diag(u) As o ﬁi o

Compute a step-size tmax < 1 ensuring:
S+ tmaxAS > €8, b+ tmax Ap > €pt

Backtrack t € |0, tmax] to ensure progress
Take Newton step: w < w + tAw, ...

return w, A\, u, s
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The Primal-Dual Interior-Point algorithm

Algorithm: a Primal-dual Interior-Point solver
Input: w

Sett=1, p=1,s=1,A=0

while 7 > tol or ||r-||s > tol do

p;si=0and s =7

Evaluate H, g, h, Vg, Vh, Vo 4 =1
Compute the Newton direction given by 3
H Vg Vh 0 Aw i
ve' 0 0 0 AN |
Vh' 0 0 / Ap |77
0 0 diag(s) diag(u) As o ﬁi o

Compute a step-size tmax < 1 ensuring:
S+ tmaxAS > €8, b+ tmax Ap > €pt

Backtrack t € |0, tmax] to ensure progress
Take Newton step: w < w + tAw, ...
if |lr- (w, A, u,s)||x <1 then

| Update 7 <— 1

return w, A\, u, s
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The Primal-Dual Interior-Point algorithm

Algorithm: a Primal-dual Interior-Point solver
Input: w

Sett=1, p=1,s=1,A=0

while 7 > tol or ||r-||s > tol do

p;si=0and s =7

Evaluate H, g, h, Vg, Vh, Vo 4 =1
Compute the Newton direction given by 3
H Vg Vh 0 Aw i
ve' 0 0 0 AX
Vh' 0 0 / Ap |77
0 0 diag(s) diag(u) As o ﬁi o

Compute a step-size tmax < 1 ensuring:

S btleties:
S+ tmaxAS > €8, b+ tmax Ap > €pt ome subtiehes

@ Measuring progress
Backtrack t € ]0, tmax] to ensure progress @ Choice of ||.||x
Take Newton step: w < w + tAw, ... ]
if ||r7— (W,A,;L,S) HX < 1 then @ Mehrotra predictor

| Update 7 <— 1 @ "Adaptive” v

return w, A\, u, s
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Primal-Dual Interior-Point Algorithm - An Optimal Control Example
Problem

N
min E
X, u

1 =1
> llxx — Xref”zQ + Z > llux — uref”f?
k=0 k=0

st Xkr1 = Xk + AtF (Xk7 llk)
X = X, xz—l—yZZr2
—u

max S u S Umax,

—Vmin < V < Viax
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Primal-Dual Interior-Point Algorithm - An Optimal Control Example
Problem

N . =1 )
min kZ:OE ||Xk—Xref||Q+kZ:0§ [k — wret|x
st Xkr1 = Xk + AtF (Xk7 llk)
Xo = X, 24yE>r
— Umax < U < Umax,  —Vimin < V < Viax

Simple plane dynamics

X v cos(0)
y vsin(6)

6 | =F=| gv'ltan(e)
¢ w

v uz

X, y: position

v: forward velocity

0: heading

¢: bank angle

ui: roll rate

uy: forward acceleration
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Primal-Dual Interior-Point Algorithm - An Optimal Control Example
Sparsity of the Primal-Dual Interior-Point KKT matrix:

H Vg Vh
vel 0 0
vh' 0 0

0 0 diag(s)

0 Aw
0 AN
I Ap

As

Required ordering:

= —I

X0 — b'd
gw)= | Flomw) =
| f(xv—1,un—1) —xn |

o

h (uo) ug
h(w) = h(XhUI) » W= XN-1
h(XN) un—1

XN

. and attribute dual variables accordingly.

S. Gros

Optimal Control with DAEs, lecture 6

17" of February, 2016
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

0.2 |
0.15
0.1
0.05

-0.05
-0.1
-0.15

-0.2

-0.5 0 0.5

0.8
©n 0.6

0.4
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=0

1 %
N —
S=T
08 M
‘«
® 0.6, RS
04 Tespd
0.2 r_— —==
0
0" 1 2 3 4
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=1

1 %
. _
S=T
08 M
‘«
® 0.6, RS
04 Tespd
0.2 —==
0
o 1 2 3 4
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Warme-starting Primal-Dual Interior-Point Algorithms

what happens if we have a very good guess to warm-start our algorithm ?

lter=2

S. Gros

Optimal Control with DAEs, lecture 6
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=3
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=4
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=5
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=6

S. Gros Optimal Control with DAEs, lecture 6 170 of February, 2016 19 /21




Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=7 0
030 ]
P < i
°® L] L] L] ® T
L] L]
[ ] L]
L] L[]
L] L]
L] L]
N S U SRR SRy o -o- -
2 4 6 8 10 12 14
1 o o o ¢ © o o o o o o o -
©
N
205 1
Q
7]
ot ]
2 4 6 8 10 12 14
# lIteration
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=7 0

°
L]
°
3

[N
°
o
°
°
°
°
°
Ld
°
o
°
o
L

stepsize
o
(4]
;

2 4 6 8 10 12 14
# lIteration

o.

Even with an excellent initial guess interior
point methods will retreat to the central
path before homing onto the solution...

what about keeping 7 low ?
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=0

o s =1
H
0.15f
wn 04
0.05)

o - - e

0 0.05 0.1 0.15 0.2
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=1

o s =1
H
0.15f
wn 04
0.05)

0 - - / smeny

0 0.05 0.1 0.15 0.2
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=2

o s =1
H
0.15f
wn 04
0.05)

0 - - / smeny

0 0.05 0.1 0.15 0.2
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=2

1e Py ° *
()
N
205
9]
k7]
07 : : : : : 4
Oipus =1 1 15 2 25 3 35 4
H # Iteration
0.1501
wn 04
0.0}
o . . / e
0 0.05 0.1 0.15 0.2
I
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=0
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=1
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=2
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=3
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter =4

0 = - smmes
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=5

n 0.1
0.05
. L e
= - R
0 0.05 0.1 0.15 02
I
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter =6

n 0.1
0.05
. L e
= - R
0 0.05 0.1 0.15 02
I
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=7

n 0.1
0.05
. L e
= - R
0 0.05 0.1 0.15 02
I
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=7 ® ] ® T -
L ]
o © lrl
o T
10710b777*777.7777!777#777077770777&7774
2 8
1t ° . . L3 L
)
N
8.0.5f ]
2
2]
’
Op & o ‘ ‘ ‘ 1
TS =T 2 4 6 8
| .
H # lIteration
0.15]
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0.05]
0 - - e
0 0.05 0.1 0.15 0.2

I
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Warme-starting Primal-Dual Interior-Point Algorithms

. what happens if we have a very good guess to warm-start our algorithm ?

lter=7

L L L T
L]
o e irll
o T
10—10'777*777. 7777777 e *——— @ ——-4¢
2 8
1 ° . . L3 L
I .
205
L
2]
»
Op e e
02 THS=T 2 4 6 8
1 # lIteration
0.15
At very low 7, changes of active set are
w 0.1 difficult: Newton struggles to get through
0.05 the sharp turn in pisi =71
o - O A S
0 0.05 0.1 0.15 0.2
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Warme-starting Primal-Dual Interior-Point Algorithms

what happens if we have a very good guess to warm-start our algorithm ?

Plane example for all NMPC runs
with reset v.s. without

[l

10 20 30 40 50
# lteration

- e Ha e
S. Gros Optimal Control with DAEs, lecture 6




Survival map of Direct Optimal Control

OoCP

Collocation

S. Gros Optimal Control with DAEs, lecture 6

Y

Single-Shooting

Interior-Point

Multiple-Shooting

Y

NLP

Interior-Point
QP solver

SQP

Active-Set
QP solver
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Survival map of Direct Optimal Control

Interior-Point

Y
Y

SQP

Two approaches for solving NLPs...
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Interior-Point vs. SQP 77

Algorithm: SQP (prototype)

while Not converged do
Form V%VL, Vw£L, g Vg, h, Vh
Solve QP:

min 1AwTvvaAw + Vo (w)" Aw
Aw 2

st g(w)+ Ve(w) Aw =0
h(w) + Vh(w)" Aw <0

Update
{w, A p}  {w, A p} + A{w, A, p}

end
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Interior-Point vs. SQP 77

Algorithm: SQP (prototype)

while Not converged do

Form V%VL, Vw£L, g Vg, h, Vh
while IPQP not converged do
Newton step on:

HAw + V& + VgARF + vhu®F =0
Vg 'Aw +g=0
Vh'Aw+h+s® =0

P P
pls =

reduce 7 — €
end

Update
{w, X 1} —{w, X pu} + A{w, A, p}

end
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Interior-Point vs. SQP 77

Algorithm: SQP (prototype)

Algorithm: |P (prototype)

while Not converged do

Form V2 L, Vw., g, Vg, h, Vh
while IPQP not converged do
Newton step on:

HAw + V& + VgARF + vhu®F =0
Vg 'Aw +g=0
Vh'Aw+h+s® =0

P P
pl s =1

reduce 7 — €
end

Update
{w, A, p} < {w, A, u} + A{w, A pu}

end

while Not converged do

Form V%VE, Vw£l, g Vg, h, Vh
Newton step on:
VL(w,\,pu) =0
g(w) =0
h(w)+s=0
HiSi =T
Update
{w, A, p} —{w, A, p}+
A{w, A, pu}
reduce 7 — €
end
21 /21
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Interior-Point vs. SQP 77

Algorithm: SQP (prototype) Algorithm: |P (prototype)
while Not converged do while Not converged do
Form V%VL, Vw£L, g Vg, h, Vh Form V%VE, Vw£l, g, Vg, h, Vh
while IPQP not converged do Newton step on:
Newton step on: o o VL (WA ) =0
HAwW 4+ Vo + Vg —:—Vhy, =0 g(w)=0
Vg' Aw+g=0 h(w)+s=0
Vh'Aw +h+s9F =0 P
QP _QP _
Bio s =T Update
reduce T — € {w, A\, u} «— {w,\, u}+
end
A 7A7
Update {w, A, u}
{w, A, 1} —{w, A, u} + A{w, A, p} reduce 7 — €
end end
@ less linearizations @ more linearizations
@ more linear solves @ less linear solves
@ warm-start is very effective @ warm-start is often ineffective
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