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Newton - a general-purpose sledgehammer for algebraic equations...
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Survival map of Direct Optimal Control

Interior-Point

Interior-Point
QP solver

Y
Y

SQP

Newton - a general-purpose sledgehammer for algebraic equations...
... will be used to solve the KKT conditions !!
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Outline

ﬂ KKT conditions - Quick Reminder
© The Newton method

© Newton on the KKT conditions
(%) Sequent.ial Quadratic Programming
9 Hessian approximation

O Maratos effect
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a KKT conditions - Quick Reminder

=] & = E E DAl
S. Gros Optimal Control with DAEs, lecture 5



KKT point

Consider the NLP problem:

m“i’n o (w)
st. g(w)=0
h(w)<0
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KKT point
Consider the NLP problem:

m“i,n o (w)
st. g(w)=0
h(w) <0

A point {w™, p*, X" } is called a KKT point if it satisfies:

where £ =® (w) +A"g(w) + p h(w)
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KKT point
Consider the NLP problem:

m“i,n o (w)
st. g(w)=0
h(w)<0

A point {w™, p*, X" } is called a KKT point if it satisfies:

Dual Feasibility: VwLl (W, p*, A") =0, p* >0,

where £ =& (w) +A"g(w)+ pu"h(w)
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KKT point
Consider the NLP problem:

m“i,n b (w)
st. g(w)=0
h(w) <0

A point {w™, p*, X" } is called a KKT point if it satisfies:

Dual Feasibility: VwLl (W, p*, A") =0, p* >0,
Primal Feasibility: g(w')=0, h(w") <0,

Complementary Slackness: pihi(w") =0, Vi

where £ = ¢ (w) +A"g(w) + p h(w)
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KKT point
Consider the NLP problem:

m“i’n d (w)
st. g(w)=0
h(w) <0

A point {w™, pu*, A" } is called a KKT point if it satisfies:

Dual Feasibility: VwLl (W, p*, A") =0, p* >0,
Primal Feasibility: g(w')=0, h(w") <0,

Complementary Slackness: pihi(w™) =0, Vi

where £ =& (w) +ATg(w) + p"h(w)
Optimality conditions for NLP with equality and/or inequality constraints:
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KKT point
Consider the NLP problem:

m“i’n d (w)
st. g(w)=0
h(w) <0

A point {w™, pu*, A" } is called a KKT point if it satisfies:

Dual Feasibility: VwLl (W, p*, A") =0, p* >0,
Primal Feasibility: g(w')=0, h(w") <0,

Complementary Slackness: pihi(w™) =0, Vi

where £ =& (w) +ATg(w) + p"h(w)
Optimality conditions for NLP with equality and/or inequality constraints:

@ 1st-Order Necessary Conditions: A (local) optimum w”* satisfying LICQ of a
(differentiable) NLP corresponds to a unique KKT point

S. Gros Optimal Control with DAEs, lecture 5 1780 of February, 2016 6 /32



KKT point
Consider the NLP problem:

m“i’n d (w)
st. g(w)=0
h(w) <0

A point {w™, pu*, A" } is called a KKT point if it satisfies:

Dual Feasibility: VwLl (W, p*, A") =0, p* >0,
Primal Feasibility: g(w')=0, h(w") <0,

Complementary Slackness: pihi(w™) =0, Vi

where £ =& (w) +ATg(w) + p"h(w)
Optimality conditions for NLP with equality and/or inequality constraints:
@ 1st-Order Necessary Conditions: A (local) optimum w”* satisfying LICQ of a
(differentiable) NLP corresponds to a unique KKT point

@ 2nd-Order Sufficient Conditions require positivity of the Hessian V2,£ in all
critical feasible directions at the solution
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KKT point

Consider the NL_P p;c:blem: Most NLP solvers are
mn (w) in essence "KKT
st. g(w)=0 solvers”
h(w) <0

A point {w™, pu*, A" } is called a KKT point if it satisfies:

Dual Feasibility: Vwl (W*, p*, A") =
Primal Feasibility: g(w’)=0, h(w")
Complementary Slackness: pihi(w™) =0, Vi

0, wu >0,
<0,

where £ =& (w) +ATg(w) + p"h(w)

Optimality conditions for NLP with equality and/or inequality constraints:
@ 1st-Order Necessary Conditions: A (local) optimum w”* satisfying LICQ of a

(differentiable) NLP corresponds to a unique KKT point

@ 2nd-Order Sufficient Conditions require positivity of the Hessian V2,£ in all

critical feasible directions at the solution
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© The Newton method



Core idea

Goal: solve r (w) = 0... how ?!?

0.2r

o & = E E DaAe
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Core idea

Goal: solve r (w) = 0... how ?!?

0.2p

Slo------ ‘

-0.4¢

w
Key idea: guess w, iterate the linear model:

r(w+Aw)rr(w)+ Vr(w) Aw=0
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Key idea: guess w, iterate the linear model:

r(w+Aw)rr(w)+ Vr(w) Aw =0
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Core idea

Goal: solve r (w) = 0... how ?!?

0.2f A Algorithm: Newton method
3 Input: w, tol
! while ||r (w) ||oo > tol do
0 - Compute
/B\ r(w) and Vr(w)
\:-0.2* ] Compute the Newton direction
Vr(w)T Aw = —r (w)
-0.4f ]
Newton step
w L W w4+ Aw
Key idea: guess w, iterate the linear model: D 7
r(w+Aw)rr(w)+ Vr(w) Aw =0
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Core idea

Goal: solve r (w) = 0... how ?!?

0.2 Algorithm: Newton method
Input: w, tol
o . while ||r (W) [|oc > tol do
w Compute
’E r(w) and Vr(w)
= -0.2
w0 Compute the Newton direction
o4l Vr (w)T Aw = —r (w)
Newton step
W A
Key idea: guess w, iterate the linear model: 5 W Wt Aw
return w
r(w+Aw)=xr(w)+Vr(w) Aw=0 y
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Core idea

Goal: solve r (w) = 0... how ?!?

0.27

so--

w
Key idea: guess w, iterate the linear model

r(w+Aw)rr(w)+ Vr(w) Aw =0

Algorithm: Newton method
Input: w, tol

while ||r (W) [|cc > tol do
Compute

r(w)

and Vr(w)
Compute the Newton direction
Vr (w)T Aw = —r (w)

Newton step

return w

W W+ Aw
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Core idea

Goal: solve r (w) = 0... how ?!?

0.2r

w)

o -0.2

T Y-

-0.4¢

w
Key idea: guess w, iterate the linear model:

r(w+Aw)=r(w)+ Vr(w) Aw=0

Algorithm: Newton method

Input: w, tol
while ||r (W) [|oc > tol do
Compute

r(w) and Vr(w)

Compute the Newton direction
Vr(w)T Aw = —r (w)

Newton step

W — W+ Aw

return w
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Core idea

Goal: solve r (w) = 0... how ?!?

0.2r
W
0—e
R
o -0.2f 3
-0.4

w
Key idea: guess w, iterate the linear model:

r(w+Aw)rr(w)+ Vr(w) Aw =0

Algorithm: Newton method

Input: w, tol
while ||r (W) [|cc > tol do
Compute

r(w) and Vr(w)

Vr (w)T Aw = —r (w)

Newton step

W W+ Aw

return w

Compute the Newton direction
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Goal: solve r (w) = 0... how ?!?

0.2 Algorithm: Newton method
Input: w, tol
o w while ||r (W) [|oc > tol do
;' Compute
E r(w) and Vr(w)
-0.2f
w0 Compute the Newton direction
Vr(w)' Aw = —r (w
ol (W) (W)
Newton step
W A
. . . —
Key idea: guess w, iterate the linear model: — W W Aw
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0.2¢ Algorithm: Newton method
Input: w, tol
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Core idea

Goal: solve r (w) = 0... how ?!?

0.2¢ Algorithm: Newton method
Input: w, tol
0 w while ||r (W) [|cc > tol do
Compute
E r(w) and Vr(w)
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Core idea

Goal: solve r (w) = 0... how ?!?

0.2¢ Algorithm: Newton method
Input: w, tol
0 w while ||r (W) [|cc > tol do
Compute
= r(w) and Vr(w)
w02 Compute the Newton direction
Vr (w)T Aw = —r (w
o (w) (w)
Newton step
w
. . . W — W+ Aw
Key idea: guess w, iterate the linear model: —
- return w
r(w+Aw)x~r(w)+ Vr(w) Aw =0 v
@ This is a full-step Newton iteration J
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Core idea

Goal: solve r (w) = 0... how ?!?

0.2¢ Algorithm: Newton method
Input: w, tol
0 w while ||r (W) [|cc > tol do
Compute
= r(w) and Vr(w)
w02 Compute the Newton direction
Vr (w)T Aw = —r (w
o (w) (w)
Newton step, t € |0, 1]
w
. . . W — W+ tAw
Key idea: guess w, iterate the linear model: —
- return w
r(w+Aw)x~r(w)+ Vr(w) Aw =0 v
@ This is a full-step Newton iteration
@ Reduced steps are often needed
S —— R




Why reduced steps 7
Newton step with t € ]0, 1]:
Vr(w)' Aw = —r(w)
W — W+ tAw

1.5¢
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Why reduced steps 7
Newton step with t € ]0, 1]:

Vr(w) Aw = —r(w)
W W+ tAw
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Why reduced steps 7
Newton step with t € ]0, 1]:

Vr(w) Aw = —r(w)
W W+ tAw

1.5f

w .
:
‘
‘
‘
I
‘
‘
‘
‘
I
‘
‘

-1.5L

w

The full-step Newton iteration can be unstable !! J
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Why reduced steps 7
Newton step with t € ]0, 1]:
Vr(w)' Aw = —r(w)
W W+ tAw

1.5)

1t t=0.8

so--——-——-————-

-1.5¢L

w
The full-step Newton iteration can be unstable !! J
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Why reduced steps 7
Newton step with t € ]0, 1]:

Vr(w)' Aw = —r(w)
W~ W+ tAw

1.5)
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Why reduced steps 7
Newton step with t € ]0, 1]:

Vr(w)' Aw = —r(w)
W~ W+ tAw

1.5)

1t t=0.8

-1.5¢L

w

The full-step Newton iteration can be unstable !!
While the reduced-steps Newton iteration is stable...
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Does Newton always work ?

Is the Newton step Aw always providing a direction "improving” r (w) ?

o & = E E DaAe
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Does Newton always work ?

Is the Newton step Aw always providing a direction "improving” r (w) ?
l.e. is there always a t > 0 s.t. ||r (W + tAw) || < ||r (w) || is true ?
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Does Newton always work 7

Is the Newton step Aw always providing a direction "improving” r (w) ?

l.e. is there always a t > 0 s.t. ||r (w + tAw) || < ||[r (w) || is true ? Yes... but

o & = E 2L NGe
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Does Newton always work 7

Is the Newton step Aw always providing a direction "improving” r (w) ?
l.e. is there always a t > 0 s.t. ||r (w + tAw) || < ||[r (w) || is true ? Yes... but

Proof: |r (w + tAw) || < |lr (w) || holds for some t > 0 if

d
—|r(w+tAw)|?] <O
de t=0

with ||r (w) ||? differentiable.

v
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Does Newton always work 7

Is the Newton step Aw always providing a direction "improving” r (w) ?
l.e. is there always a t > 0 s.t. ||r (w + tAw) || < ||[r (w) || is true ? Yes... but

Proof: |r (w + tAw) || < |lr (w) || holds for some t > 0 if
d 2
— ||lr (w + tAw) || <0
dt =@

with ||r (w) ||? differentiable. I.e.

2r (W)T%I‘ (w+tAw), , <0

v
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Does Newton always work 7

Is the Newton step Aw always providing a direction "improving” r (w) ?
l.e. is there always a t > 0 s.t. ||r (w + tAw) || < ||[r (w) || is true ? Yes... but

Proof: |r (w + tAw) || < |lr (w) || holds for some t > 0 if

d
—|r(w+tAw)|?] <O
de t=0

with ||r (w) ||? differentiable. I.e.
Td
2r (w) T (w+tAw), , <0
We have

%r (w4 tAw),_, = Vr (W) Aw = —Vr (w)"Vr(w) 'r(w) = —r(w)

v

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 10 / 32




Does Newton always work 7

Is the Newton step Aw always providing a direction "improving” r (w) ?
l.e. is there always a t > 0 s.t. ||r (w + tAw) || < ||[r (w) || is true ? Yes... but

Proof: |r (w + tAw) || < |lr (w) || holds for some t > 0 if

d
—|r(w+tAw)|?] <O
de t=0

with ||r (w) ||? differentiable. I.e.
2r (W)T%I‘ (w+tAw), , <0
We have
ir w+ tAw),_, = Vr w) Aw = —Vr (w) ' Vr(w) 'r(w) = —r(w
dt t=0
Then

d
3zt (W + tAw) ] =-2r(w)* <0

t=0

v
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Does Newton always work 7

Is the Newton step Aw always providing a direction "improving” r (w) ?
l.e. is there always a t > 0 s.t. ||r (w + tAw) || < ||[r (w) || is true ? Yes... but

How to select the step size t € |0, 1] ? Globalization...

@ Line-search: reduce t until some criteria of progression on ||r|| are met

@ Trust region: confine the step Aw within a region where Vr (w) provides a good
model of r (w)

@ Filter techniques: monitor progress on specific components of r (w) separately

o ...

. ensures that progress is made in one way or another.

Note: most of these techniques are specific to optimization.
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But still, Newton can fail...

Solve r (w) =0
0.6
0.4

~ 0.2

g :
=, &
-0.2
-0.4

w

o & = E E DaAe
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But still, Newton can fail...

Solve r (w) =0
0.6
0.4
~ 0.2
2
0 W
-0.2
204
w
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But still, Newton can fail...

Solve r (w) =0
0.6
0.4

~ 0.2

2

=, 3
-0.2
204

w

o & = E E DaAe
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But still, Newton can fail...

Solve r (w) =0
0.6
0.4
$02 /\
= |/ by
-0.2
04l
w
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But still, Newton can fail...

Solve r (w) =0
0.6
0.4

~ 02 /\
2

= o/ VIV
-0.2
204

w
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But still, Newton can fail...

Solve r (w) =0
0.6
0.4

g°° /\
g

= o/ VIV
-0.2
204

w
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But still, Newton can fail...

Solve r (w) =0

02} /\
2

&

Newton stops with
r(w) # 0 and Vr (w) singular
i.e. the Newton direction Aw given by
Vr(w) Aw = —r(w)

is undefined...
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But still, Newton can fail...

Solve r (w) =0 Newton stops with
r(w) # 0 and Vr (w) singular
Zj i.e. the Newton direction Aw given by
o) /\ Ve (w)" Aw = —x (w)
E’ o4 vIv is undefined...
-0.2
-0.4

w

This is a common failure mode for Newton-based solvers when tackling very non-linear r
and starting with a poor initial guess !!
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Convergence of full-step Newton methods
Newton method:

Vr(w)" Aw = —r (w)

W — W+ Aw

o & = E E DaAe
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Convergence of full-step Newton methods
Newton method:

Vr(w)" Aw = —r (w)
W — W+ Aw

Yields the iteration k = 0,1, ....:

Wii1 < Wi — Vr (wk)_T r(wg)
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Convergence of full-step Newton methods

Newton method: Newton-type method (Jacobian approx.)
Vr(w)" Aw = —r (w) MAw = —r (w)
W — W+ Aw W — W+ Aw

Yields the iteration k = 0,1, ....:

Wii1 < Wi — Vr (wk)_T r(wg)
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Convergence of full-step Newton
Newton method:

Vr(w)" Aw = —r (w)
W — W+ Aw

Yields the iteration k = 0,1, ....:

Wii1 < Wi — Vr (wk)_T r(wg)

methods
Newton-type method (Jacobian approx.)
MAw = —r (w)

W — W+ Aw

Yields the iteration k = 0,1, ....:

Wil & Wk — Mk_lr(wk)
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Convergence of full-step Newton
Newton method:

Vr(w)" Aw = —r (w)
W — W+ Aw

Yields the iteration k = 0,1, ....:

Wii1 < Wi — Vr (wk)_T r(wg)

Theorem: assume

@ Nonlinearity of r: HMk_l (Vr(w)T = Vr(w*)T) H <w|w—w~|, for

w E [wi, W]

methods
Newton-type method (Jacobian approx.)
MAw = —r (w)

W — W+ Aw

Yields the iteration k = 0,1, ....:

Wil & Wk — Mk_lr(wk)
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Convergence of full-step Newton methods

Newton method: Newton-type method (Jacobian approx.)
Vr(w)" Aw = —r (w) MAw = —r (w)
W — W+ Aw W — W+ Aw
Yields the iteration k = 0,1, ....: Yields the iteration k = 0,1, ....:
Wii1 < Wi — Vr (wk)_T r(wg) Wil & Wk — Mk_lr(wk)

Theorem: assume
@ Nonlinearity of r: HMk_l (Vr(w)T = Vr(w*)T) H <w|w—w~|, for

w E [wi, W]

@ Jacobian approximation error: HM,:I(Vr(wk)T — Mk)H <re<l1
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Convergence of full-step Newton
Newton method:

Vr(w)" Aw = —r (w)
W — W+ Aw

Yields the iteration k = 0,1, ....:

Wii1 < Wi — Vr (wk)_T r(we)

Theorem: assume

methods

Newton-type method (Jacobian approx.)

MAw = —r (w)
W — W+ Aw

Yields the iteration k = 0,1, ....:

Wil & Wk — Mk_lr(wk)

@ Nonlinearity of r: HMk_l (Vr(w)T = Vr(w*)T) H <w|w—w~|, for

w E [wi, W]

@ Jacobian approximation error: HM,:I(Vr(wk)T — Mk)H <re<l1

@ Good initial guess |[wo — w*|| < 2(1 — max{r.})
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Convergence of full-step Newton methods

Newton method: Newton-type method (Jacobian approx.)
Vr(w)" Aw = —r (w) MAw = —r (w)
W W+ Aw W W+ Aw
Yields the iteration k = 0,1, ....: Yields the iteration k = 0,1, ....:
Wii1 < Wi — Vr (wk)_T r(wy) Wil & Wk — Mk_lr(wk)

Theorem: assume
@ Nonlinearity of r: HMk_l (Vr(w)T = Vr(w*)T) H <w|w—w~|, for
w E [wi, W]
@ Jacobian approximation error: HM,:I(Vr(wk)T — Mk)H <rp <l
@ Good initial guess |[wo — w*|| < 2(1 — max{r.})

Then wx — w™ with the following linear-quadratic contraction in each iteration:

w
wiss =Wl < (e S lwic— w ) e —
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Convergence of full-step Newton methods

Newton method: Newton-type method (Jacobian approx.)
Vr(w)" Aw = —r (w) MAw = —r (w)
W — W+ Aw W — W+ Aw
Yields the iteration k = 0,1, ....: Yields the iteration k = 0,1, ....:
Wii1 < Wi — Vr (w;()_T r(wy) Wil & Wk — Mk_lr(wk)

Theorem: assume
@ Nonlinearity of r: HMk_l (Vr(w)T = Vr(w*)T) H <w|w—w~|, for
w € [wi, w"]
@ Jacobian approximation error: HM,:I(VI‘(W;()T — I\/Ik)H <rp <l
@ Good initial guess |[wo — w*|| < 2(1 — max{r.})

Then wx — w™ with the following linear-quadratic contraction in each iteration:

w
wiss =Wl < (e S lwic— w ) e —

What about reduced steps ? Slow convergence when t < 1 (damped phase). When
full steps become feasible, fast convergence to the-solution.
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Newton methods - Short Survival Guide

Exact Newton method: Newton-type method
Vr(w) Aw = —r(w) MAw = —r(w)
W~ W+ tAw W — W+ tAw
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Newton methods - Short Survival Guide

Exact Newton method: Newton-type method
Vr(w) Aw = —r(w) MAw = —r(w)
W~ W+ tAw W — W+ tAw

@ Exact Newton direction Aw improves r for a sufficiently small step size t € |0, 1]
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Exact Newton method: Newton-type method
Vr(w) Aw = —r(w) MAw = —r(w)
W~ W+ tAw W — W+ tAw

@ Exact Newton direction Aw improves r for a sufficiently small step size t € |0, 1]

@ Inexact Newton direction Aw improves r for a sufficiently small step size t € ]0, 1]
if M >0
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@ Exact Newton direction Aw improves r for a sufficiently small step size t € |0, 1]

@ Inexact Newton direction Aw improves r for a sufficiently small step size t € ]0, 1]
if M >0

@ Exact full (t = 1) Newton steps converge quadratically if close enough to the
solution

@ Inexact full (t = 1) Newton steps converge linearly if close enough to the solution
and if the Jacobian approximation is "sufficiently good”
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W — W+ tAw W — W+ tAw

@ Exact Newton direction Aw improves r for a sufficiently small step size t € |0, 1]

@ Inexact Newton direction Aw improves r for a sufficiently small step size t € ]0, 1]
ifM>0

@ Exact full (t = 1) Newton steps converge quadratically if close enough to the
solution

@ Inexact full (t = 1) Newton steps converge linearly if close enough to the solution
and if the Jacobian approximation is "sufficiently good”

@ Newton iteration fails if Vr becomes singular
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Newton methods - Short Survival Guide

Exact Newton method: Newton-type method
Vr(w)" Aw = —r (w) MAw = —r (w)
W — W+ tAw W — W+ tAw

@ Exact Newton direction Aw improves r for a sufficiently small step size t € |0, 1]

@ Inexact Newton direction Aw improves r for a sufficiently small step size t € ]0, 1]
ifM>0

@ Exact full (t = 1) Newton steps converge quadratically if close enough to the
solution

@ Inexact full (t = 1) Newton steps converge linearly if close enough to the solution
and if the Jacobian approximation is "sufficiently good”

@ Newton iteration fails if Vr becomes singular

@ Newton methods with globalization converge in two phases: damped (slow) phase
when reduced steps (t < 1) are needed, quadratic/ linear when full steps are
possible.
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9 Newton on the KKT conditions



Core idea
A vast majority of solvers try to find a KKT point w, p, A i.e:

Primal Feasibility: g(w)=0, h(w)<O0,
Dual Feasibility: Vwl(w, p, \)=0, pn>0,
Complementarity Slackness: philw)=0, i=1,..

where £ =& (w) +A"g(w) + p"h(w)
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Core idea

A vast majority of solvers try to find a KKT point w, p, A i.e:

Primal Feasibility: g(w)=0, h(w)<o0
Dual Feasibility: Vwl (w, p, A) = u >0,
Complementarity Slackness: philw)=0, i=1,..

where £ =

o (w)+ATg(w)+p h(w)

Let's consider for now equality constrained problems, i.e. find w, X s.t.:
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Core idea
A vast majority of solvers try to find a KKT point w, p, A i.e:

Primal Feasibility: g(w)=0, h(w)<o0
Dual Feasibility: Vwl (w, p, A) = u >0,
Complementarity Slackness: philw)=0, i=1,..

where £ = & (w) + A g (w) + p"h(w)

Let's consider for now equality constrained problems, i.e. find w, X s.t.:

Vwl(w,A) =0
g(w) =0

Idea: apply the Newton method on the KKT conditions, i.e.

Solve... ... by iterating
Vwl(w,A) ] Aw
r(w,\) = ’ =0 T - _
( ) |: g(W) Vr (W,)\) |: AN ] I‘(W,)\)
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Newton method on the KKT conditions
KKT conditions

r(w,\) = { Vwl(w,A)

Newton direction
=0
g(w) ]

Vr(w,)\)T{ o ] — —r(w,2)

o & = E E DaAe
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Newton method on the KKT conditions

KKT conditions Newton direction
] Ve L(w, ) | T Aw |
r(w,A) = { g(w) ] =0 Vr (w, A) { AN } =—r(w,]A)
Given by:
VEIL(W,A)AW 4+ VeaL(W,A)AN = —VwL(W,A)
Ve(w) Aw — —g(w)
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Newton method on the KKT conditions
KKT conditions Newton direction
Vwl(w, ) ]
=0
g(w)

Aw

r(w,A) = { Vr(w,)\)T{ o } =—r(w,A)

Given by: using VwL(w,A) = V&(w) + Vg(w)A

V3LW,A)AW  + Veal(W,A)AN = —VeL(w,A)
Vg(w) Aw —g(w)
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Newton method on the KKT conditions

KKT conditions Newton direction
] Ve L(w, ) | T Aw |
r(w,A) = { g(w) ] =0 Vr (w, A) { AN } =—r(w,)
Given by: using VwL(w,A) = V&(w) + Vg(w)A
V3L(W,AN)Aw  + Vg(w)AX = —VuL(w,A)

Veg(w) Aw

—g(w)
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Newton method on the KKT conditions

KKT conditions Newton direction
] Ve L(w, ) | T Aw |
r(w,A) = { g(w) ] =0 Vr (w, A) { AN } =—r(w,]A)
Given by: using VwL(w,A) = V&(w) + Vg(w)A
VZ3L(W,A\)Aw  + Vg(w)AX = —Vo(w)— Vg(w)

Vg(w) Aw —g(w)
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Newton method on the KKT conditions
KKT conditions Newton direction
Vwl(w, ) ]
=0
g(w)

Aw

r(w,A) = { Vr(w,)\)T{ o } =—r(w,A)

Given by: using VwL(w,A) = V&(w) + Vg(w)A

VaL(w,NAw  +  Vg(w)(A+AN)
Ve(w)TAw

—Vo(w)
—g(w)
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Newton method on the KKT conditions

KKT conditions Newton direction

Vwl(w, A

r(w,)\):{ g((ww) ) ]:0 Vr(w,)\)T{ AV;: } =—r(w,]A)
Given by: using Vw L(w,A) = V(w) + Vg(w)A
V3L(W,A)Aw  + Vg(w)(A+AN) = —Vd(w)

Ve(w) Aw )

The Newton direction on the KKT conditions
Vi L(w,A) Vg(w) Aw ] [ Vo(w)
vg(w)" 0 A+AX | g(w)

KKT matrix (symmetric indefinite)
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Newton method on the KKT conditions
KKT conditions Newton direction

Aw

r(w,)\):{ wh(w, ]:0 Vr(w,)\)T{ o

Given by: using VwL(w,A) = V&(w) + Vg(w)A

V3L(W,AN)Aw  +  Veg(w)(A+AN)
Ve(w)TAw

—Vo(w)
—g(w)

The Newton direction on the KKT conditions

Gs o ) [ataa =] s ]

KKT matrix (symmetric indefinite)

where H (w, ) = V3 L(w, A) is the Hessian of the problem.

| =rw)

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016

16 / 32



Newton method on the KKT conditions
KKT conditions Newton direction

r(w,)\):{ wh(w, ]:0 Vr(w,)\)T{ﬁ‘;\,}:—r(w,)\)

Given by: using VwL(w,A) = V&(w) + Vg(w)A

V3L(W,AN)Aw  +  Veg(w)(A+AN)
Ve(w)TAw

—Vo(w)
—g(w)

The Newton direction on the KKT conditions

125 )= 5]

KKT matrix (symmetric indefinite)

where H (w,\) = V3 L(w, ) is the Hessian of the problem. Note: update of the dual
variable is AT = A + AX

v
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Newton method on the KKT conditions
KKT conditions Newton direction
VL (W, ) ]
=0
g(w)

Aw

Vr(w,)\)T{ o

r(w,\) = = —r(w,\)
| |

Given by: using VwL(w,A) = V&(w) + Vg(w)A

VZ3L(W,A\)Aw  +  Vg(w)(A+AN)
Ve(w)TAw

—Vo(w)
—g(w)

The Newton direction on the KKT conditions

125 )= 5]

KKT matrix (symmetric indefinite)

where H (w,\) = V3 L(w, ) is the Hessian of the problem. Note: update of the dual
variable is AT = A + AX

® VwL(w, ) is not needed for computing the Newton step

v
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Newton method on the KKT conditions
KKT conditions Newton direction
Vwl(w, ) ]
=0
g(w)

Aw

r(w,\) = { Vr(w,)\)T{ o } =—r(w,A)

Given by: using Vw L(w,A) = VO&(w) + Vg(w)A

VZ3L(W,A\)Aw  +  Vg(w)(A+AN)
Vg(w) Aw

—Vo(w)
—g(w)

The Newton direction on the KKT conditions

125 )= 5]

KKT matrix (symmetric indefinite)

where H (w,\) = V3 L(w, ) is the Hessian of the problem. Note: update of the dual
variable is AT = A + AX

® VwL(w, ) is not needed for computing the Newton step

@ The updated dual variables A are readily provided !
v
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Newton lteration for Optimization - Example

nlet[2 1) wiwr |2
st g(w) =

ww—1=0

2
1.5
1
0.5
—
B 0
-0.5
-1
-1.5
-2
-2 -1 0 1 2
Wi
o & = E E DaAe
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Newton lteration for Optimization - Example

. 1 +[2 1 [1
Iterate: m“llni [1 4:|W+W [0]

[ FIETAT] | o

15

0.5]

W1
o

-0.5

-1.5
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Newton lteration for Optimization - Example

. 1 12 1 [1
Iterate: min Ew [1 4]w+w [O]

[ 8] [] | s

with:
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Newton lteration for Optimization - Example

Iterate:
H Vg Aw | | Vo
veg' 0 AT T g
with:

s == 20

2W2

L(w, ) =& (w)+ Ag(w)

2 1

Secmn=]?

oo 2] om
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Newton lteration for Optimization - Example

Iterate:
H Vg Aw | | Vo
veg' 0 AT T g
with:

s == 20

2W2

L(w, ) =& (w)+ Ag(w)

2 1

Secmn=]?

oo 2] om

2+2% 1
H(W’A):[ 1 4+2,\}
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Newton lteration for Optimization - Example

Iterate:
H Vg Aw | | Vo
veg' 0 AT T g
with:

s == 20

2W2

L(w, ) =& (w)+ Ag(w)

Vwﬁ(w,)\)z[i i]w—l—[é]—i—ﬂxw
242X 1
H(W’A):[ 1 4+2,\}
| 2wi+wa +1
Ve (w) = { w1 + 4ws }
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17%0 of February, 2016 17 / 32



Newton lteration for Optimization - Example

1 5121 11
Algorithm: Newton method min Ew [ 1 4 ]W—l—w [ 0 ]
Input: guess w, A
while |VL]| or [|g|| > tol do

st.g(w)=w'w—-1=0

Compute Guess A =0, stept =1
H(w,A), Vg(w), V& (w), g(w) 2
15
Compute Newton direction 1
05
H Vg Aw | _ [ Vo E 0
veg' o0 AT T g 05
-
AA=AT - A s
-2
Compute Newton step, t € ]0, 1] ; P - ”
W W AW, A< A+ tAX !

return w, A
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Newton lteration for Optimization - Example

1l +1 201 T 1
Algorithm: Newton method m“lln EW 1 4 wtw 0

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \
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Newton lteration for Optimization - Example

1l +1 201 T 1
Algorithm: Newton method m“lln EW 1 4 wtw 0

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Compute Guess A =0, stept =1
H(w,\), Vg(w), Vo (w), g(w) 2
1.5
Compute Newton direction 1
05
H vgl[aw]_ [ Ve g o
VgT 0 A+ B g 05
-1
AX=XT - 15
Compute Newton step, t € ]0, 1] 2 > : ; - .
W W tAW, A AL tAN w1

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

1l +1 201 T 1
Algorithm: Newton method m“lln EW 1 4 wtw 0

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Compute Guess A =0, stept =1
H(w,\), Vg(w), Vo (w), g(w) 2
1.5
Compute Newton direction 1
05
H vgl[aw]_ [ Ve g o
VgT 0 A+ B g 05
-1
AX=XT - 15
Compute Newton step, t € ]0, 1] 2 > : ; - .
W W tAW, A AL tAN w1

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww

Guess A =0, stept =1

Compute
H(w,A), Vg(w), V& (w), g(w)

Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

W< W+ tAwW, A A+ tAAN

return w, \

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 17 / 32



Newton lteration for Optimization - Example

nlw [ 2 1] wiwt| 2
m|n2w WWO

Algorithm: Newton method w 1 4

Input: guess w, A

)
s.t. = —1=0
while [|V£] or |lg|| > tol do g(w)=ww
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Compute
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Compute Newton direction

PRI

AX=AT — A

Compute Newton step, t €]0,1]

2 1 “(I) 1 2
W W AW, A< A+ tAX !
return w, A Your initial guess matters !! )
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Invertibility of the KKT matrix

The Newton direction of the KKT conditions

H(w, ) Vg(w)

Veg(w)! 0 } [ ﬁi" } N _[ ey

g(w) ]
KKT matrix (symmetric indefinite)

o 5 = = 2L NGe
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its neighborhood
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Invertibility of the KKT matrix

The Newton direction of the KKT conditions

rewr T[S ][

KKT matrix (symmetric indefinite)

The KKT matrix is invertible if In practice, when the solution fails
@ Vg(w) is full column rank (LICQ) LICQ/SOSC, it is common to

bserve the solver struggling
] Td = g
vd #0, such that Vg(w) d =0 numerically, as the KKT matrix

d"H(w,A\)d>0 (SOSCQ) becomes increasingly
ill-conditioned !!

If (w, ) is LICQ & SOSC, then the KKT matrix

is invertible in a neighborhood of (w, A)

If LICQ & SOSC hold at the solution, then the Newton iteration is well defined in
its neighborhood
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Quadratic model interpretation

Problem:
min & (w)
s.t. g(w)=0

The Newton direction is given by

H(w, X)
Vg(w)'

Vg (w)
0

Il

Aw
)\+
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)\+

g(w)

The Newton direction is also given by the Quadratic Program (QP):

min %AWTH(W, A)Aw + Vo (w)" Aw
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Quadratic model interpretation

Problem: The Newton direction is given by
min & (w) H(w,A) Vg(w) ] { Aw ] o { Vo (w) ]
st.  g(w)=0 Vg (w)" 0 A* g (w)

The Newton direction is also given by the Quadratic Program (QP):
min %AWTH(W, A)Aw + Vo (w)" Aw
st. g(w)+ Veg(w) Aw =0

Dual variables A" given by the dual variables of the QP, i.e. At = Agp

Proof: the KKT conditions of the QP are equivalent to the system providing the
Newton direction
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Quadratic model interpretation

Problem: The Newton direction is given by
min & (w) H(w,A) Vg(w) ] { Aw ] o { Vo (w) ]
st.  g(w)=0 Vg (w)" 0 A* g (w)

The Newton direction is also given by the Quadratic Program (QP):
min %AWTH(W, A)Aw + Vo (w)" Aw
st. g(w)+ Veg(w) Aw =0

Dual variables A" given by the dual variables of the QP, i.e. At = Agp

Proof: the KKT conditions of the QP are equivalent to the system providing the
Newton direction

The Newton direction is given by solving a quadratic models of the original problem !! )
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tial Quadratic Programming
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What about inequality constraints 7

Find the " primal-dual” variables x, pt, A such that:

Primal Feasibility: g(w)=0, h(w)<O0,
Dual Feasibility: Vwl(w, g, \)=0, p>0,
Complementarity Slackness: philw)=0, i=1,..
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3r =
=
. <
32 °
s}
=
1 5
0
h;j(w) not active
5 -4 3 2 -1 0 1
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Primal Feasibility: g(w)=0, h(w)<O0,
Dual Feasibility: Vwl(w, g, \)=0, p>0,
Complementarity Slackness: philw)=0, i=1,..

Solution manifold of p;hi(w) =0

| = .

s :E Manifold generated by the Complementary

{2 = Slackness condition is not smooth, Newton
2 can not be used !!
1t 5
0
h;j(w) not active
kS 4 3 2 ] 0 1

h,‘(W)
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Quadratic model interpretation

NLP The Newton direction is given by
min & (w)
w H(w,X) Vg(w) Aw | _ [ Vo (w)
s.t. g(w)=0 Ve (w)' 0 AT g(w)

with H(w, X) = V%, L(w, )
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Problem:

Quadratic interpretation for inequality constraints
min

@ (w)
g(w)=0
h(w)<0

s.t.

s.t.

o & = E 2L NGe
S. Gros Optimal Control with DAEs, lecture 5



Quadratic interpretation for inequality constraints

Problem:
min o (w)

s.t. g(w)=0
s.t. h(w) <0

The Newton direction is given by the Quadratic Program (QP):

min %AWTH(W, A p)Aw + Vo (w)" Aw

Aw
st. g(w)+Vg(w) Aw =0
h(w)+ Vh(w)" Aw <0

with H(w, X) = V3, L(w, )
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Quadratic interpretation for inequality constraints

Problem:
min o (w)
s.t. g(w)=0
s.t. h(w)<0

The Newton direction is given by the Quadratic Program (QP):
min EAWTH(W, A p)Aw + Vo (w)" Aw
st. g(w)+Vg(w) Aw =0
h(w)+ Vh(w)" Aw <0
with H(w, X) = V3, L(w, )

Dual variables A\™ and p* given by the dual variables of the QP, i.e.

AT =2Xep, p = pge
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SQP Algorithm

Algorithm: SQP with line-search

Input: guess w, A, p
while ||VL||« or ||g]lec or max (0, h;j) > tol do

Compute g, h, Vo(w), Vg(w), Vh(w), H (w, 1, A)
Compute Newton direction by solving the QP

rRin EAWTH(W, A p)Aw + Vo (w)" Aw
st. g(w)+Veg(w) Aw =0
h(w)+ Vh(w)  Aw <0

Select step size t to ensure progress (c.f. globalization / line-search)
Take primal step: w < w + tAw

| Take dual step: A + (1 — t)A + tAep, p—(1—-t)u+tpgp
return w, A, p

S. Gros Optimal Control with DAEs, lecture 5 1780 of February, 2016
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SQP - lllustration

// =
NLP: ‘
1 ) A~
min > [lw — wollg %
st. h(w) <0
QP: Hessian:

min %AWTH (w, ) Aw + Vo (w) T Aw  H(w,p) = V& (w) + V5, (uTh (W))

st. h(w)+Vh(w)' Aw <0

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 25 /32



SQP - lllustration

NLP:
. 1 5
min 5 ||W—W0||Q
st. h(w) <0
QP: Hessian:

min %AWTH (w, ) Aw + Vo (w) T Aw  H(w,p) = V& (w) + V5, (uTh (W))

st. h(w)+Vh(w)" Aw <0

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 25 /32



SQP - lllustration

Linearized constraints

NLP:
. 1 2
min 5 ||W—W0||Q
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SQP - lllustration Linearized constraints

‘\
A‘A
NLP: g
1 , —.
min = [lw = wol[3 7
st. h(w) <0
0.4285
QP: Hessian:
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SQP - lllustration

NLP:
. 1 5
min 5 [lw = woll3
st. h(w) <0
0.16
QP: Hessian:

min %AWTH (w,n) Aw + Vo (w)" Aaw  H (W, 1) = Vo, ® (w) + V5, (IJTh (W))
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SQP - lllustration

10°F T T ‘
72}
° 10° .
NLP: 10 |
1 ) 1 2 3 4 5 6
min 5 lw — wollg Iteration
s.t. h (W) S 0 - > ° ° .
X
$0.5
[o R
g
n O0f
1 2 3 4 5
Iteration
QP: Hessian:

min %AWTH (w, ) Aw + Vo (w) T Aw  H(w,p) = V& (w) + V5, (uTh (W))

st. h(w)+Vh(w)' Aw <0
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Some remarks

The Newton direction is given by the Quadratic Program (QP):

min %AWTH(W, A p)Aw + Vo (w)" Aw

st. g(w)+Vg(w) Aw =0
h(w)+ Vh(w)  Aw <0
with H(w,X) = V2 L(w, )
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with H(w,X) = V2 L(w, )

@ SQP inherits the convergence properties of the Newton method

@ What happens if SOSC fails during the iterations ? l.e. for an iterate w, A, w:
d"H(w, A, pu)d #0

for some d # 0 being a critical feasible direction ?
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Some remarks

The Newton direction is given by the Quadratic Program (QP):

nAwin %AWTH(W7 A p)Aw + Vo (w)" Aw

st. g(w)+Vg(w) Aw =0
h(w)+ Vh(w)  Aw <0

with H(w,X) = V2 L(w, )

@ SQP inherits the convergence properties of the Newton method

@ What happens if SOSC fails during the iterations ? l.e. for an iterate w, A\, u:
d H(w, A, p)d # 0

for some d # 0 being a critical feasible direction ? QP unbounded !! Heuristics are
used in SQP methods to modify H(w, A, i) and recover an adequate curvature in
the QP cost (regularization).
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Newton-type Methods - Gauss-Newton Hessian approximation

Cost function of the type ®(w) = 1[|R(w)|?, with R(w) € R” ‘

Gauss-Newton Hessian approximation

Observe that i
V2, (w) = 5 (VR(WR(W)) = VR(W)VR(w)" + ) V?Ri(w)Ri(w)

i=1
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Gauss-Newton Hessian approximation
Observe that -
Vi (w) = 5 (VR(W)R(w)) = VR(W)VR(w)" + ) V?Ri(w)Ri(w)
i=1

Gauss-Newton method proposes to use: | By = VR(wx)VR(w)" + axl ‘
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i=1

Gauss-Newton method proposes to use: | By = VR(wx)VR(w)" + axl ‘
Bk is a good approximation if:

@ constraints are close to linear or

@ O(w*) ~ 0 (implies A, p ~ 0)

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 28 / 32



Newton-type Methods - Gauss-Newton Hessian approximation

Cost function of the type ®(w) = 1[|R(w)|?, with R(w) € R” ‘

Gauss-Newton Hessian approximation
Observe that m
Vi (w) = 5 (VR(W)R(w)) = VR(W)VR(w)" + ) V?Ri(w)Ri(w)

i=1

Gauss-Newton method proposes to use: | By = VR(wx)VR(w)" + axl ‘
Bk is a good approximation if:

@ constraints are close to linear or

@ O(w*) ~ 0 (implies A, p ~ 0) and

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 28 / 32



Newton-type Methods - Gauss-Newton Hessian approximation

Cost function of the type ®(w) = 1[|R(w)|?, with R(w) € R” ‘

Gauss-Newton Hessian approximation
Observe that m
Vi (w) = 5 (VR(W)R(w)) = VR(W)VR(w)" + ) V?Ri(w)Ri(w)

i=1

Gauss-Newton method proposes to use: | By = VR(wx)VR(w)" + axl ‘
Bk is a good approximation if:

o ’R;
@ constraints are close to linear or a?II Lo ez el (15 dlese o
; linear), or
) *) = 0 (impli = an
Al 22 U rmglies 2 o ) @ all Ri(w) are small, i.e. (w*) =0

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 28 / 32



Newton-type Methods - Gauss-Newton Hessian approximation

Cost function of the type ®(w) = 1[|R(w)|?, with R(w) € R” ‘

Gauss-Newton Hessian approximation
Observe that m
Vi (w) = 5 (VR(W)R(w)) = VR(W)VR(w)" + ) V?Ri(w)Ri(w)

i=1

Gauss-Newton method proposes to use: | By = VR(wx)VR(w)" + axl ‘
Bk is a good approximation if:

o ’R;
@ constraints are close to linear or a?II Lo ez el (15 dlese o
; linear), or
) *) = 0 (impli = an
Al 22 U rmglies 2 o ) @ all Ri(w) are small, i.e. (w*) =0

Typical application to tracking & fitting problems: R(w) =y(w) — §
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Newton-type Methods - Gauss-Newton Hessian approximation

Cost function of the type ®(w) = L||R(w)|]?, with R(w) € R™ ‘

—2

Gauss-Newton Hessian approximation
Observe that m
V3,0 (w) = 5w (VR(W)R(w)) = VR(W)VR(w)" + ) V?Ri(w)Ri(w)

i=1

Gauss-Newton method proposes to use: | By = VR(wx)VR(w)" + axl ‘
Bk is a good approximation if:

@ all V’R;(w) are small (R close to

@ constraints are close to linear or .
linear), or

*\ ~ 0 (impli ~ and
O @) 2 0 (fmplies o 2R ) @ all Rj(w) are small, i.e. d(w*)~0

Typical application to tracking & fitting problems: R(w) =y(w) — §

Convergence

*] Ifd)(wk)—)Othen kK — 0

@ Can get superlinear convergence...

v
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Newton-type Methods - BFGS

‘ Compute numerical derivative of H(w) in an efficient (iterative) way‘

BFGS

Define .
Sk = Wkl — Wk

Yi = VL(Wi)— VL(W)

Idea: ‘ Update By — Bi41 such that Bxiisk =y, (secant condition) ‘
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Define .
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Idea: ‘ Update By — Bi41 such that Bxiisk =y, (secant condition) ‘

BFGS formula: | Bxi1 = Bk —

See "Powell's trick” to make sure that By >0

S. Gros Optimal Control with DAEs, lecture 5 170 of February, 2016 29 / 32



Newton-type Methods - BFGS

‘ Compute numerical derivative of H(w) in an efficient (iterative) way‘

BFGS

Define .
Sk = Wkl — Wk

Yi = VL(Wi)— VL(W)

Idea: ‘ Update By — Bi41 such that Bxiisk =y, (secant condition) ‘

Byss' B i
BFGS formula: | By = By — o> Pk YY g
sTBys sy

See "Powell's trick” to make sure that By >0

Convergence

@ It can be shown that By — H(w), then xkx — 0

@ Can get superlinear convergence...
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Maratos effect - Some NLPs can yield " creeping” convergence
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Maratos effect - Some NLPs can yield " creeping” convergence
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Iteration

What is going on ?!?7 This is a case of the Maratos effect, can happen with nonlinear
constraints...
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Maratos effect
Define: w = [ u v ]

Consider the NLP : 025" Wk 4
> 0.2 4
min & =3v° —2u o5l |
u,v

2 01 4
st. g=u—v = 0 0,05 |
. ek S o i
Optimum: w* = [ 0 0 ] ool o |
Consider the iterate: “oaf l
wi=[a a] |
-0.2 4
The Newton step is: 025" o i

AWk = — { 232 a ] —0.‘25 —0‘.2 —0.‘15 —0.‘1 —0.65 l(;l 0.65 u.‘1 o.‘15 0‘.2 0‘25

for A =2...
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Maratos effect
Define: w = [ u v ]

Consider the NLP : 025" Wk 4
) 02f 4
min & =3v° —2u o5l |
u,v
5 01f ]
st. g=u—v'=0 005} ]
. * > o 4
mum: w = .
Opt u [ 00 ] 005 Wi+l 1
Consider the iterate: o1l |
wi=[a a] ,
-02f J
The Newton step is: 025" o i
AWk = — { 232 a ] —0.‘25 —0‘.2 —o.‘15 —0.‘1 —0.65 El 0.65 0‘1 0.‘15 0‘.2 0‘25

for A =2...

The full Newton step:
Wit = Wi + Awy
is much closer to w* than wy.
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Maratos effect
Define: w = [ u v ]

Consider the NLP : 025¢ Wk 1
0.2 4
min & =3/ —2u 015/ i
u,v
2 01 1
st. g=u—v- =0 005l |
. _ S of i
Optimum: w™ = [ 0 0 ] ol Wit |
Consider the iterate: -01r 1
Wy = [ 32 a ] -0.151 4
o2k |
The Newton step is: ~ozsf o ]
AWk = — { 232 a ] —0.‘25 —0‘.2 —o.‘15 —0.‘1 —0.65 El 0.65 0‘1 0.‘15 0‘.2 0‘25
for A =2...
But:
The full Newton step: S(Wri1) > O(wy)
Wil = Wk + Awy lg(Wii1)] > |g(wi)]
is much closer to w* than wy.

No penalty function can accept Awy !!
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