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Part A: Concepts from Probability, Statistics, and Estimators

1. Give the probability density function (PDF) f(z) for a normally distributed random variable with mean z and variance 0.

fla)= — . Please add a sketch:

(2] ]

2. What is the PDF of a random variable with uniform distribution on the interval [a, b]? For © € [a, ] it has the value:
flz) = . Please add a sketch:

(2] ]
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. What is the PDF of an n-dimensional normally distributed variable z with zero mean and covariance matrix P > 0 ? The

answer is f,(x) = 1

V/@2myrdet(P) T

(a) D efézTP:c

(b)D e%xTPz

(C)D efézTPflm

(d)[] e%wTF’*laL‘

A scalar random variable has the variance v. What is its stand

ard deviation?

@[] ot

®[] Vv

©[] v

@[] »?

. Regard a random variable x € R™ with mean ¢ = E{z}, where E is the expectation operator. How is the covariance matrix

P € R™"*"™ defined?

[t ]

. Regard random x € R™ with zero mean and covariance P. What is the mean of the matrix valued variable ?

(@[ | Ptrace(P)

o] P

@[] P!

@[] P! det(P)

What does “i.i.d.” stand for?

(@)[ ] infinite identically disturbed

(b) D independent identically distributed

(¢)[ ] independent identically disturbed

(d)[ ] infinite identically dependent

. Given a sequence of i.i.d. scalar random variables (1), ..., z(N), each with mean p and variance o, what is the variance

of the variable y, defined by

YN = % Zszl z(k)

(the arithmetic mean)?

@[] &

O[] x5

©[] %

@] ¥

. What is the covariance matrix of | z = 3z + 2y | if random variables x, y € R™ are independent and have covariance matrices

S, 52

@[] .+ 2%,

O[] 3%, +2%,

©[] 9%, +4%,

@[ ] B2 428, 1)t

. What is the mean p, and the covariance matrix X, of the random variable ’ z=b+ Ax +2y ‘ where b € R™ and A € R"*™
are fixed and x € R™ and y € R" are independent and have means (i, 1, and covariance matrices 3, Xy, ?

Mz =

11. What is the minimizer z* of the convex function f : R — R, | f(z) = a + Sz + Za? |withy > 0 ?
O (s) - - -
[t ]
12. Given a sequence of numbers y(1), ..., y(IV), what is the minimizer 6* of the function | f(0) = Zgzl(y(k) —0)2|?

(a) D ZkN:[i/'y(k)

O[] &30 yk)?

©[ ] =X yk)?

N
(d) D Ekl»vzl "/(k)
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Part B: Linear Least Squares and Dynamic System Models

13.

14.

15.

16.

17.

18.

19.

20.

What is the minimizer of the convex function f : R* — R,| f(z) = ||y — Yz||3 ‘ (with ¥ of rank n) ? The answer is 2* = . ..

@[] - Ty [ ] (@Te)TteTy ©[] —(veH=1wly || @[] (wuh)'ely

Given a prediction model | y(k) = 6; + 62e*®) + (k) | with unknown parameter vector § = (61,6,)", and assuming i.i.d.

noise ¢(k) with zero mean, and given a sequence of N scalar input and output measurements (1), ..., z(N)and y(1),...,y(N),
we want to compute the linear least squares (LLS) estimate 6y by minimizing the function f(0) = |yn — Un0|3. If
ynv = (y(1),...,y(N)) T, how do we need to choose the matrix ¥ € RY*2 ?

(1 —x(1) ] (e 17 (1 e*M ] (1 z(1) ]

@[] | : O[] Do @[] [+ G

1 —2(N) | Leo@M 1] (1 )] 1 2(N) ]
Using linear least squares, you want to fit a quadratic polynomial y = ag+a12+asz? to a set of measurements z(1), ..., x(N)
and y(1),...,y(IN). What is the unknown parameter vector 6, and what objective function f(#) do you need to minimize ?

0= f(0) =

2] ]

Given an autoregressive nonlinear dynamic system model ’y(k) = O1y(k — 1)% + O2y(k — 2) + (k) ‘ with i.i.d. noise

e(k) with zero mean and unknown parameter vector § = (6;,65)", and given a sequence of N output measurements
y(1),...,y(N), we want to compute the estimate by minimizing the prediction error function f(6) = chvzd e(k)? =
|ly — ¥h]||2. How do we need to choose the vector 3 and matrix ¥ ?

Which of the following dynamic models with inputs u(¢) and outputs y(t) is not linear or affine?

@[] gt)=2u(t) | ®] gt)=ult)eos(t) | @[] y(t Ju()+1 || @[] §(t) = t*u(t)+1
Which of the following dynamic models with inputs u(¢) and outputs y(t) is not time varying ?

@[] 9(t)* = u(t) ® [ §(t)= tu(t)? @[] 9@ =u®)sin(®) | D[] §(t) = u(?)
Which of the following dynamic models with inputs u(t) and outputs y(t) is a linear time invariant (LTI) system ?

@[] §(t) =u(t) +4 O[] 4(t) = ©[] 9 (t)+sin(t) || @[] 9(t)° = u(t)
Which of the following models with input u(k) and output y(k) is not linear-in-the-parameters w.r.t. f € R??

@[ ] y(k)=0ysin(y(k — 1)) + bou(k — 1) ®)[ ] y(k) =exp (bry(k — 1) + bau(k — 1))

@[] y(k) =0rexp (y(k — Dy(k —2)) + O2u(k = 1) || D[] y(k) =0rexp(y(k — 1)) + bou(k — 1)
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21. Which system is described by the transfer function G(s) =

22.

23.

24.

_ 32+2s 9
s241

@[] j+y=i+2a || O[] j+29=i+u | ©[] j+2y=a+u | (@[] j+y=u+2u

Compute the transfer function G(s) = ZE:; that describes the LTI-system &(t) = —x(¢t) + u(t), y(t) = @(t) + 2u(t).

G(s) =

2

Sketch the step response h(t) of the system with transfer function G(s) = o7

(L]

Modelling the temperature of water in a washbasin: regard a washbasin with two separate water taps, a hot and a cold one (as
typical in the UK). The water temperatures of the inflowing water streams are constant and given by 73, and T;.. The incoming
mass flows, which we can control with the taps, are given by wy, (¢) and u.(t) and are non-negative. We neglect heat losses to
the environment, assume a constant specific heat capacity for water, and assume that the plug is closed, i.e. no water flows out
of the basin. We have two states, the total water mass m(t) in the washbasin, and its temperature 7'(¢). We assume that m(t) is
strictly positive from the beginning and that the warm and cold waters mix immediately in the basin. Using mass and energy
conservation, derive an ordinary differential equation that describes the evolution of m(t) and T'(¢).

points on page: 5 | \

13



Part C: Maximum Likelihood, Bayesian Estimation, Cramer-Rao, and Nonlinear Optimization

25. Maximum Likelihood Estimator (MLE): Assume a nominal model /;(#) and given measurements y;, 7 = 1,..., N. The PDF
to obtain a measurement value y; for a parameter value 6 is known to be —-- — exp(— 5=z (¥ — hi(0))?) and measurement

V2T
noises are uncorrelated. What function of 6 does the MLE minimize in this case?
N .
@ > 7w~ mO)” O] X5 % - 5L k()
N
@] 316 - I3 @] XY &y —ha(0)

26. Compute the (positive) minimizer 2* of the convex function f : R1 4 — R,| f(z) = % + log |, and sketch it.

of

o (x) = ,xt = , Sketch:

2] ]
27. Maximum Likelihood Estimator (MLE): we want to measure the height i of a room and have two devices (say, a laser distance
measurement tool, and a yardstick). For each device, we assume a constant Gaussian distribution for the measurement errors,

with zero mean and known, but different standard deviations o7 and o5. With each device, we have taken several measurements
y1(1),...,y1(N1) and y2(1), ..., y2(N2). We want to use all N; + Ny measurements to get a MLE of the height h.

(a) Write down the likelihood function f(y|f), i.e. the probability density function of obtaining all measurements y =
(y1(1),...,y1(N1),92(1),...,y2(N2)) T for a given value of 6 = h.
fyl0) =
[t ]

(b) Taking the negative logarithm (and neglecting constant terms in 6, if you like), write down the function which the MLE
minimizes.

—log f(yl0) = + const

H

(c) What is the explicit formula for the MLE solution éMLE ?

OMLE =

(1]

(d) (*) Let us now assume that we do not know the standard deviations o1 and o2, i.e. that we have three unknown parameters
0 = (h,o1,02)". We still assume Gaussian and zero mean measurement errors. Using the formula from (a), and taking
negative logarithms, what function would we have to minimize in a MLE to obtain estimates for h, o1, o2 together ?

—log f(y|0) = —log f(ylh,01,02) =

[t ]

(e) (*) To see if the result from (d) makes sense, sketch — log f(y|h, 01, 02) as a function of o7 for fixed h and o9 (Tip: get
inspiration from Question 26).

points on page: 8 \ ‘
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28. Which condition is necessary for a point 2* to be a local minimizer of a differentiable function f : R™ — R ?

@[] f@*)=0 ®[ ] Vf(=)=0 @[] Vif(a*)=0 @[] V*f(z*) >0

. 1
29. Gauss-Newton: we want to solve the nonlinear least squares problem min 5 |h(0) — y||3 |, and have a current parameter guess

0. If the Jacobian of & at f[;) is denoted by Jp) := % (Or)) € RN*" which linear least squares problem needs to be solved
to obtain the next Gauss-Newton iterate 6,11}, and what is its explicit solution ? (Tip: the first order Taylor series of h at O
is given by h(@[k]) + J[k] (6 — Q[k]),

Ok+1) = arg mein

Olkt1) = Oy +

(L]

(*) If f},) was already a (local) minimum of the nonlinear least squares objective function f(#) = 3|/h(6) — y||3, prove that

the Gauss-Newton method will stay there, i.e. that 0};,41] = 0}

(1]

30. Bayesian estimation: we have a priori information about a parameter in form of a PDF ¢(6) and know that the PDF to obtain
measurements y given 6 is given by f(y, 8). What function is minimized by a Bayesian estimator in this context?

@[ ] 90+ f(y,0) ®[ ] —g(0)+ f(y,0)
©[ ] —logg(8) —1log f(y,0) ([ ] logg(0) —log f(y,0)

| points on page: 5 | \
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31. Comparing MLE and Bayes: we regard a linear model y = C® + ¢ with unknown 6, fixed C' € RN¥*" and i.i.d. normally
distributed noise ¢ € R¥ with unit variance and zero mean (both known). Its negative log likelihood £(f,y) is given by
£(0,y) = ]|CO — y||3 + const. The unknown but true value of 6 is 6.

(a) Give the Fisher Information Matrix M = E{V2((0, y)}|o—0,:

M =

(b) The MLE is given by Oyre(y) = (CTC)~1CTy. What is its covariance matrix Pypg ?

Py =

[t ]
(c) Does the MLE estimator have the smallest possible covariance among all unbiased estimators? Justify your answer by
citing the name and result of a theorem.

N
(d) A Bayesian estimator uses in addition some prior knowledge on the parameters 6, e.g. that they are normally distributed
around an a-priori guess Opyior. The estimator will with some o > 0 be given by

R 1 « _
OBayes(y) = arg mm §||09 —yl3+ 5”9 ~ Oprior 13 = (CTC+al) " (CTy + Oprior )

What is its covariance matrix Ppayes ?

PBayes =

RN
(e) (*) Find out if the covariance matrix of the MLE or the Bayesian estimator is smaller (in the matrix sense). Do your
observations contradict the theorem cited in (c)? Justify.

points on page: 5 | \
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Part D: Frequency Domain Identification, Recursive Identification, and the Kalman Filter

32. What quantity of a continuous time transfer function G(s) shows the Bode amplitude diagram in doubly logarithmic scale?

@[ ] I1G(e)]

b ] argG(jw)

©[ ] G(jw)

@[] IG(jw)

33. Sketch (very roughly and without numbers) the Bode amplitude diagram of G(s) =

34. Which phase shows the Bode diagram of G(s) =

1
1+7T25s2

for

1
1+s

high frequencies?

(@[ ] 90deg

(b)[ | Odeg

(©[ ] -90deg

(@[ ] -180deg

35. Which phase shows the Bode diagram of G(s) = 14—7“;292

for

very low frequencies?

(@[ ] 90deg

(®)[ | Odeg

(©[ ] -90deg

([ ] -180deg

36. Which slope has the Bode amplitude diagram of G(s) =

1+T

%32 for high frequencies?

(@[ ] 20dB/decade

(b)[ | 0dB/decade

(¢)[ ] -20dB/decade

(d)[ | -40 dB/decade

37. Regard a sampled periodic signal with total period duration 7" (in seconds) that contains N samples (i.e. At = %). We assume
N to be an even number. List all frequencies (in Hz) that can be present in this signal. What is its lowest, what its highest
frequency, and how many different frequencies can it contain?

3]

38. Describe in words the procedure that one uses when identifying an LTI-SISO system with multi-sine excitation.

17
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39. Regard a recursive algorithm to compute 0,, = arg ming > r—1(y(k) — 6)? for a sequence of incoming measurements y(k) €
R, starting with 0, = y(1). Which recursion formula describes its solution for n > 1?

(a)[] én = énfl + %(y(n) - 07171)

(b)[] én = énfl - %H(y(n) -

énfl)

(©) D én = énfl - %(y(n) - enfl)

(d D én = én—l + n_l;,_l (y(n) -

971,— 1)

40. Regard a recursive algorithm to compute §,, = arg ming €||0]3 + >_7_, |[y(k) — C8||? for a sequence of incoming measure-
ments y(k) € R™, starting with 6 = 0 and Qo = ell. If the recursion for Q,, is given by Q,, = Q,,_1 + CTC forn > 1,

which recursion formula holds for én ?

én = én—l +

2] ]

41. Regard a Kalman filter to estimate the state of a discrete time linear time invariant system z(k + 1) = Ax(k) + w(k) and
y(k) = Cx(k) +v(k), where we assume i.i.d. white noises w and v with variances ¥, and 3,,. These two matrices are tuning
parameters, and we often choose them as diagonal matrices with larger or smaller entries. What choice of entries in matrices
Y., 2y should we use if we have not very accurate measurements of y(k), but trust our linear model very well ?

(@[ | large X, small ¥,

()] | large ¥y, large ¥,

(© | small X, small 3,

([ ] small X, large %,

18
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