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@ Euler-Lagrange Equations

© Modelling the Rotation Dynamics (Gros2012f,Gros2013b)
© Baumgarte Stabilisation (Gros2012f)

@ Tether Models (Pesce2003, Zanon2012, Zanon2013a)

© Kite Models (Gros2013b)
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Rigid body kinematics

Before starting to write equations, think about:
@ How does my system look like?

e pointmass brick, train
e rotating brick, car, plane, bike
e multibody system, double pendulum, kites

@ Which kind of motion?

e translation
e rotation
e constraints

© Which level of detail?

o OEverything Should Be Made as Simple as Possible, But Not
SimplerQA. Einstein
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Rigid body kinematics

How do | describe my system?
@ Debnegeneralised coordinates q
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Rigid body kinematics

How do | describe my system?
@ Define generalised coordinates g

@ Compute the energy:
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Rigid body kinematics

How do | describe my system?
@ Debnegeneralised coordinates g
@ Compute the energy:
o kinetic T (q, @) = smvZ+ 1J1 2
o potential U(q) = mgz+ k(! lp)?
© Debne the constraints:C(q, @)
@ Debne theLagrangian L= T ! U+ !TC

@ Compute the equations of motion

P
i 7L | 7" = Fq
dt " q:l " q

@ Compute the generalised forceg?
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Example: Pendulum
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ey
1722777222777777

17222272772272777.
1722222772222777.

cos 6
sin 6

|
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Example: Pendulum

| n | n
R .

A sin! - l:l cos!

= ! .
I cos! m sin!

1 ., 1 50 1.4
! S = = & = —JI&
T 2mpu U] 2mI ! 2J.

m U = mgy = ! mglcos!
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Example: Pendulum

“ " |
4 Ccos!
= | .
m sin!

A s : .
A sin!

X p= I cos!

Lo @ Tmae = 1@
2mpu m= 2mI. = 2J.

—
1

m U = mgy = ! mglcos!
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Example: Pendulum

R
A

qg=10
sin @ . - | cos6
p_l{fcose] p_m{sine}
_1 1 050 12
T_2mp p_2m/9 —2J9

U = mgy = —mgl cos 6

d <%> = ml?, o = —mglsin@
dt q

9q
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Example: Pendulum

y qg=1=0
i it ] . [ cos®
2 p_l{fcose] p_m{sine}
/ 1 1 :
0 ol st toper =12
2mp p > 0 2J9
m U = mgy = —mgl cos 0
d /oL 25 oL .
— [ Z=) = miPo — = —mglsin6
i <8f7> ml<0, 9 mgl sin
§=—Lsino
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Example: Elastic Pendulum
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Example: Elastic Pendulum
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R
R
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Example: Elastic Pendulum

| _y sin 0
y 9= |9 |’ P= —cosf

R
R
7777777777277272%7727727227727777

y—/97 Ik, I
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Example: Elastic Pendulum

y

Ry
Ry
Ty

10007207707 70777
1777777777777777
7077777777777777

y—/97 Ik, I

sinf
—cosf

sinf
—cosf

|

|
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Example: Elastic Pendulum

L _ sinf
y 9= 19 |’ P= —cos @
TN [ cosd sin 0
p=10
X sin @ —cosf

r/97 Ik, I T:l oT 0 1 (/2é2+i2),
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Example: Elastic Pendulum

_ | - sin!
y =, - p= I cos!
, W 3
LN . | . in!
Y, e ©08 q  sin!
X sin! I cos!
I, k, I 1, ., 1 p
AR T = Smpi pi= Em(IZ!U?+ 1),

U = ! mglcos!+ g(l I lp)?
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Example: Elastic Pendulum

_ | - sin!
y q [ P I cos!
| o i
HIIIIIIIIIIIIIIIN IS IS * * H
A e aaob o5 @i= I W cos! a sin!
X sin! I cos!

AT SR R %m(lzll?'+ @), U= mglcos!+g(l! lo)?

dt "¢~ miPr+2mi




Euler-Lagrange Equations

7127
Example: Elastic Pendulum
| | "
_ I - sin!
y a= I! o P _| ! cos!
0000005005000008000050050005070 . cos! ,' sin!
2000000000000 080050050050050057 = 1 ]
x M I sin! ! I cos!
1 1 ’ k
Tz Ko 1o T s Im(A®+ ), U= 1 mglcos!+ S (1! I)?
2 2 2
4 0§ "
(e d "L _ mi
dt  "d ml2P+ 2 m| [
| ] "
"L_  mi%+ mgcos! ! k(I! lo)

q I mgl sin!
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Example: Elastic Pendulum
P | T
_ I - sin!
y q= L P _| ! cos!
N s - cos! - sin!
2000000000000 080050050050050057 = 1 ]
x I sin! ! I cos!
1 1 p k
bkl 2 Zmpl = Zm(2% + ), U= 1 mglcost+ (1! Ip)?
2 2 2
# % ! "
(e d "L _ mi
dt  "d ml2P+ 2 m| [
| ) T
"L_  mi%+ mgcos! ! k(I! lo)
"q ! mgl sin!
IR ) T
M _ ¥+ gcos! ! Z(I! lo)

P Ssint | 2wl
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Example: Constrained Pendulum
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Example: Constrained Pendulum

I _ . sinl
I cos!

A o
R
177777727227 7277A7227727227227777.
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Example: Constrained Pendulum

I _ . sinl
! "cos!

A o
R
177777727227 7277A7227727227227777.

L | J in!
gi= 1 cqs. G sin!
X sin! I cos!

T\l T = Jm = om(P@ + ),
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Example: Constrained Pendulum

| _ sinf
y 9T 1 | P=11 —cost
I . - | cosf 7 sin 6
X p—le{ smﬂ} {—cos@]
1 .. 1 : :
9 I lo T = Emp—rp: Em(/292+/2), U= —mglcosf
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Example: Constrained Pendulum

A o
R
177777727227 7277A7227727227227777.

_ /
q_ 0 b
. - | cosf
p= IG{ sin 6

1
T=omp'p=3

2
C=1—bh,

_ sinf
P= —cos

4 sinf
—cosf

m(I?6> + I?), U= —mglcosf

L=T-U-XC
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Example: Constrained Pendulum

| _ sin 6

y 9T 1 | ? —cosf
I . - | cosf sin 6

X p—le{ smﬂ} {—cos@]
Ik 1 7. 1 0m o
AN T:Emp p:Em(le +/7), U= —mglcosé
- C=1—bh, L=T-U-\C
a (o _ [ mi

dt \8q/) ~ | mlP0+2mlio
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Example: Constrained Pendulum

| _ sin 6

y 9T 1 | ? —cosf
I . - | cosf sin 6

X p—le{ smﬂ} {—cos@]
Ik 1 7. 1 0m o
AN T:Emp p:Em(le +/7), U= —mglcosé
- C=1—bh, L=T-U-\C
d foL\ _ ml

dt \8q/) ~ | mlP0+2mlio

AL _ [ mlf* + mgcosf — X
0q —mglsin 0
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Example: Constrained Pendulum

| _ sin 6
y 9T 1 | ? —cosf
I . 9 cosf sinf
X p—le{ smﬂ} {—cos@]
1, Io 1 7. 1 RER , B
o\ T:Emp p:Em(le +/7), U= —mglcosé
- C=1—h, L=T—-U-XC
afory_ [ oml ]
dt \9q) ~ | mlP6+2mlif |

aL ml6? + mgcosf — X\ |
0q —mglsin 0

I _ /éz—l—gcos@—%_
0] Esing — 2/¢
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Example: Constrained Pendulum

Index-3 DAE
/ i I¢9-2+gc059—%

107047000020000700000. s 09
Ay g o 2
. vy = I sint — 7

15500500
X 0 I—1h

I, ho




Euler-Lagrange Equations 8/27

Example: Constrained Pendulum

Index-3 DAE
/ i I¢9-2+gc059—%

107047000020000700000. s 09
Ay g o 2
. vy = I sint — 7

15500500
X 0 I—1h

I, o Index reduction:




Euler-Lagrange Equations 8/27

Example: Constrained Pendulum

Index-3 DAE
/ i I¢9-2+gc059—%

107047000020000700000. s 09
Ay g o 2
. vy = I sint — 7

15500500
X 0 I—1h

I, o Index reduction:

C=1
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Example: Constrained Pendulum

Index-3 DAE
/ 10? + g cos — 2
WIIIIIILIIIIIIIINI PP PP I 7777777 .. . 2 .. m
AR AR i | = £5sing — 2/0
X 0 I =1l
: I, o Index reduction:
C=1, c=1
a Index-1 DAE
I 162 4+ g cos 6 — %
0 | = Esing — 216
0 /
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Example: Constrained Pendulum

Index-3 DAE
g l 16 + g cos — 2
s 0 = % sinf — %/9
x 0 [y
7 I, I Index reduction:
C=1i, C=1
a Index-1 DAE
i 16* + g cos — 2
0 Esing — 210
0 /
C(t=0) =0, C(t=0)=0

01 _ .%sine I—
AT | mé*+mgeosg |0 T
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Example: Constrained Pendulum

Index-3 DAE
! # | - #
U f I"F+ gcos! ! L
s s "ne=" gsinl 1 2[dd $
X 0 I 1o
' I, lo Index reduction:
' = c=r
m Index-1 DAE
Lo# ,
K [+ gcos! | L
" " //m
r$= Ssint 1 20 $
0 P
" = tension in the rod .
C(t=0)=0, &t=0)=0
ODE
% & % )
m 4 sin!

=| ” | = |
" mi¥ + mgcos! 0
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Example: Pendulum in Cartesian Coordinates

0707777777777 7740777777777777777.
A o
1777777777770 72772 772727772777
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Example: Pendulum in Cartesian Coordinates

| y.
100720000070000540000057500005500. :
00000000000000000000220000220000.
12000 200090000000540000007 X

X p=
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Euler-Lagrange Equations
Example: Pendulum in Cartesian Coordinates

A

vrrs70 A R
A o
77777 7777072 772772772777277.

X p= ) =

X
!y" !

X

y
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Example: Pendulum in Cartesian Coordinates

y a=

100000000000077040000700000070707, ,

A

100050000000000002050505252020007. @ Xl
, =
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Example: Pendulum in Cartesian Coordinates

vrrs70 A R
A o
177777777777 7727A22277727772777277770

_ X

y a= y

B «
y

1

mgl gi= Zm(¥ + ¥, U= mgy

—
1
NI =
NI
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Euler-Lagrange Equations
Example: Pendulum in Cartesian Coordinates

g=

| "
X
¥

0707777777777 7740777777777777777.
A o
77777 7777072 772772772777277.

X p= ) =

X
!y"
X
y

I, 1
AN 7= g gi= I 4 ), U= may

m C= %(x2+y2! 13), L=T! U!"C
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Example: Pendulum in Cartesian Coordinates

y a=

X
!y"
X
y

100000000000770040000720777000000 ,

A

100050000000000002050505252020007. @ Xl
X p= , = y:l

I, 1
AN 7= g gi= I 4 ), U= may

m C= %(x2+y2! 13), L=T! U!"C

# 0% ! "
#L _ mx

dt  #d my
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Example: Pendulum in Cartesian Coordinates

q= X
y =
100505005050000002000200050050000, _ X . X
X p - y ) pu_ y:l
1 1 N
P\ T = Smai = Smef + §?), U= mgy
i c:%(x2+y2! 1), L=T! U!"C
# $ I "
doe
dt  #dq mys
! "
4L |y

#q I mg! "y
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Example: Pendulum in Cartesian Coordinates

q= X
y =
% X . X
X p= y p= y
1 1 .+, 1 .. .
A T =5mp'p=_-mi+y?), U=mgy
1
m C:§(2+y2_l(§), L:T—U—"C
$ ! "
d7e”
dt #q ~  my
| "
#L —"X
#q -mg —"y
% ' % !
X _Ax

&y (=& ,g,"’% (
0 2(x*+y*—18)
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Example: Pendulum in Cartesian Coordinates

Index-3 DAE
y

X 26
o 7
WIIIIIIIIIIIIIIIANI I PP 777777777777 . A
A b | = y
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Example: Pendulum in Cartesian Coordinates

Index-3 DAE
y
_Ax
R X m
VIIIIIIIIIIIIIIIANI PP 7777777777774 . A
100000000000000000000000000000007 v _ o N
X m
1(,2 2™ 0
0 s +y =)
9 I, lo Index reduction:
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Example: Pendulum in Cartesian Coordinates

Index-3 DAE
y
_Ax
D X m
I - Ay
e v | = PPN
X m
10,2, .27 p
0 s +y =)
0 I, I Index reduction:
C=xx+yy,
m
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Example: Pendulum in Cartesian Coordinates

Index-3 DAE
y #o % # . %
s $ p&=$ 1 gl WY &
X 102, 27 2
0 1063+ y2T R)
0 I, o Index reduction:
d= Bix + Gy, C=xx+yy+ 8+ y
m Index-1 DAE
# % # , %
xi ]
$ p&=3% lg! W &
0 xx + yy + b}n} + g2

C(t=0)=0, &t=0)=0
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Example: Pendulum in Cartesian Coordinates

Index-3 DAE
y A
100050000000000090000000055555007: : ¥ — . ;g _2% ,
0 (X +y°—15)
" 1o Index reduction:
C =xx+yy, C =X +¥y +x* +°
m Index-1 DAE
WY
y | = =G| = 2Z
. . W) .2
0 XX + Yy + X +y
C(t =0)=0, Ct=0)=0

Semi-implicit form

m 0 X X 0
0 m vy y = mg
X y 0 " X2 + y?
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Example: Pendulum in Cartesian Coordinates

Index-3 DAE
y A
05 05555552555555005555555555555544 > y — 1 ; _2% .
0 s +y =)
0 I, I Index reduction:
C = xx+yy, C=%x+yy+5+y°
m Index-1 DAE
e
v | = —g— %
0 Xx +yy + X+ y°
[ 453 } = rod tension C(t=0)=0, C(t=0)=0
Ay
Semi-implicit form
m 0 x X 0
omy||y|=| me

x y 0 A X2+ y?
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Example: Pendulum in Cartesian Coordinates

v NewtonOs Approach

. x
1000000000000000000000000000000000 X T
000000000000000000000002005050000.
10000000000000000000000000000008 m =

\

X y —mg +T”

\\ |
-

J T

mg
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Example: Pendulum in Cartesian Coordinates

y Newton’s Approach

AT saaaaagaagas % T
R RaRa0a0000055%
s m| . | = y
3 vy —mg+ T
\
\
v
g Rod tension:

mg
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Example: Pendulum in Cartesian Coordinates
NewtonOs Approach

y
% & % &
100000000000022000000000000000007, % TH
100005055505000000000000005545555. —
G m = y
\ X y‘ ' mg + T
\
\
v d .
N .
’_Tv Rod tension:
’ T

T, = mgcos! = mg

mg
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Example: Pendulum in Cartesian Coordinates

y

1117777777777 77

177777777772777.

R
A
727777 777777777277.

\\ /
’_/7‘
J T

mg

Newton’s Approach
m | T
vyl L -me+T
Rod tension:
_Yy
/ x2 + y2
4y

/

Ty = mgcosf = mg

Tc:mlé‘:m
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Example: Pendulum in Cartesian Coordinates

y

R o
A
7777777777777 7007277727727277772
\

\\ /
’_/7‘
J T

mg

Newton’s Approach
m | T
yv] | -mg+ T’

Rod tension:
Yy
/ x2 + _)/2
)'(2 +y2
/

Ty = mgcosf = mg = mg%

Tc:mlézm

In the x and y directions:

T =Tsin0=T

X _ )'(2 +y2

— &

mx

/X2 + y2 o /2
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Example: Pendulum in Cartesian Coordinates
Newton’s Approach

y
000000000000000000000000000000000. I X _ T
\ X yl | —me+T¥
N .
r/ev‘ Rod tension:
T Te = mgcosf = mgL = ng
/%2 + y2 |
R 1\ o2
T. = mif = m>= 1Y
mg /
In the x and y directions:
2 | .2
T =Tsing=T——X _ —mx> Y —8&
Ve +y? !
2 .2
T = Tcosf=T—2 —my XY &

2t y? Iz = my 2
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Example: Pendulum in Cartesian Coordinates
y Newton’s Approach
e ml X | = T
. 1 vy | -mg+T
N .
e Rod tension:
0
T y y
Ty = mgcost = mg————— = mg=
3D) )
To=mif = m> 1Y
In the x and y directions:
3] )
o Ax —
% — X T = Tsing = T——— = mx* Y —&
y | = 5= VX2 4y !
0 X+ yy + % +y° 24 y?—
T =TcosO=T y _mx+y e

iy U F
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Example: Pendulum in Cartesian Coordinates
Newton’s Approach

y
I s ml 2= Lk
) X ] ! mg+ T
N .
g Rod tension:
0
T Ty = mgcosf = mgL = ng
/%2 + y2 /
, @+ @2
Te = mldi= m ¥
In the x and y directions:
| . X+ y2!
x I T = Tsing= T——=— = mx* 2" &
»| = lg! @y VX2t y? /
0 xx + gy + B+ g X2+ g2
TV = Tcosf= T—2 = my AL L

l2

V=5 2
I3t mgy ! )\y2+mx'12+my]2 Xty
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Example: Pendulum in Cartesian Coordinates
NewtonOs Approach
y % & % &
Nt m X = T
. % y ~ Img+TY
N :
’_Tv‘ Rod tension:
T Tg = mgcos! = mg% = mgx
XZ + y2 |
, ¢+ g2
T = mlilU= m)u2 y
mg |
In the x and y directions:
Lo# , 2, a2
% . T*= Tsinl = T2 :mxxf+y.gy
..y.$=" !g!!@y X2+ y2 12
0 XX+ yy + 0°+ y? 2+ g2
TY=Tcosl = T :myx12 5|42.gy

P "x?! mgy! "y?+ mxf+ myf

. 22 /- 22
e gy o 4Rt gy

X2+ y? B

X2 + y2
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Example: Pendulum in Cartesian Coordinates
NewtonOs Approach
v % & % &
I s m = T
\ % yw  Img+TY
N .
’_Tv‘ Rod tension:
T Tg = mgcos! = mg% = mgx
XZ + y2 |
. 2
Te= mitiz m¥+ ¥
mg |
In the x and y directions:
L# , 2. 2,
% . T*= Tsinl = T2 :mxxf+y.gy
..y.$=" !g!!@y X2+ y2 12
0 XX+ yy + 0°+ y? 2+ g2
TY=Tecos =T! 2y = myx12 5:2' v
P "x?! mgy! "y?+ mxf+ myf Xty
?+ 2| ¢+ G2 1 T = "X, Y =
v W gy o R gy y

X2+ y? B
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Principle of Virtual Works

How to include external forces/torques?
@ Generalised coordinateg ! generalised force ¢

Typically, it is natural to express force$ in a coordinate framex £ q.

How can we computeF9?
@ Virtual displacement: ! x
@ Principle of Virtual Works: 'W = F!x = Fllq

@ X= X(CI): then: 'x = g%|q

Generalised forces:

FQ: Fdl
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Examples
Mass on a frictionless inclined plane
| "o I Y o
w X _ v cos! + wsin! cos! sin! \Y%
y I vsin! + w cos! ! sin!q: cos! e w

‘ q=v, F"y = FQ"V, Fq

()

dy
Fa

R

—V= I Fsinl = mgsin!
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Examples

Mass on a frictionless inclined plane
| " o S "
X _ vcos! + wsin! cos! sin! \Y
y I vsin! + w cos! I sin! cos! w
# $ &

()

R
[ q=v, F'y = F"v, Fd= Fg% = ! Fsin! = mgsin!

The generalised force F% is constant!
Pendulum with Horizontal Force
dx

q="1, X = |sin!, Fq:Fd—leIcos!

The generalised force F depends on q!
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Exercises

@ Model a double pendulum in polar and cartesian coordinates (assume
|1= |2= I,m1= mp = m)

1007777708207 707777
z

@ Model a pendulum attached to a crane in polar and cartesian coordinates
@ Assume to be able to change the length of the crane rod




