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@ Euler-Lagrange Equations

© Modelling the Rotation Dynamics (Gros2012f,Gros2013b)

© Baumgarte Stabilisation (Gros2012f)

@ Tether Models (Pesce2003, Zanon2012, Zanon2013a)
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Rigid body kinematics

Before starting to write equations, think about:
@ How does my system look like?

e pointmass brick, train
e rotating brick, car, plane, bike
e multibody system, double pendulum, kites

@ Which kind of motion?

e translation
e rotation
e constraints

© Which level of detail?

o "“Everything Should Be Made as Simple as Possible, But Not
Simpler”, A. Einstein
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Euler-Lagrange Equations

Rigid body kinematics

How do | describe my system?

@ Define generalised coordinates g
@ Compute the energy:

o kinetic T(q,q)
o potential U(q) = mgz + 3k(/ — Ip)?

1,2, 14 2
=smv- + 5Jw

@ Define the constraints: C(q, §)
@ Define the Lagrangian L =T — U+ \"C

@ Compute the equations of motion
A oLy oL _
dt \ 9q 0q

@ Compute the generalised forces F9
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Example: Pendulum

ey
1722777222777777

17222272772272777.
1722222772222777.

cos 6
sinf

|
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Example: Pendulum
y g=20
e Sind T cost
2 p_l{fcose] p_m{sine}
/ 1 1 :
0 T==: y = —mlP0> = 2 J6?
7" P 2
m U = mgy = —mgl cos 0
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Example: Pendulum

R
A

U = mgy = —mgl cos 6

d

dt

(

oL

9q

) = mlzé7

cos 6
sinf

|
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Example: Pendulum
y qg=1=0
i Sint ] . [ cos®
2 p_l{fcose] p_m{sine}
/ 1 1 1

0 T = = 5" = = 12 2 == z

2mp p 2m 0 2J9

m U = mgy = —mgl cos 0
% <g—:> = ml®0, % = —mglsin6
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Example: Pendulum
y qg=1=0
i Sint ] . [ cos@
2 p_l{fcose] p_m{sine}
/ 1 1 1
0 T = = 5" = = /2 2 == z
2mp p 2m 0 2J9
m U = mgy = —mgl cos 0
% <g—:> = ml®0, % = —mglsin6
§=—sing
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Example: Elastic Pendulum
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Example: Elastic Pendulum

y o= 4]

R
R
7777777777277272%7727727227727777
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Example: Elastic Pendulum

| _ sin ¢
y 9= | g |’ P= —cosf

R
R
7777777777277272%7727727227727777

y—/97 I, k, I
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Example: Elastic Pendulum

y

Ry
Ry
Ty

10007207707 70777
1777777777777777
7077777777777777

y—/97 I, k, I

sinf
—cosf

sinf
—cosf

|

|
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Example: Elastic Pendulum

L _ sinf
y 9= 19 |’ P= —cos @
TN [ cosd sin 0
p=10
X sin 6 —cosf

r/97 I, k, I T:l oT 0 1 (/2é2+i2),
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Example: Elastic Pendulum

L _ sinf

y 9= 19 |’ P= —cos @
TN, 16 cos L sin 0
xP sind —cosf

G Ik lo T= 1mpr = %m(/29'2 +”, U= —mg/cost—g(/ — b)?
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Example: Elastic Pendulum

L _ sinf

y 9= 19 |’ P= —cos @
TN, 16 cos L sin 0
xP sind —cosf

G Ik lo T= 1mpr = %m(/29'2 +”, U= —mg/cost—g(/ — b)?

m)oodfoy_ [ mi
dt \ag /) — | ml*0+2mli6
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Example: Elastic Pendulum

L _ sinf

y 9= 19 |’ P= —cos @
TN, .| cos B sin 6

Xp-l@[ sme] {—cos@]

1 1 . . k
s )ik lo T= Empr = Em(/292 +7), U= —mg/cost—E(/ —b)?
m) o a(oy_[ mi

dt \og) | mI?642mlio

aL ml6? + mg cos O — k(I — b)
dq —mglsin6
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Example: Elastic Pendulum

L _ sinf
y 9T 16 | = —cosf
i s e e sind
Xp-l@[ sme] {—cos@]
1 1 : : k
0% R0 T=ZmpTh=om(P6+ ), U= —mglcostt (I~ )
m) aforN [ mi
dt \9q/) ~ | mP0+2mlio
oL _ [ mlf® + mgcosO — k(I — k)
dq —mglsin6

/ _ /92+gc059—§.(./—/o)
0] Esing — 210
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Example: Constrained Pendulum

!
y q= 0 ’

A o
R
177777727227 7277A7227727227227777.
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Example: Constrained Pendulum

| _y sin 6
y 9T e | P=T —cost

A o
R
177777727227 7277A7227727227227777.
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Example: Constrained Pendulum

q= |:
y
100000000002

SIIIANI 2727777777777 774 M
. - | cos : sin
Ay P — l + /
X sin@ —cosf
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Example: Constrained Pendulum

_ ! y sin 6
y 9= 10| - —cosf
1050500000000000000005050500000408 P — 10 cos 6 sin 0
X sin@ —cosf
1, | 1 7 1 RER , B
o\ T_Emp p_Em(lo +1%),
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Example: Constrained Pendulum

| _y sinf
y 9T 1 | P=11 —cost
I . - | cosf 7 sind
X p—le{ smﬂ} {—cos@]
1 .. 1 : :
9 I To T = Emp—rp: Em(/292+/2), U= —mglcosf
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Example: Constrained Pendulum

A o
R
177777727227 7277A7227727227227777.

_ /
q_ 0 b
. - | cosf
P= IG{ sin 6

1
T=omp'p=3

2
C=1—bh,

_y sinf
P= —cos

4 sin 6
—cosf

m(I*6> + I?), U= —mglcosf

L=T-U-XC
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Example: Constrained Pendulum

| _y sin 6

y 9T 1 | ? —cosf
I . - | cosf sind

X p—le{ smﬂ} {—cos@]
Ik 1 7. 1 om0 o
o\ T:Emp p:Em(le +/7), U= —mglcosé
- C=1—bh, L=T-U-\C
a oy _[  mi

dt \8q/) ~ | mlP0+2mlio
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Example: Constrained Pendulum

| _y sin 6

y 9T 1 | ? —cosf
I . - | cosf sind

X p—le{ smﬂ} {—cos@]
Ik 1 7. 1 om0 o
o\ T:Emp p:Em(le +/7), U= —mglcosé
- C=1—bh, L=T-U-\C
d (oL\ _ ml

dt \8q/) ~ | mlP0+2mlio

AL _ [ mlf* + mgcosf — X
0q —mglsin 0
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Example: Constrained Pendulum

| _y sin 6
y 9T 1 | ? —cosf
I . 9 cosf sin 6
X p—le{ smﬂ} {—cos@]
1, I 1 7. 1 RER , B
o\ T:Emp p:Em(le +/7), U= —mglcosé
- C=1—h, L=T—-U-XC
afory_ [ oml ]
dt \8q) ~ | mPP6+2mlif |

aL ml6? + mgcosf — X\ |
0q —mglsin 0

I _ /éz—l—gcos@—%_
0] Esing — 2/¢
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Example: Constrained Pendulum

Index-3 DAE
/ i I¢9-2+gc059—%

107047000020000700000. s o9
Ay g o 2
. vy = I sint — 7

15500500
X 0 I—1h

Il
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Example: Constrained Pendulum

Index-3 DAE
/ i I¢9-2+gc059—%

107047000020000700000. s o9
Ay g o 2
. vy = I sint — 7

15500500
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Example: Constrained Pendulum

Index-3 DAE
/ i I¢9-2+gc059—%

107047000020000700000. s o9
Ay g o 2
. vy = I sint — 7

15500500
X 0 I—1h

I, o Index reduction:

C=1
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Example: Constrained Pendulum

Index-3 DAE
/ 10? + gcos — 2
WIIIIIILIIIIIIIINI PP PP I 7777777 .. . 2 .. m
AR AR i | = £sing — 2/0
X 0 I =1
: I, o Index reduction:
C=1, c=1
a Index-1 DAE
/ 162 4+ g cos 6 — %
0 | = Esing — 216
0 /
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Example: Constrained Pendulum

Index-3 DAE
g l 16> + g cos — 2
s 0 = % sinf — %/9
x 0 I—Io
0 I, Iy Index reduction:
C=1i, C=1
a Index-1 DAE
i 16* + g cos — 2
0 Esing — 210
0 /
C(t=0) =0, C(t=0)=0

01 _ .%sine I—
AT | mé*+mgeoso |0 T
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Example: Constrained Pendulum

107077777777
177727727777

A o
R
777702772722722772777

Il

A = tension in the rod

Index-3 DAE
I 192+gc059—%
0 | = £sind — %/9
0 I =1l

Index reduction:

C=1, C=1
Index-1 DAE
i /(9-2+gcos€_—_%
6 &sing — 210
0 /
C(t=0) =0, C(t=0)=0

01 _ .%sine I—
AT | mé*+mgeoso |0 T
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Example: Pendulum in Cartesian Coordinates

=[]
y y

vrrs70 A R
A o
1777777777770 72772 772727772777
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Example: Pendulum in Cartesian Coordinates

=[]
y y

A A A
I
Ty Y X
)
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Example: Pendulum in Cartesian Coordinates

=[]
y y

A% .

55535555555555595555454545454545:

v X . X
X p= ) p=1 .
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Example: Pendulum in Cartesian Coordinates

=[]
y y

A% .

55535555555555595555454545454545:

v X . X
X p= ) p=1 .
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Example: Pendulum in Cartesian Coordinates

: =[]

WIIIIIIIIIIIIIIIANI I PP 777777777777 >
1000 A0 000077220057. X . X
X p= ’ P = v
[ y } { y ]
I, I 1 1
) T . -2 -2
0 T=zmp p=zmx +y7), U= mgy
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Example: Pendulum in Cartesian Coordinates

=]
Y y
sy s b= [ x } b { X ]
X y |’ y
I, o 1 v, 1 5 .
AN T=omp'p=omx +y?), U= mey
1
m C:E(x2+y2—/02), L=T-U-XC
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Example: Pendulum in Cartesian Coordinates
_ X
y 9= 1y
- b= [ x } . { X ]
X y |’ y
I, 1 D S
AN T=omp'p=omx +y?), U= mey
1
1 C:E(x2+y2—/02), L=T—-U-XC

i (5) = [ |
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Example: Pendulum in Cartesian Coordinates

: =[]

AR AR X X
X p= y ’ P = y
I, I 1 1
5 LT . .2 .2
0 T=zmp p=zmx +y7), U= mgy
1 2 2 2
0
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Example: Pendulum in Cartesian Coordinates

: =[]

AR AR X X
X p= y ’ P = y
I, I 1 1
5 LT . .2 .2
0 T=zmp p=zmx +y7), U= mgy
1 2 2 2
0

0q —mg — \y
-
Al W e
0 P+ —0)
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Example: Pendulum in Cartesian Coordinates

Index-3 DAE
y

X 26
o 7
WIIIIIIIIIIIIIIIANI I PP 777777777777 . A
A b | = y
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Example: Pendulum in Cartesian Coordinates

Index-3 DAE
y
_Ax
R X m
VIIIIIIIIIIIIIIIANI PP 7777777777774 . A
100000000000000000000000000000007 17 _ o N
X m
1(,2 2™ 0
0 s(x*+y =)
9 I, I Index reduction:
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Example: Pendulum in Cartesian Coordinates

Index-3 DAE
y
_Ax
D X m
I - Ay
e | = PPN
X m
10,2, .27 p
0 s(x*+y =)
0 I, I Index reduction:
C=xx+yy,
m
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Example: Pendulum in Cartesian Coordinates
Index-3 DAE
y . 2
$25555555255555595255555255555555: wo | A
X Y T 1 ; _2% 2
0 s(x*+y =)
9 I, lo Index reduction:
C = sx+yy, C=sxx+jy+x2+y°
m Index-1 DAE
=
vy | = -g— *ng
0 KX+ Yy + X2+ P
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Example: Pendulum in Cartesian Coordinates

Index-3 DAE
Y Ax
102222222222222280000770270200027. X T m
05 05555552555555005555555555555544 > y — o %
0 %(X2 +y?— /3)
0 I, I Index reduction:
C = xx+yy, C=%x+jy+5+y°
m Index-1 DAE
e
vy | = -g - %
0 x +yy + X+ y°
C(t=0)=0, C(t=0)=0
Semi-implicit form
m 0 x X 0
o om y||y|=| me

x y O A X2+ y?
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Example: Pendulum in Cartesian Coordinates

Index-3 DAE
y A
05 05555552555555005555555555555544 > y — 1 ; _2% .
0 s(x*+y =)
0 I, I Index reduction:
C = xx+yy, C=%x+jy+5+y°
m Index-1 DAE
e
v | = g — %
0 x +yy + X+ y°
[ 453 } = rod tension C(t=0)=0, C(t=0)=0
Ay
Semi-implicit form
m 0 x X 0
omy||y|=| me

x y O A X2+ y?
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Example: Pendulum in Cartesian Coordinates

y Newton’s Approach

o X
AR o X ’
A

27 m

7777777777777 7007277727727277772 " y

\\ /
’_/7‘
J T

mg
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Example: Pendulum in Cartesian Coordinates

y Newton’s Approach

AT saaaaagaagas % T
R RaRa0a0000055%
s m| . | = y
3 y —mg + T
\
\
v
g Rod tension:

mg
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Example: Pendulum in Cartesian Coordinates
Newton’s Approach

y
Ay m .. = v
) X y -mg+ T
\
\
v .
g Rod tension:
T y

Te = mgcosf = mg = mg%

Ve

mg
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Example: Pendulum in Cartesian Coordinates

y

1117777777777 77

177777777772777.

R
A
727777 777777777277.

\\ /
’_/7‘
J T

mg

Newton’s Approach
m | T
vyl L -me+T
Rod tension:
_ Yy
/ x2 + y2
4y

/

Te = mgcosf = mg

Tc:mlé‘:m
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Example: Pendulum in Cartesian Coordinates

y

R o
A
7777777777777 7007277727727277772
\

\\ /
’_/7‘
J T

mg

Newton’s Approach
m | T
yv] | -mg+ T’

Rod tension:
Yy
/ x2 + _)/2
)'(2 +y2
/

Te = mgcosf = mg = mg%

Tc:mlézm

In the x and y directions:

T =Tsin0=T

x _ )'(2 +y2

— &

mx

/X2 + y2 o /2
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Example: Pendulum in Cartesian Coordinates
Newton’s Approach

y
000000000000000000000000000000000. I X _ T
\ X yl | —me+T¥
N .
r/ev‘ Rod tension:
T Te = mgcosf = mgL = ng
/%2 + y2 |
R o\ o2
T. = mif = m= 1Y
mg /
In the x and y directions:
2 .2
T =Tsing=T—— _ —m> Y —8&
Ve +y? !
2 .2
T = Tcosf=T—2 —my XY —&y

2t y? Iz = my 2
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Example: Pendulum in Cartesian Coordinates
y Newton’s Approach
e ml X | = T
. 1 vy | -mg+T
N .
i Rod tension:
0
T y y
Ty = mgcost = mg————— = mg=
3D) )
To=mif = m> 1Y
In the x and y directions:
3] )
o Ax —
% — X T = Tsing = T——— = mx* 1Y —&
y | = 5= VX2 4y J
0 X+ yy + %+ y° 24 y?—
T =TcosO=T y _mx+y &

iy U F
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Example: Pendulum in Cartesian Coordinates
y Newton’s Approach
A I X _ T
\ X y] | -mg+T¥
N :
i Rod tension:
0
T Te = mgcosf = mgL = ng
/x2 + y2 /
2, 2
Te=mif = m™~—Y
mg /
In the x and y directions:
39) )
o Ax —
% — X T = Tsing = T——— = mx* 1Y —&
vy | = g - % VX2 +y? /
0 X+ yy + x° + y? 2 o2
T'=Tcos0=T 2y 2:myx +};2 &
—)\X2—mgy—)\y2+m>'(2+my2 VX“ty
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Example: Pendulum in Cartesian Coordinates
y Newton’s Approach
A I X _ T
\ X y] | -mg+T¥
N :
i Rod tension:
0
T Te = mgcosf = mgL = ng
/x2 + y2 /
2, 2
Te=mif = m™~—Y
mg /
In the x and y directions:
39) )
o Ax —
% — X T = Tsing = T——— = mx* 1Y —&
vy | = g - *7,; VX2 +y? /
0 X+ yy + x° + y? 2 o2
T'=Tcos0=T 2y 2:myx +};2 &
—)\X2—mgy—)\y2+m>'(2+my2 VX“ty

N XA ey K4y ey
= ) 2 2 = 2
x2+y /
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Example: Pendulum in Cartesian Coordinates
y Newton’s Approach
A I X _ T
\ X y] | -mg+T¥
N :
i Rod tension:
0
T Y Yy
Te = mgcosf = mg————— = mg=
3D) )
Te=mif=m>~"1Y
mg /
In the x and y directions:
@ Ax 2 V2 _
% — X T = Tsing = T——— = mx* 1Y —&
vy |= —g - VX2 +y? J
. .. m .2
0 XX +yy+x"+y 2+ y? —
T'=Tcos0=T 2y 2:myx +};2 &
—)\X2—mgy—)\y2+m>'(2+my2 VXEtY
et ey Xty T =M T =y

x2 + y2 2
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Principle of Virtual Works

How to include external forces/torques?

@ Generalised coordinates g = generalised forces F?

Typically, it is natural to express forces F in a coordinate frame x # q.

How can we compute F97
@ Virtual displacement: dx
@ Principle of Virtual Works: 0W := Féx = F9q
@ x = x(q), then: éx = 2—26q

Generalised forces:
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Examples

Mass on a frictionless inclined plane

w

mg
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Examples

Mass on a frictionless inclined plane

x| vcosO + wsinf | cos@ sinf v
y | | —vsin@+wcosf | | —sinf cosf w
—_————

R
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Examples

Mass on a frictionless inclined plane

x| vcosO + wsinf | cos@ sinf v
y | | —vsin@+wcosf | | —sinf cosf w
—_————

R
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Examples
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Examples
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Examples

Mass on a frictionless inclined plane

x| vcosO + wsinf | cos@ sinf v
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—_————

R
q q dy . 5
qg=yv, Féy = F9v, F :Fa—:—FsmazmgsmH
%
The generalised force F? is constant!
Pendulum with Horizontal Force
qg=20, x = 1Isinf, Fq:F%:F/COSQ

00
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Examples

Mass on a frictionless inclined plane

x| vcosO + wsinf | cos@ sinf v
y | | —vsin@+wcosf | | —sinf cosf w
—_————

R
q q dy . 5
qg=yv, Féy = F9v, F :Fa—:—FsmazmgsmG
%
The generalised force F? is constant!
Pendulum with Horizontal Force
qg=20, x = 1Isinf, Fq:F%:FICOSG

The generalised force F7 depends on q!
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G~ dq

dvox _d (,0x\ _ d (0x
dt g = dt dq dt \ dq

dv _ d (90x ov _ Ox
0qg dt \dq)’
and
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We will use
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0qg dt \dq)’
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dg  dq
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dq dt \ dq
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A Nice Interpretation of Euler-Lagrange

We will use
v _d (0x ov _ ox
0q  dt \ g dg  dq
dt g

)i (2
(%)

_a (104 _1av
Tdt\2099) 209

and

dvox d Ox
dt

"oq
v
99

~
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A Nice Interpretation of Euler-Lagrange
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A Nice Interpretation of Euler-Lagrange

We will use

2 _d () ov _ ox
dg dt \ Jdq 09 Ogq
and
g i (120) i (3)
dt 9g dt 1o}
d v
~a (v38) "5
_da 1o
dt \ 2 0 2 dq
Then:

Ldvox _d (Lom?\ 0 (1 o\ d (oT
dtdg  dt \2 84 0g \ 2 ~dt \ 9¢g

The Euler-Lagrange Equations are Newton’s Equations projected on the

generalised coordinates!
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Exercises

@ Model a double pendulum in polar and cartesian coordinates (assume
/1:/2:/, m1:m2:m)

1100720780720 7777
2722722 z

@ Model a pendulum attached to a crane in polar and cartesian coordinates

@ Assume to be able to change the length of the crane rod

y

X



Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 1529

© Modelling the Rotation Dynamics (Gros2012f,Gros2013b)



Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 16/29

What we already know

Define



Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 16/29

What we already know

Define

@ Body frame e



Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 16/29

What we already know

Define
@ Body frame e

@ Rotation R=[ e e e |



Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 16/29

What we already know

Define
@ Body frame e
@ Rotation R=[ e e e |

@ Rotatiornal dynamics

R=R'Q, (RTR-1)




Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 16/29

What we already know

Define
@ Body frame e
@ Rotation R=[ e e e |

@ Rotatiornal dynamics

R=R'Q, (RTR-1)

This is simple, but...



Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 16/29

What we already know

Define
@ Body frame e
@ Rotation R=[ e e e |

@ Rotatiornal dynamics

R=R'Q, (RTR—1| =0
t=t
0 —wz Wy Wx
Q = Wz 0 —Wx =Wy = wy
—wy  Wx 0 Wz

This is simple, but...
it only holds if translational and rotational dynamics are
decoupled!



Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 16/29

What we already know

Define
@ Body frame e
@ Rotation R=[ e e e |

@ Rotatiornal dynamics

R=R'Q, (RTR—1| =0
t=t
0 —wz Wy Wx
Q = Wz 0 —Wx =Wy = wy
—wy  Wx 0 Wz

This is simple, but...
it only holds if translational and rotational dynamics are
decoupled!

Good news: if you consider the free motion of the CG they are decoupled!



Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 16/29

What we already know

Define
@ Body frame e
@ Rotation R=[ e e e |

@ Rotatiornal dynamics

R=R'Q, (RTR—1| =0
t=t
0 —wz Wy Wx
Q = Wz 0 —Wx =Wy = wy
—wy  Wx 0 Wz

This is simple, but...
it only holds if translational and rotational dynamics are
decoupled!

Good news: if you consider the free motion of the CG they are decoupled!

...unless...



Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 16/29

What we already know

Define
@ Body frame e
@ Rotation R=[ e e e |

@ Rotatiornal dynamics

R=R'Q, (RTR—1| =0
t=t
0 —Wz; Wy Wx
Q = Wz 0 —Wx =Wy = wy
—wy  Wx 0 Wz

This is simple, but...
it only holds if translational and rotational dynamics are
decoupled!

Good news: if you consider the free motion of the CG they are decoupled!
...unless... there is a coupling constraint
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Define
@ Generalised coordinates g = {r, R}
@ Lagrangian
L=T-U- tr(ARTR = 1)) - A C(r,R)
—— ——
Orthonormality constraint  Other constraints

© Matrix derivative
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What if they are coupled?

Define

@ Generalised coordinates g = {r, R}
@ Lagrangian

L=T-U- tr(ARTR = 1)) - A C(r,R)
——— —— N————

Orthonormality constraint  Other constraints

© Matrix derivative

d ) a
dR;y R  ORp
o _ a a )
R | Ra  ORn Ry
d ) a

ORs;  ORx  ORs3
@ Compute the equations of motion
doL oL Er

dt 8f  or
d oL oL _ PR

dt9r OR
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What if they are coupled?

Define
@ Generalised coordinates g = {r, R}
@ Lagrangian
L=T-U- tr(ARTR = 1)) - A C(r,R)
—— ——
Orthonormality constraint  Other constraints

© Matrix derivative

E) o )

IR ORyo OR13
9 _| & o o
9R | Rn  Rn  BRx

a a a

OR31 OR3p OR33

@ Compute the equations of motion

i% — @ =F — This is standard, we know how to handle it

dt oF  Or
doL oL g

dt9r OR
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What if they are coupled?

Define

@ Generalised coordinates g = {r, R}
@ Lagrangian
L=T-U- tr(ARTR = 1)) - A C(r,R)
—— ——
Orthonormality constraint  Other constraints

© Matrix derivative

d ) a
dR;y R  ORp
o _ a a )
R | Ra  ORn Ry
d ) a

OR31 OR3p OR33

@ Compute the equations of motion

iﬁ = @ =F — This is standard, we know how to handle it
dt or  Or
d oL oL

Ioh R FR - Weird... What is F?? Why R instead of w?
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Idea!

Project R on w, ok, cool! But how?

Define: projection operator (“unskew”)

bii b2 b3 1 b3z — b3
b1 b b =3 b1z — b1

bs1 b3 bs3

0 —w; Wy
1
Wz 0 —Wx = 5
—Wy,  Wx 0

PA) =URTA), U (

What is this beast?

P(R)=URTRQ) =UQ)=U (
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L= T —U—t(A(RTR=1))=X"C(r,R)
~~ ———
TtryTrot con

Kinetic Energy:

T = 2w Jw = ZP(R)IP(R)

Projecting:

rot rot
p (g aT™ 9T

it ap 6R):Joquo.)wa

Orthonormality Constraint:
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L= T —U—t(A(RTR=1))=X"C(r,R)
~~ ———
TtryTrot con

Kinetic Energy:

T = 2w Jw = ZP(R)IP(R)

Projecting:

dt gR OR

rot rot
273(287— or ):Jd)+w><Jw
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L= T —U—t(A(RTR=1))=X"C(r,R)
~~ ———
TtryTrot con

Kinetic Energy:

T = 2w Jw = ZP(R)IP(R)

Projecting:

dt gR OR

rot rot
273(287— or ):Jd)+w><Jw

Orthonormality Constraint:
d 9tr(AC?")  Otr(AC™)
dt OR OR

:O+R(/\+/\T)

Projecting:

P (R(A+/\T)) — (RTR(/\+/\T)) — ] (A+AT) =0
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To conclude...

What about the torques?
Principle of virtual works: F™' = 2P(FF)

RY _ 4- 0 T _ prot __
——.———F)_Jw+w><Jw+2P<a—R(V+)\ C) Frot =0
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To conclude...

What about the torques?
Principle of virtual works: F™' = 2P(FF)

Hence
d 81_ 8L R a 8 T rot
P(dt(’)R o ) Jio +w X Jw + P<8R( + 2 c))
Finally! The equations of motion
T
mi 4+ ovV+XA C _
or

5 0 T __ rot
Jw+waw+2P(a—R(V+>\ c)> —F

R = RQ
C(p,R)=0
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How do we stabilise the invariants?

From index reduction (the index-1 DAE imposes C = 0):

0o |/

0 0

C 0
C0:|:C'-:|7 Co=AcCo=[

Simple idea: add a linear controller
0 /

G =AcG = [ —p2/ —2pl :| CO: elg(AC) =—pP

:| Co7 eig(Ac) =0
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How do we stabilise the invariants?
From index reduction (the index-1 DAE imposes C = 0):
C . 0o |/ .
Co=|:c-.:|, COZACCOZ[O 0:|Co7 elg(Ac)ZO
Simple idea: add a linear controller
= - 0 / .=
Co=AcC = [ _p2l —2pl ] Go, eig(Ac) = —p
| ] =




Baumgarte Stabilisation (Gros2012f) 23/29

What about the orthonormality condition?

Invariant and rotational dynamics:

(RTR—1)=0, R=RQ



Baumgarte Stabilisation (Gros2012f) 23/29

What about the orthonormality condition?

Invariant and rotational dynamics:
(RTR—1)=0, R=RQ
Correction:

R=R(Q+Z), =zZe§



Baumgarte Stabilisation (Gros2012f) 23/29

What about the orthonormality condition?

Invariant and rotational dynamics:
(RTR—1)=0, R=RQ
Correction:

R=R(Q+Z), =zZe§

Choose:

==2(R"R)* 1)



Baumgarte Stabilisation (Gros2012f) 23/29

What about the orthonormality condition?

Invariant and rotational dynamics:

(RTR—1)=0, R=RQ

Correction:

R=R(Q+Z), =zZe§
Choose:

=-_7 Tpy-1

==1 ((R R) /)
Then:

Y RTR—1)=RTR+RTR
dt
=RTRQ+QTRTR+ %RTR ((RTR)*1 - /) +g ((RTR)*1 - /) RTR

=RTRQ+Q"RTR—~ (RTRf /)
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How can we model the tether dynamics?

Finite element model (N elements):

@ Lumped mass model

o Tether = chain of masses + massless rigid links

_ Ne 1 2T

o Ty= Z_] =02 /vk+1 k,Jrk,J
_ M

o Uk= Zj 0 Nk+1g koj

@ Full model

o Tether = chain of rigid links with mass

_ Ne 1 T
O Tk—zj 16Nk+1(rk,1rk7]+rkj 1Fkj— 1+rkjrk7] 1)
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How can we model the tether dynamics?

Finite element model (Ni elements):
@ Lumped mass model
o Tether = chain of masses + massless rigid links

N M1 me T
o Tk =220 3 Wt M

— N my .
o Uc= Zj:o No+18%k.j

@ Full model

o Tether = chain of rigid links with mass

N 1 me ;T T s T .
o Tyx= Zj:l 5 Nk+1( kg T Mej—1lkj—1+ rk,jr’w—l)

o Ue=10 2 a28(2i) + Zij-1)
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How can we model the tether dynamics?

Finite element model (Ni elements):
@ Lumped mass model
o Tether = chain of masses + massless rigid links

_ Ne 1 mye T o .
o Ty= Zj:o 2 No+1 Tk Tk

— N my .
o Uc= Zj:o No+18%k.j

@ Full model

o Tether = chain of rigid links with mass

N 1 me ;T T s T .
o Tyx= Zj:l 5 Nk+1( kg T Mej—1lkj—1+ rk,jr’w—l)

o Ue=10 2 a28(2i) + Zij-1)

Constraints:

Ce =

N =

/]
((fk,j — 1) (Fej — fijo1) — *k>

Ny
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Tether Forces

@ Drag force of each tether section:
@ Simple model:
S 1
Fioj = = 5Piidkjli Collvicsllviey

Mkt ey Zy j—1+ Zk j
Vk,j = 5 —w 5
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Tether Forces

@ Drag force of each tether section:
e Simple model:

1
st,j = _Epk,jdk,jlk,jCD”Vk,jHVk,j

Pkt g Zk j—1 + Zkj
Vkj = > =W >

e Finer model:

1
dFkyj(O') = Fkyj(a)dcr = 7§pk,jdk,jlk,jCD”Vk,jHVk,j do‘

Vkj = U’.’k,jfl —+ (1 — O')I"kyj —+ W(Z)
z=ozcj1+(1—0)z
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Tether Forces

@ Drag force of each tether section:
e Simple model:

1
FkSJ = _Epk,jdk,jlk,jCD”Vk,jHVk,j

Pkt g Zk j—1 + Zkj
Vkj = > =W >

e Finer model:

1 1
dFkyj(O') = Fkyj((l')da‘ S **pk,jdk,jlk,jCD”Vk,jHVk,j do FS_ — F, ( )d
2 k,j—1 o Ul @) el

Vkj = U’.’k,jfl —+ (1 — O')I"kyj —+ W(Z) 5 1
z=ozcj1+(1—0)z Fk,j:/O (1—0)Fk,j(o)do
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Tether Forces

@ Drag force of each tether section:
e Simple model:

1
FkSJ = _Epk,jdk,jlk,jCD”Vk,jHVk,j

Pkt g Zk j—1 + Zkj
Vkj = > =W >

e Finer model:

1 1
dFy j(0) = Fk j(0)do = *Epk,jdk,j/k,jCD||Vk,jHVk,j do [ :/0 oFij(0)do

Vkj = U’.’k,jfl —+ (1 — O')I"kyj —+ W(Z) 5 1
z=ozcj1+(1—0)z Fk,j:/O (1—0)Fk,j(o)do

@ Drag force acting at the generalised coordinates ry

S| S
Fioj + Fij

D
Fij = 5
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@ Is m= m(t)?
@ Or rather m(t, q, §)?

@ What is the velocity v, with which it enters the system?
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Mass Entering/Exiting the Control Volume

@ Is m= m(t)?
@ Or rather m(t, q, §)?

@ What is the velocity v, with which it enters the system?

We need to correct the equations

@ Generalised Forces
Ix
dq
m(vm — v) = Metcherky's force

F9 = (F™ + rvin)

@ Euler - Lagrange Equations

d oLy OL o 1d (0m .\ 10m ,
dt \ 9q dq 2dt \ 9q 2 g
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Mass Entering/Exiting the Control Volume

@ Is m= m(t)?
@ Or rather m(t, q, §)?

@ What is the velocity v, with which it enters the system?

We need to correct the equations

@ Generalised Forces
Ix
dq
m(vm — v) = Metcherky's force

F9 = (F™ + rvin)

@ Euler - Lagrange Equations
SfEYy _YE _pe & (YT _-dJmn
dt(@c’y) aq +2dt(aq"> 23q"

Note that v = v(t, g, ).
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Example: Winch

Control volume: winch + suspended tether

=

o [

1(0)=R0O
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Control volume: winch + suspended tether

J |—,,,,R m=pul  mg(0) =pRO  m(0) =m— RO

=

o [

1(0)=R0O
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Example: Winch

Control volume: winch + suspended tether

J |_ . m=pul  mg(0) =pRO  m(0) =m— RO

=

1 a 1 1
| | T=3(+ mR?)§> U= —5ms(0)gR0 = —EugR292

1(0)=R0O
l ¢
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Example: Winch

Control volume: winch + suspended tether

J |_ . m=pul  mg(0) =pRO  m(0) =m— RO

=

1 a 1 1
| | T=3(+ mR?)§> U= —5ms(0)gR0 = —EugR292

d /oL oL
1(6)=RO d(9E 9L _pq
e at (aq) 3q
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Example: Winch

Control volume: winch + suspended tether

m=pul ms(0) = uRO me(0) = m— puRO

_ L

=

-

1(0)=R0O

=

T= %(J + mR?)§?

a (%) _ 0L _
dt \ 9q dq

(J+ mR?)6 — ugR?0 =0

1 1
U= —Ems(é?)gRG = —EugR292
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Example: Winch

Control volume: winch

i
=1 IF

Ii(6)=R6

1g

m= pulL

ms(0) = pRO

me(0) = m— pRO
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Example: Winch

Control volume: winch

] [

Ii(6)=R6

-

lg

m=pulL ms(0) = uRO

1 i
T = 5(J + mR? — uR30)6?

m:(0) = m— pRO

U=20
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Example: Winch

Control volume: winch

] [

Ii(6)=R6

-

lg

m=pulL ms(0) = uRO

1 i
T = 5(J + mR? — uR30)6?

oL

aq

(J+ mR?)6 — uR306

m:(0) = m— pRO

U=20
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Example: Winch

Control volume: winch

[ T m=pulL ms(0) = uRO m:(0) = m— pRO
| (i L | ° 1 -

- ‘ Tw = 5(J + mR? — uR3%0)6?>  U=0

] [

Ii(6)=R6

Q
~

= (J+ mR?)0 — uR%06

g
lg di (%) (J + mR?)6 — nR36% — uR306
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Example: Winch

Control volume: winch

l T m=pulL ms(0) = uRO m:(0) = m— pRO
| (i L | ° 1 -

- ‘ Tw = 5(J + mR? — uR3%0)6?>  U=0
] [ ,
% = (J+ mR?)0 — uR%06
I(0)=R6
lg d (oL = (J+ mR?)6 — uR36% — LR306
dt \ 84
10m; 1 -
OL _ L Re _ gR%0 10m: »_ — S HR*?

R Bq 2 ’ 2 9dq
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Example: Winch

Control volume: winch

l T m=pulL ms(0) = uRO m:(0) = m— pRO
| (i L °

1 .
- | Tw=>(J+mR? —uR%0)i>  U=0
oL : ;
52 = (J+ mR?)6 — uR306
I(§)=R6 q
g d /OL : 5 i
l — (871) = (J+ mR?)6 — uR3¢% — uR306
. 10m; 1 ;
%:—lpR302—ng20, 10m V2 = _1,R32
| dq 2 2 0q 2

.1 . - 1 .
(J + mR?)6 — 5;1R302 — uR%00 — ugR?0 = F9 + 5;4R3()2
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Example: Winch

Control volume: winch

)| g

- L

] [

Ii(6)=R6

F9 = (F" + tiyvm, )R = F'R — uR*0?

m=pulL ms(0) = uRO m:(0) = m— pRO

1 .
T = 5(J + mR? — uR3%0)6?>  U=0

oL : :
52 = (J+ mR?)6 — uR306

q
" (%) = (J + mR?)j — uR%* — uR306

q

L 1 q 10m, 1 g
8—:—pr392—#ng9, 10m V= R3¢
dq 2 2 0q 2

.1 . - 1 .
(J + mR?)6 — 5;1R302 — uR%00 — ugR?0 = F9 + 5;4R3()2
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Example: Winch

Control volume: winch

)| g

- L

] [

Ii(6)=R6

F9 = (F" + tiyvm, )R = F'R — uR*0?
d(msv)

i — F* — MgV, =0

m=pulL ms(0) = uRO m:(0) = m— pRO

1 .
T = 5(J + mR? — uR3%0)6?>  U=0

oL : :
52 = (J+ mR?)6 — uR306

q
" (%) = (J + mR?)j — uR%* — uR306

q

L 1 q 10m, 1 g
8—:—pr392—#ng9, 10m V= R3¢
dq 2 2 0q 2

.1 . - 1 .
(J + mR?)6 — 5;1R302 — uR%00 — ugR?0 = F9 + 5;4R3()2
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Example: Winch

Control volume: winch

_

=

15(6)=R6O

BE

L

-

—
1

F9 = (F" + tiyvm, )R = F'R — uR*0?

d(msv)
dt

t —
—F —msvm, =0

BRPT + uR?00 — Ft — uR* =0

m=pulL ms(0) = uRO m:(0) = m— pRO

1 .
T = 5(J + mR? — uR3%0)6?>  U=0

oL . .
i (J+ mR?)6 — uR3%60

q

d /oL . . .
P (%) = (J+ mR?)6 — uR3¢% — uR306

q

L 1 _ar 1 0m; 1 _ar
OL _ L e ugr2e,  10Mr2_ 1 page
dq 2 2 9dq 2

.1 . - 1 .
(J + mR?)6 — 5;1R302 — uR%00 — ugR?0 = F9 + 5;4R3()2
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Example: Winch

Control volume: winch

-
4 |

15(6)=R6O

—
1

F9 = (F" + tiyvm, )R = F'R — uR*0?
d(msv)
dt
JR7T + uR%00 — F* — uR* 6% =0

F' = uR%06

t —
—F —msvm, =0

m=pulL ms(0) = uRO m:(0) = m— pRO

1 .
T = 5(J + mR? — uR3%0)6?>  U=0

oL . .
i (J+ mR?)6 — uR3%60

q

d /oL . . .
P (%) = (J+ mR?)6 — uR3¢% — uR306

q

L 1 _ar 1 0m; 1 _ar
OL _ L e ugr2e,  10Mr2_ 1 page
dq 2 2 9dq 2

.1 . - 1 .
(J + mR?)6 — 5;1R302 — uR%00 — ugR?0 = F9 + 5;4R3()2
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Example: Winch
Control volume: winch
l T m=pulL ms(0) = uRO m:(0) = m— pRO
| R
| 1 9
,,—l ‘— TW:E(J+mR2—,uR30)02 U=0
L . .
i = (J+ mR?) — uR366
9q
I(6)=R6
e d (oL ) v e
— J+ mR?)6 — uR36? — LR366
o (aq) (J+mR%)0 — ju
r 1 ;
OL _ L e ugr2e,  10Mr2_ 1 page
R Bq 2 2 9dq
F9 = (F' + mvm, )R = F'R — uR*0* (5 4 mR?)j — ;1R302 1R300 — ugR20 = F9 4 — ;4R3()2

@—Ft—msvms =0
BRPT + uR?00 — Ft — uR* =0

F' = uR%06

(J+ mR?)§ — ugR?0 =0
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Example: Winch

Control volume: winch

N

- L

] [

15(6)=R6O

F9 = (F' 4 myvm, )R = F*R — uR30?
d(msv)
dt
BRPT + uR?00 — Ft — uR* =0

F' = uR%06

t _
—F —msvm, =0

m=pulL ms(0) = uRO m:(0) = m— pRO

1 i
T = 5(J + mR? — uR3%0)6?>  U=0

oL : :
52 = (J+ mR?)6 — uR306

q
" (%) = (J + mR?)j — uR%* — uR306

q

L 1 q 10m, 1 g
8—:—pr392—#ng9, 10m V= R3¢
dq 2 2 0q 2

.1 . - 1 .
(J + mR?)6 — 5;1R302 — uR%00 — ugR?0 = F9 + 5;4R3()2

(J+ mR?)§ — ugR?0 =0

1 g
(J + mR*)0 — ugR?0 — E,1R392 =0 Standard EL appr.
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Example: Winch

Control volume: tether

_ | H QR m=pupl  ms(0) =puRO  me(0) =m— RO
m e

I(6)=R0 |

lg
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Example: Winch

Control volume: tether

ik

I(6)=R0 |

lg

m=pul ms(0) = uRO me(0) = m — uRO

1 a
Ts = 5,m3992

1
U= —EugR292
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Example: Winch

Control volume: tether

A

T [

I(6)=R0 |

lg

m= ulL

1 a
Ts = 5,m3992

oL

9q

uR306

ms(0) = uRO me(0) = m — uRO

1
U= —EugR292
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Example: Winch

Control volume: tether

I

T [

I(6)=R0 |

P

m= ulL

ms(0) = uRO me(0) = m — uRO

1 . 1
n:;m%% U:—yg##

oL

4
i
dt

= pR306

(

oL

04

):MW¢+MW%
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Example: Winch

Control volume: tether

.

.
|

-

I()=R0O

lg

m=pul ms(0) = uRO

1 . 1
Ts = 5,u?3992 U= —EugR292

81._ = pR306
9q
L . .
jt (%) = uR36% + uR%06
q
L1 . 10
OL _ 1 r3g2_ gr?, 19Ms.2_
Jq 2 2 dq

me(0) = m — uRO

1 .
ZpR36?
2#
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Example: Winch

Control volume: tether

-

,_
lg

-

I(6)=R0 |

-

m=pul ms(0) = uRO

1 . 1
Ts = 5,m3992 U= —EugR292

871._ = pR306
9q
d /oL . .
o (;) = uR36% + uR%06
q
aL 1 . 10
_ ZLR32 — ugR?e, M2
Jq 2 2 dq

me(0) = m — uRO

1 .
ZpR36?
2#

. .1 . 1 -
wR36? + uR306 — E,I,RW = F9— 5,1,/?392
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Example: Winch

Control volume: tether

J J R m=pul ms(0) = uRO me(0) = m — uRO
il

B 1 . 1
Ts = - uR306? U= —-pugR%0?
2 2
I(6)=R0 | % = pR306
1 , 9q
g
d /oL : )
— (=) = uR%6% + uR306
dr (8@) pEe
S L 1 . 19 1 ..
OL _ L pege_ erro,  19Ms2 1 pege
dg 2 2 0q 2

F9 = (F* + svm, )R = F'R + uR30?
. .1 . 1 .
wR36? + uR306 — E,I,RW = F9— 5,1,/?392
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Example: Winch

Control volume: tether

_

-

I()=R0O

-

,_
lg

F9 = (F* + svm, )R = F'R + uR30?

d(hw)
dt

+ RF' — fw, =0

m=pul ms(0) = uRO me(0) = m — uRO

1 . 1
Ts = 5,u?3992 U= —EugR292

oL

— = uR306
g "
d /oL . .
o (;) = uR36% + uR%06
q
oL 1 . 10
_ ZLR32 — ugR?e, M2
Jq 2 2 dq

1 .
ZpR36?
2#

. .1 . 1 -
wR36? + uR306 — E,I,RW = F9— 5;1R392
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Example: Winch

Control volume: tether

J H J R m=pul ms(0) = uRO me(0) = m — uRO
|

T 1 . 1
Ts = —uR306? U= —=ugR26?
2 2
I(@)=R6 | oL _ = uR300
1 ) a4
g
d /oL . .
— (= ) = uR36% 4+ uR%06
I (a ) Iz +p
4 aL 1 : 10 1 ]
C_ CLR32 — pgRr?0, =92 2 R3¢2
352 0q 2 2 0q 2
F9 = (F' + mgVm, )R = F'R + uR*0
. .1 . 1 .
d(hw) 4 RFY — jw, =0 wR36? + uR306 — 5;1,;;892 =F9— 5,1,R392
dt i

— uR*6% + (J + mR?)0 — uR?600
+ RF* + uR%6% =0
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Example: Winch

Control volume: tether

J H J R m=pul ms(0) = uRO me(0) = m — uRO
|

T 1 : 1
Ts = - uR306? U= —-pgR%0?
2 2
I(@)=R6 | oL _ = uR300
1 ) 4
g
d /oL . .
= = uR360? + uR300
T (a ) 1% +p
3 aL 1 : 10 1 .
C_ CLR32 — pgRr?0, =92 2 R3¢2
352 0q 2 2 0q 2
F9 = (F' + mgVm, )R = F'R + uR*0
. .1 . 1 .
d(hw) 4 RFY — jw, =0 wR36? + uR306 — 5;1,;;892 =F9— 5,1,R392
dt :
— uR*6% + (J + mR?)0 — uR?600

+ RF* + uR%6% =0
RF* = —(J 4+ mR?)d + uR%06
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Example: Winch

Control volume: tether

-

| [
|:

N

-

I(6)=R0 |

F9 = (F* + svm, )R = F'R + uR30?

d(hw) t_
RF* — jw; =0
dt + Wh
— uR*6% + (J + mR?)0 — uR?600
+ RF* + uR%6% =0

RF* = —(J 4+ mR?)d + uR%06

m=pul ms(0) = uRO me(0) = m — uRO
1 3902 1 292

T. = S uR*00 U=—ngR’0

oL

— = uR300

55 "

d /oL . .

o (a ) = puR36% + pR306

aL 1 . 19 1 ..

C_ CLR32 — pgRr?0, =92 2 R3¢2

0q 2 2 0q 2

. .1 . 1 .
wR36? + uR306 — E,I,RW = F9— 5;1R392

(J+ mR?)6 — ugR?0 =0
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Example: Winch

Control volume: tether

[/
Y

_

I()=R0O

lg

F9 = (F* + svm, )R = F'R + uR30?

d(hw) t_
RF* — jow; =0
dt + Wh
— uR*6% + (J + mR?)0 — uR?600

+ RF* + uR%6% =0

RF* = —(J 4+ mR?)d + uR%06

m=pul ms(0) = uRO me(0) = m — uRO
1 3 1
T. = 5,u?3992 U= —EugR292

oL

= uR300

g "
d (oL : )
o (;) = uR36% + uR%06

q
aL 1 . 10 1 ..
C_ CLR32 — pgRr?0, =92 2 R3¢2
0q 2 2 0q 2

. .1 . 1 .
wR36? + uR306 — E,I,RW = F9— 5;1R392

(J+ mR?)6 — ugR?0 =0

. 1 .
(J + mR?)0 — pugR?0 + 5,[LR392 =0 Standard EL appr.
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Exercises

@ Model a single kite without rotational dynamics (pointmass model)
[Gros2012a, Zanon2013]

@ Model a single kite with rotational dynamics (but no bridle) [Gros2012f,
Zanon2013c]|

© Model a single kite with bridle [Gros2013b]
@ Model a dual kite system [zanon2014a]
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