NON-CONVEX ROBUST OPTIMIZATION

Boris Houska

Convex Robust Optimization — p. 1




Nonlinear Min-Max Problems

General Formulation:
min max Fy(z,w)
x weWw

subject to max F;(x,w) < 0
weW
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Nonlinear Min-Max Problems

General Formulation:

min max Fy(z,w)

x weW
subject to max F;(x,w) < 0
weW

Aim: Solve the problem in a conservative approximation.
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Overview

* Bounding the global maximizer
* Optimality conditions in SIP and duality

* Sequential convex bi-level programming
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Robust Optimization: An Example

Robust optimization problem:
min J
T,y

S.t. (x+0v)° = (y+w) <0

X for all (v, w) € €.

Assumption:

£ 1s a given ellipsoidal uncertainty set.
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Robust optimization problem:
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S.t. (x+0v)° = (y+w) <0

X for all (v, w) € €.

Assumption:

£ 1s a given ellipsoidal uncertainty set.
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Robust Optimization: An Example

Robust optimization problem:

min J
L,y

S.t. (x+0v)° = (y+w) <0

X for all (v, w) € €.

Assumption: £ is a given ellipsoidal uncertainty set.

Question: How to find optimal solution numerically?
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Robust Optimization: An Example

Regard as a min-max problem:

min Y

x,y

s.t max (z +v)* — (y +w) <0
(v,w)e€

N\
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Robust Optimization: An Example

Q)
4
- Regard as a min-max problem:
2 7 min Y

T,y
L 2

S.t. max (xr+v)"—(y+w) <0
0 (v,w)ES( ) (y ) -

X

Problem: There are two local maxima in the optimal solution.
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Robust Optimization: An Example

Q)
4
- Regard as a min-max problem:
2 7 min Y

T,y
L 2

S.t. max (xr+v)"—(y+w) <0
0 (v,w)ES( ) (y ) -

X

Problem: There are two local maxima in the optimal solution.

One Possibility: Check the inequality for all points in the ellipsoid.
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Approximation Strategies:
Nagy,Braatz 2004, Diehl et al. 2006

ldea;

* Choose an approximation V;(x) > me% F;(z,w) and solve:
we

Y

min ‘70(%) st. Vi(x) < 0 forallie{l,...,n}
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Approximation Strategies:
Nagy,Braatz 2004, Diehl et al. 2006

ldea;

Choose an approximation V;(x) > mam>§ F;(z,w) and solve:
we

Y

min ‘70(%) st. Vi(x) < 0 forallie{l,...,n}

Assumption: We have a function ); : R®* — R* with

82

Yw = W . )\max (w

Fi(:c,w)) < 2 %(x).
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Approximation Strategies:
Nagy,Braatz 2004, Diehl et al. 2006

ldea;

Choose an approximation V;(x) > mam>§ F;(z,w) and solve:
we

Y

min ‘70(%) st. Vi(x) < 0 forallie{l,...,n}

Assumption: We have a function ); : R®* — R* with

0? —
YVw eW :  Apax (sz(a:,w)) < 2)\(x) .
Example: W := {w | w"w < 1}. Linear approximation:
~ F _
Vi(x) == Li(x) := Fi(z,0) + Ha (,0) + A\i(x) .
ow 5
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Example: The “Best” Conservative
Linear Approximation

Consider once more the problem:

min Y

Yy

S.t. max (z+v)* — (y+w) <0
(v,w)e€

X Notation: L = Chol. factor of X1,

2L11x — L
min y st z°—y+ ( b 1,2> +Li, <0.

2
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Example: The “Best” Conservative
Linear Approximation

Consider once more the problem:

S.t. max (z+v)* — (y+w) <0
(v,w)e€

N Notation: L = Chol. factor of X1,

We find a conservative solution by the linear approximation:
(555) ~ (—0.27,1.49) # (—0.35,1.08) .

But we have lost 38% of optimality.
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Can we do better?

Find the solution (z*,y*) = (—0.35..., 1.08... ) by convex optimization:

Define:
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Can we do better?

Find the solution (z*,y*) = (—0.35..., 1.08... ) by convex optimization:

Alternative formulation as LMI:

min
T,Y,A Y
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Overview: Bounding the Global Maxi-

mizer
S,

Example:
. ¥ mn Methods:
3 st max (r+v)’=(y+w)<0 - Branch & Bound
24 - Linear Approximation
& - Linear Matrix Inequalities
07 ) - Lagrangian Duality
— T

T
-2 -1 0 1 2

[1] Bhattacharjee et al. Global solution of semi-infinite programs_ 2005.

[2] Stein et al. The adaptive convexification algorithm for semi-infinite programming [..]. 2012.

[3] Nagy and Braatz. Distributional uncertainty analysis using [_] polynomial chaos expansions. 2007 .
[4] Diehl et al. An approximation technigque for robust nonlinear optimization. 2006.

[5] Lasserre. Moments, Positve Polynomials and Their Applications. Imperial College Press, 2009.
[6] Ben-Tal. Robust Optimization. Princeton University Press, 2009.

[7] Polak et al. On the use of augmented Lagrangians [.] semiinfinite min-max problems. 20035.
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Dual Lagrangian Overestimation

Techniques
I

Question:

* Can we do better than linear approximation?
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Dual Lagrangian Overestimation

Techniques
I

Question:
Can we do better than linear approximation?
Main Idea:

Define the dual Lagrangian over-estimator as

Ve e R" . M;(z):= min d;(z,);) > min d;(z, \;)
i > () A20

where d; Is defined to be the following dual Lagrangian function:

di(:c, )\z) = MmaX Fz(ZC, w) — )\Z"UJT’UJ -+ )\z .
weW
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Dual Lagrangian Overestimation

Techniques
I

Question:
Can we do better than linear approximation?
Main Idea:

Define the dual Lagrangian over-estimator as

Ve e R" . M;(z):= min d;(z,);) > min d;(z, \;)
i > () A20

where d; Is defined to be the following dual Lagrangian function:

di($, )\z) = MmaX Fz(ZC, w) — )\Z"UJT’UJ + A\ .
weW

Proposition:

The function d;(z, -) is concave for \; > \;(x).
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Dual Lagrangian Overestimation

Techniques
I

Theorem [Houska,Diehl 2010]

The functions M, are conservative upper bounds on the robust
counterpart functions V; and always less conservative that the best
linear approximation:

Ve e R" . Vi(x) < M;(x) < Li(x) .
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Dual Lagrangian Overestimation

Techniques
I

Theorem [Houska,Diehl 2010]

The functions M, are conservative upper bounds on the robust
counterpart functions V; and always less conservative that the best
linear approximation:

If F; is a quadratic form in w than the approximation is exact, i.e.,
we have

Ve e R"™ . Vi(z) = M;(x) .
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What about the Non-Quadratic Case?

Example: Consider the function F'(z,w) := sin(zw)

AF

A Hessian upper bound is given by

2

% otherwise.

(z) = { 2 sin(|z]) if |z < T

The exact robust counterpart function is given by

Viz) = sin( |z]) if |z] < g
1 otherwise.
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What about the Non-Quadratic Case?

Example: Consider the function F'(z,w) := sin(zw)
) F
3_
A Hessian upper bound is given by
2_
2
_ L sin( |x if x| < Z
I Az) = 2 () iffal < 3
ST X ;
5 otherwise.
// X
0 | |
0 /2 T

The best linear approximation is given by

2
|+ L sin( |z if x| < Z
L) = |z ) ([z]) | 2
z| + % otherwise.
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What about the Non-Quadratic Case?

Example: Consider the function F'(z,w) := sin(zw)

AF

A Hessian upper bound is given by

2

— Z_sin( |z if lo|l < =

I Nz) = { 2 () if ] < 3
£ 5 otherwise.

Moreover, we have V(x) = M(z) for |x| < 0.86.
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Bounds on the Duality Gap
I

Theorem [Houska 2011]
o With W := {w | w!w < +?} and

|<82F7;(x,w) B %(xﬂ)l OF;(z,0)

¥;(x) = min

weW an

2

The approximation function M, always satisfies

| Mi(z) = Vi(z) | < Xi(2) max {0, 7" —7;(z)* } .
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Overview

* Bounding the global maximizer
* Optimality conditions in SIP and duality

* Sequential convex bi-level programming
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Cooperation Partners

Joint work with M. Diehl, O. Stein, and P. Steuermann:

* A lifting method for general-
ized semi-infinite programs
based on lower level Wolfe
duality

PDF of the Paper available at:
* Optimization Online (December, 2011)

* Computational Optimization and Applications, 2012.
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Problem Formulation

Generalized Semi-Infinite Programming:

mlj\r} f(x) with M = {ze X|g(x,y) <OforallyeY(x)}
Te

and
Y(z) = {y e R vp(x,y) <0, 1 </l <s}.
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Problem Formulation

Generalized Semi-Infinite Programming:

mlj\r} f(x) with M = {ze X|g(x,y) <OforallyeY(x)}
Te

and
Y(z) = {y e R vp(x,y) <0, 1 </l <s}.
Assumptions:
X C R™is a closed set.
The functions f, g, and v are twice continuously differentiable.

The functions —g(x, ), ve(z,-), 1 < £ < s are convex on Y (x).
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Equivalent Min-Max Formulation
I

Min-Max Formulation:

p

re X

min f(x) S.t. <
i J2) max g(z,y) < 0.
L vsv(z,y)<0
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Equivalent Min-Max Formulation
I

Min-Max Formulation:

p

re X

min f(x) S.t. <
i J2) max g(z,y) < 0.
L vsv(z,y)<0

Standard definitions for lower level problem:
LICQ satisfied iff D,v2“*(z, y) has full rank.
SCC satisfied iff: v(z,7) — 7 < O.
SOSC satisfied iff: pTD?L(z,7,7)p < 0 forall p € T\ {0}.

Tangential Cone:

T:={p|Vi€As: Dyvi(Z,y)p=0 A Vi€ Ay : Dyv;(z,y)p <0} .
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Overview

Aim of this section:

* Discuss three ways to solve GSIPs:
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WAY 1: MPCC

ldea:
* Write lower level optimality conditions into constraints:

2

reX, g(z,y) <0,

min f(z) st V,L(z,y,7) =0,

0< _U(xvy) L v=20

\

with L(z,y,7) = g(z,y) —yTv(z,y).
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WAY 1: MPCC

ldea;

Write lower level optimality conditions into constraints:

min
x,Y,y

fz)

S.L

\

2

\

re X, g(z,y) <0,
Vyﬁ(x,y,’y) — 07
0< —v(z,y) L v>0

with L(z,y,7) = g(z,y) —yTv(z,y).

Pros/Cons:

+ Equivalent to original generalized semi-infinite problem, if the lower

level maximizer is a KKT point.

- MPCCs are computationally demanding.
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WAY 2: Dual Reformulation

ldea:
* Assume that strong duality holds.

* Introduce dual variables v and use Wolfe duality:

min f(x) st xeX, L(x,y,7) <0, V,L(x,y,7) =0, v>0.
.,
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WAY 2: Dual Reformulation

ldea:
Assume that strong duality holds.

Introduce dual variables v and use Wolfe duality:

min f(x) st xeX, L(x,y,7) <0, V,L(x,y,7) =0, v>0.
.,

Pros/Cons:
+ We end up with a “well-posed” standard optimization problem.

- The dual reformulation is not necessarily equivalent to the original
problem if Y (x) # R™.
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WAY 2: Dual Reformulation

ldea:
* Assume that strong duality holds.

* Introduce dual variables v and use Wolfe duality:

min f(x) st xeX, L(x,y,7) <0, V,L(x,y,7) =0, v>0.
.,

Counter example:

* Choose g(z,y) = —z — y°> — 3y? + 16y — 12, v;(y) = —y, and
va(y) =y — 1.
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WAY 3:

Including the Index Constraint
I

ldea;

» Start with dual reformulation but include the index set constraint:

i

r e X,

x,y) —yTvu(zx, = L(x,y,v) <0,
min f(z) St 9(z,y) —v"v(z,y) (z,9,7)
©YT vyﬁ(a%y/Y) — 07
v(z,y) <0, v>0.

\

* We call this problem LWPC.
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WAY 3:

Including the Index Constraint
I

ldea;

Start with dual reformulation but include the index set constraint:

i

x e X,

x,y) —yTvu(zx, = L(x,y,v) <0,
min f(z) St 9(z,y) —v"v(z,y) (z,9,7)
By VyL(z,y,v) =0,
\ U(ZC?y) S 07 720'

We call this problem LWPC.
Pros/Cons:
+ Formulation is equivalent to the original GSIP.

- We still assume the existence of KKT points...
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WAY 3:

Including the Index Constraint
I

ldea;

Start with dual reformulation but include the index set constraint:

i

r e X,

x,y) —yTvu(zx, = L(x,y,v) <0,
min f(z) St g(z,y) —yTv(z,y) (z,,7)
©YT Vyﬁ(x,y,v) — 07
\ U(ZC?y) S 07 720'

We call this problem LWPC.
Question:

Does the seemingly redundant index set constraint lead to a
violation of constraint qualifications?
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Constraint Qualifications (Part 1)
I

Theorem We can prove that LICQ for LWPC if
1. The matrix D,v**(z, 3) has full rank (lower level LICQ).

2. The condition v(z,y) — 4 < 0 holds (lower level strict
complementarity).

3. The inequality p™D: L(z,7,7)p < 0 holds for all p € T'\ {0} (lower
level second order condition).

4. L(z,y,7) =0and D,L(z,y,7) = 0 do not hold simultaneously
(upper level LICQ).
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Constraint Qualifications (Part 1)

Theorem We can prove that LICQ for LWPC if
1. The matrix D,v**(z, 3) has full rank (lower level LICQ).

2. The condition v(z,y) — 4 < 0 holds (lower level strict
complementarity).

3. The inequality p™D: L(z,7,7)p < 0 holds for all p € T'\ {0} (lower
level second order condition).

4. L(z,y,7) =0and D,L(z,y,7) = 0 do not hold simultaneously
(upper level LICQ).

Question:

Can we still prove the existence of KKT points if we do not have
lower level strict complementarity?
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Example
I

Consider the convex min-max problem (solution: (z,y,5)T = 0):

: 2
min —x s.t. max r —y < 0.
x y>0
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Example
I

Consider the convex min-max problem (solution: (z,y,5)T = 0):

min —x s.t. max x—y2 < 0.
T y>0
( 2
0 > x—y +vy
0 = —2y+
LWPC : min —x s.t. < vy
s 0 > —y
\ 0 = -
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Example

'V

z =y +y

|

|
DO
N
_|_
2

LWPC : min —x s.t. <

LY,

'V
|
<

0
0
0
0

'V
|
2

\

Jacobian of the active constraints does not have full rank:
(1 0 0)

0o —2 1

0 -1 0

\0 0 -1 )

..butwe have J¢ = (—1,—-1,—-1)T < Ofor{ = (—1,1,1).

Convex Robust Optimization — p. 23




Constraint Qualifications (Part Il)
I

Definition:

T:={peR"|VicAs: Dywu;(Z,5)p=0 A Viec Ay, : D,v;(Z,y)p <0}
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Constraint Qualifications (Part Il)
I

Definition:

T:={peR"|VicAs: Dywu;(Z,5)p=0 A Viec Ay, : D,v;(Z,y)p <0}

Theorem: MFCQ for LWPC holds at (z, y), if
1. There exist a vector & € R™ with D,v2*(z, )& < 0.
2. The inequality p™D: L(z,7,7)p < 0 holds for all p € T'\ {0}.
3. L(z,y,7) =0and V,.L(z,y,7) = 0 do not hold simultaneously.
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Constraint Qualifications (Part Il)
I
Definition:

T:={peR"|VicAs: Dywu;(Z,5)p=0 A Viec Ay, : D,v;(Z,y)p <0}

Theorem: MFCQ for LWPC holds at (z, y), if
1. There exist a vector & € R™ with D,v2*(z, )& < 0.
2. The inequality p™D: L(z,7,7)p < 0 holds for all p € T'\ {0}.
3. L(z,y,7) =0and V,.L(z,y,7) = 0 do not hold simultaneously.

No strict complementarity assumption needed!
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Numerical Examples
I

Example: Design Centering Problem

min  —x;3
r€ER3
¢
0 > 1—(214+w) — (v2+1y2) Vy € Y(z)
t . 0 > i—(ibl—%—Fyl) —(:z:2+y2) VyEY(a:)

S.L

0o > (xl—%+y1) —(x2+y2) —% VyEY(:U)

0 > —I3 )

\

where Y (z) depends explicitly on the third component of x:

Y():={yeR® | y'y <uz3}.
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Numerical Examples
I

Solution found with LWPC formulation + SQP solver:

Starting at the “poor” guess

0= (1,1,01)" , A% :=(1,1,1)",
0 T 0 T 0 T
y; = (0.1, =0.1)" , wyy := (0.1, =0.1)" , g3 := (0.1, 0.1)" ,

Full-step BFGS-SQP needs 56 iterations (KKT-tolerance: 10~).
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Overview

* Bounding the global maximizer
* Optimality conditions in SIP and duality

* Sequential convex bi-level programming
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Sequential Convex Bilevel Programming

Now: min  max Hy(x, wp)
xeRx woeBB
subject to max H;j(x,w;) <0
wI-EB

B := {w e R"™ | B(x,w) < 0}

Assumptions: The functions -H and B are:

a) convex inw and
b) twice continuously differentiable in x and w.
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Min-Max versus MPCC

min  max Hy(x. wg) minimize  Hy(x .fwn} )
xeRie  upeB X. . A ~ .ra-—-.
subject to maéc Hilx, ) <0 KKT subjectto 0 > H;(x. w;) )
wiels

0 - VHLL; {.t-. H-“_j. }l.!}

B ={weR™|Bw) <0}  Conditions 0 > B(w;)

Li(x,w,»)=H;(x,w)— ATB(w)

Say: H convexinx ... l

(Maximum over convex functions is convex) Non-Convex ?
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Optimality Conditions
I

Surprising (but well-known):

0 = %K(l*‘ X*- w*.‘ 1"-..#) 'U _ L;—LJL}, (1* uﬁ’*‘ ’*)
V= Li(x", i, A7) 0= B(w?)

n 5
= Z Xe Le(x*, wi, AY) 0= Z kaB(u_!;")
f=l k=0

i
K(x, x,w", A%) := Lo(x, wj, Ag) — Z Xk Li(x, wi, AY)
k=1

Only first order derivatives needed!

(Remark: ELICQ =MPCC-LICQ and EMFCQ = MPCC-MPCQ.)

[1] Jongen et al.. Generalized semi-infinite optimization: a first order optimality condition [..]. 1998.
[2] Hettich and Kortanek. Semi infinite programming: theory, methods, and application. 1993.
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Sequential Convex Bi-Level Program-
ming
I

1) Initialize x and w and evaluate derivatives of H and B.

Repeat:

2) Solve the convex min-max QCQP

T 70 T )
: Awy Loy AxX" K
min max Hﬂ—l—L“!ﬂ,r—t— M+ﬂ'1'TL?u:+HE Ao xx
Ax .f_‘.wﬂeﬁ{l;“ : 2 3 -

=

5 e Aw] Ly Trpi i
st. max {H +L Ax+| —F—+Ax L, + H, JAwi} <0

Aw; eBiin

with — BI":= {Aw; | BLAw; + B <0]

3) Line-Search & Update:
T =z4+wAz:=(x +aAx, X +aldy, w+adAw, A +a dX)

4) Evaluate derivatives of H and B at the new point : e
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How to construct a merit function?

Quadratically convergent if (Dennis-Moré condition)

]{:{r:tr e L?t . Z XF\Liz g O (”AZH)
k=l

Quadratic convergence with only second derivatives, like for
standard NLP, but for min-max optimization

Globalization Problem:

We go simultaneously

“downhill® (min) and “uphill® (max).

How to construct a merit function?
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Globalization Strategy

Notation: )

Dy (x. w. A) = Lo(x, wy, Lp) + Z ok (L (x, wg, Ag))  mr(s) = max {0, sg )
k=1

oL ;(x,wj, ;)
dw

in
@}.} = Pp(x, w, A) + fIJE,'_’{'J:. wy, Ag) + ijk'iigt.r, wi, D
k=1

Theorem

el

Bi + if a(B(x,w;j))

qf:-é[,\;__ w;, }s.f'] = ‘

,‘ .3 A ;
IF x> \x ‘ Pr > 5 lpkls 2j =0, then the min-max QCQP

a) finds a strict decent direction of the merit function
or b)is infeasible

or c)we are at a stationary point of the min-max problem.

Can be used as basis for any globlization routine, e.g., Linesearch.
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Sequential Convex Bilevel Prog.:

An Example

Robust Optimization with a SCBP Method:

1.5

1.0

0.5

0.0

Uncertainty set:

A ball with radius r =

<Y

()

0.0

Wl

\' 2

min (:13 — %)2 + 7

L,y

subject to

( 0> —xz+w

y 0= 1—(z+w)?’—(y+v)°
L 0 > log(z +w) — (y +v)

Ji.e. B(v,w) = v*+w?—-1r? < 0.
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Sequential Convex Bilevel Prog.:
An Example

Robust Optimization with a SCBP Method:

Y )
min (z—2) 492

1.5 { Y

A subject to
10 ] /

0> —xz+w
0.5 - ! OZI—(:U—I—w)Q—(y—I—v)Q
X

0.0 | . > | 02> log(z+w)—(y+v)

0.0 1.0 2.0

Uncertainty set:

A ball with radius » = =% ,i.e. B(v,w) := v*+w? —r? < 0.

1
3 ]
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Sequential Convex Bilevel Prog.:
An Example

Robust Optimization with a SCBP Method:

Y 5
min - (z—3)" +y°
1.5 - Y
subject to
1.0 - ,
0> —xz+w
0.5 - § 0>1—(z4+w)?—(y+v)?
X
0.0 j . > L 0 > log(z +w) — (y +v)
0.0 1.0 2.0

Uncertainty set:
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Sequential Convex Bilevel Prog.:

An Example
I

Robust Optimization with a SCBP Method:

/\y ) 2
min - (z—3)" +y’
1.5 - o
subject to
1.0 1 ¢
0> —x+w
0.5 7 y 0= 1—(@+w)?—(y+v)
X
0.0 | - > | 0> log(x+w)— (y+v)
0.0 1.0 2.0
Iteration 1 2 3 4 5 6 7 8

— log o (KKT-TOL) 0.3 0.5 0.7 1.0 1.5 3.4 7.0 12.1
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Summary
I

* Linear Approximation Techniques

Lagrange Dual Relaxations

Optimality Conditions in SIP

* Min-Max versus MPCC formulations

Sequential Convex Bi-Level Programming
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