
By including the output model in the
problem formulation, the controller can
systematically reduce uncertainty where it
hurts the objective.
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Contribution

Dual control can be formulated as an output-feedback stochastic optimal
control problem, which is however intractable. We derive a tractable
approximation in which the dual control effect is preserved.

(Intractable) output-feedback stochastic OCP

IStochastic nonlinear system with policy π(·)

xπ0 (ξ) = p0(ξ0), uπ0 (ξ) = ū0,

xπk+1(ξ) = fk(xπk (ξ), uπk (ξ), wk), k = 0, . . . , N − 1,

yπk (ξ) = gk(xπk (ξ), vk), k = 1, . . . , N − 1,

Iπk (ξ) = (Iπk−1(ξ), uπk−1(ξ), yπk (ξ)), k = 1, . . . , N − 1,

uπk (ξ) = πk(Iπk (ξ)), k = 1, . . . , N − 1.

IOptimal policy π∗ defined by

cost: Jπ(ξ) =
∑N−1

k=0 lk(xπk (ξ), uπk (ξ)) + lN(xπN(ξ)),

constraints: hk(xπk (ξ), uπk (ξ)) ≤ 0, hN(xπN(ξ)) ≤ 0,

min
π(·)

Eξ
{
Jπ(ξ) +

nh∑
i=0

ρi max(0, hπi (ξ))
}

Constraint penalization

The expectation operator has a
smoothing effect on the constraint
violation penalty.

φ̃(µ, σ) := Eη∼N (µ,σ2) {max(0, η)}
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Uncertain linear system around nonlinear nominal trajectory

x̄k+1 = fk(x̄k, ūk, 0), ȳk = gk(x̄k, 0)

xk+1 − x̄k+1 ≈ Ak(xk − x̄k) + Bk(uk − ūk) + Γk+1wk,

yk − ȳk ≈ Ck(xk − x̄k) +Dkvk,

ISummarize information in Kalman estimate xk ∼ N (x̂k, P̂k)

I linear feedback κ based on the state estimate: uk = ūk +Kk(x̂k − x̄k)

⇒ linear system x̃κk (ξ) =

[
xκk (ξ)− x̄k
x̂κk (ξ)− xκk (ξ)

]
with predictable covariance Σk

Dual control

IThe choice of trajectory affects the information gain (dual control effect)
IA performance metric implictly defines the value of information
IThe induced explore-exploit trade-off can be captured by: (a) modelling
how information is obtained, (b) optimizing over information feedback

Illustrative example

Objective: Go as far left as possible without constraint violation.
Output model: Less measurement noise when close to bottom of frame.
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Tractable OCP

min
x̄ , ū, β,

Σ, K

J̃(x̄ , ū,Σ, K) + Φ̃(h(x̄ , ū), β) + εβ‖β‖2
2 + r(Σ, K)

s.t. x̄0 = x̂0, Σ0 = Σ̂0(P̂0),

x̄k+1 = fk(x̄k, ūk, 0) k = 0, . . . , N − 1,

Σk+1 = ψk(x̄k, ūk,Σk, Kk), k = 0, . . . , N − 1,

0 ≥ huk(ūk), k = 0, . . . , N − 1,

β ≥ 0,

β ik ≥ Hik(x̄k, ūk,Σk, Kk), k = 0, . . . , N − 1

i = 1, . . . , nhk,

,

β iN ≥ HiN(x̄N,ΣN), i = 1, . . . , nhN,

where Hik corresponds to the linearized variance in constraint direction,
and r(·, ·) is a regularization term.


