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Chapter 1

Introduction

1.1 Motivation and lecture overview

See slides: |(click here for slides: https://tinyurl.com/yb8xskhn)

1.2 Energy content of the wind

How much power is in the wind?

Consider a cylindrical volume of air flowing through a “window” of
area, A[m?], with length, L[m] and air velocity, V[ms~!]. The mass of
the air in this volume, m, can be found by m = p- L - A with density of
air, p, taken to be 1.2kg/m?3.

Kinetic energy in the volume of air is found by E = imuv? = 1.pLA -2,
Power, P[W], is given by P = £ with t[s] being the time it takes to
move the volume through the window (as shown in figure , given

by t = % Thus:

Note: P has a cubic relationship with wind velocity, V.


https://www.syscop.de/files/2018ss/WES/lectures/20180417WES-Introduction.key.pdf

"

Figure 1.1 Power flowing through the window

Power density is “power per cross-sectional area” and given by

P 1
—=-pV? 1.2
1= 5" (1.2)
SI-Unit of this expression is
kg m 1 1 J 1 W
8 (kg - SE)'(E) = (N'm)'(m2~s) = (g) '(E) Y]
———— Y ~—~—
N W
For V =10m/s we get:
P 1 W W
—=2.12-10° = = — 1.3
A 2 0 m?2 600 m? (13)

At V =20m/s, a good strong wind, we have % =4.8kWm2.

Compare this with the average European’s power need of 5 kW:

of cross-sectional area in very strong wind, or of area
in good wind (of V = 10ms™!) or of area in weak wind (of

V = 5ms~ 1), contain about 5kW. (Not all of this can be harvested,
due to the so called“Betz-Limit”, which we will derive & discuss in
chapter 3).



Strong winds constitute a fairly concentrated form of sustainable energy
of a similar power density as solar power. Note that the cross-sectional
area, A (shown in figure , of wind turbines is given by the whole
disc over which the rotor blades sweep.

|
A

Figure 1.2 Rotor Blades

Thus, wind turbines can harvest from the entire area with relatively
little blade area; this is the real reason why wind power is comparably
cheap and competitive.

For example:

‘ Refering to figure [[.3}
V = 20m/s; Power density = 4.8 kW /m?
R=35m, A=nmR?=3850m?
P =48x10%-3850 W = 18.5 GW,
a large amount of energy is stored in wind.

Figure 1.3



1.3 Power density and blade area

Let us try to estimate how much power can be captured by a given blade
area, Ap [m?]. We regard only the outer part of a rotor blade (close
to the wing-tips) which moves with a speed, Vg, in cross-wind direction.

Note that the inner part of the
blade moves slower, but they
are not our focus for now.

Figure 1.4

We simplify further by assuming that the blade-tip moves straight (not
a circular path), the motion of the blade tip can now be compared to
a sailing boat moving “half-wind” or “cross-wind.” And it can be de-
picted from the top view as shown by figure

. N Wing/ Sail/ Blade Tip
Wind V g

Figure 1.5
— — —
The effective wind Vg is given by Vg = ? — Vg and therefore:

R HE R AR

The magnitude of the effective wind is given by:

_>
Vel =\/VE+V2:=Vpg (1.5)



To determine the forces on the “wing” (we use this word now for the
blade-tip of area Ap), we need one basic fact from aerodynamics: the
force on a body in a moving fluid is proportional to the dynamic pressure
%p . Vb% and the area Ag. The force can be decomposed into “lift” and

H
“drag”, where lift force is perpendicular to Vg and drag force is aligned
with it.

Lift and Drag

With lift-coefficient C';, and drag-coefficient Cp we have:

1
FL = §CL . PABVE2 (16)
1

Cr, & Cp depend upon:
e Angle of attack (orientation)
e Reymolds number (ratio of inertial forces to viscous forces)

Good wings have small drag and high lift, e.g. C, = 1.5 and Cp = 0.05.

The | lift-over-drag ratio g—L has a nice interpretation for sailplanes: it
D

determines how far a sailplane can go, depending on the initial altitude
(see figure . % is therefore also called “gliding number”.

Altitude

Distance Travelled

Figure 1.6 For a sailplane, distance travelled = % - altitude



For our rotor-blade we get the following picture (figure :

Wind V i

F.

IThree similar triangles!

it

E Fo

Figure 1.7

For rotation of the wind turbine, we are first only interested in the force
component in the direction of motion of the wing, Fll, as its product
with Vg gives the mechanical power production:

Pp=Fl. vy (1.8)
With Fll = F“—&-Fﬂ) = Fy, ——FD-—E, where FH and Fg are

components of lift and drag which are parallel to the blade movement
direction, bringing them all together gives:

1 1
PB:ipAB'VL%'VB'Vi(CL'V_CD'VB) (1.9)
E

To simplify further, we introduce the |tip speed ratio A = VTB , such

that Vg = AV and Vg = V1 + X2V = /1 + % -AV. So the expression
further simplifies to:

1 - 1
PB:ipAB-V‘SAQ\/lJrF(C’LfC’D%) (1.10)

= ( (Power Harvesting Factor)

Note that at A = %7 no power is generated. (% is the maximum
possible speed of the wing-tips if the generator is switched off, which
means there is no torque.)



A typical value for A is [\ =7]. And if C;, = 1.5 and Cp = 0.05, we
can calculate the power harvesting factor:

[ 1
C= My /1+ F(CL —CpA\)~49-1-(1.5-0.05 x 7) =~ 57 (1.11)
(For A = 20 we would even get ¢ =~ 400 - 0.5 = 200.)

This is a remarkably high number. (¢ shows how many times more
power a blade area can harvest compared to the energy in the wind
which would pass through the “window” of the same size as the blade
area. Compared to the energy in the air for ( = 50 and V = 10m/s,
we thus get a power density of % = 50-600 % =30 ;—Vg

As the inner parts of the blade move slower, their A is smaller and
therefore also their harvesting factors. This is one major reason why
blades become thicker toward the center, as shown by figure [L.8

Figure 1.8

10



1.4 Components of a modern wind turbine
With its five joints (yaw, rotor, 3xpitch), a wind turbine can be re-
garded a gigantic robot-arm, comparable to the six-joint robot arms in

car manufacturing. However, it is an “energy-harvesting robot.”

For an illustration of the components of a modern wind turbine, refer

to figures and

Nacelle

~——— Tower (25% cost)

_—> Foundation (Footing)

Figure 1.9 Wind turbine components.
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Rotor Tip

Blade Root

Blade/ Rotor (20%cost)

Rotor Hub

Pitch Systen

Rotor Bearing

Figure 1.10 Rotor details

Brake Converter &
Gear Box f— =
System Generatar Transformer

| NANANAVAMANR W |

x Yaw System

Figure 1.11 Rotor inner details
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1.5 Blade & airfoil nomenclature

Mean camber line

- . —— (half wave between top and
_ [ > _ bottom surfaces)
P N
/ : \
_
. ~
Leading'e~ _

Edge

—

Angle of attack(\“ — — 4 Trailing edge

Chordline
with chordlength, C

Apparent wind, Ve

Figure 1.12 Airfoil

Note: Chordwise direction is along the chord line. Spanwise direction
is orthogonal, along the radial direction of the turbine.

Surface area of a blade element, dA, by definition, is chord (c(r)) x
span (dr) (see figure 1.13), therefore whole blade area, A can be found
by:

R
A= | ¢(r)dr (1.12)
/
R
c(r)
|
0

Figure 1.13 Surface Blade
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Chapter 2

The Wind Resource

2.1 Origins

Air heated up (by the sun, direct or indirect).
e Air density drops.
e Air rises and creates low pressure region.

e Other air fills the gap: “wind”.

Heat capacity of land is not as high as water. During the a sunny day,
air over land is heated up as the temperature of the ground rises quickly
and rises up. The temperature of water rises slowly and warm air is
cooled by the ocean and sinks back down. Refer to figure 2.1

During the night, the opposite happens, where air over land is cooled
down and air over water is heated. Refer to figure|2.2

14



“Wind”

Land
(Warms up quicker)

Figure 2.1 Sunny day at coast

T

\ “Wind”

711111/

(still relatively warm) (cools down quicker)

Land

Figure 2.2 Clear night at coast
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2.2 Global patterns

North pole

p Polar cell

( 4\ Polar jet stream

Tropopause
(Boundary of troposphere)

6300 km Subtropical jet stream
Earth surface
90°
60° Hadley cell
30°
Equator ~ 15km Z

Figure 2.3 Air moves within troposphere (5-15km altitude). Three big
“cells” per hemisphere.

Note 1: The Ferrel cell is indirectly driven by the Hadley cell and the
Polar cell.

Note 2: Distance along the surface of the Earth between the North
Pole and the equator is about 10000 km. Where as the thickness of
troposphere is only 5-15km.

/ /Polar easterlles
¥

(7 TN
([0 e 700\

Equator

Figure 2.4 Due to the Coriolis force, winds get diverted to the right hand
side on the northern hemisphere (relative to the direction of travel).

16



Stratosphere

Geostrophic
/Gradient Wind

Tropopause

Atmospheric Boundary Layer (ABL
(500-1500m)

Troposphere

Figure 2.5 Strong wind shear in Atmospheric Boundary Layer (ABL),
magnitude and direction change with altitude. Ground friction is sig-
nificant.
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2.3 Mechanics of wind

Four main influences:

a) Pressure difference

)
b) Coriolis force
¢) Centrifugal force

d) Friction

a) Pressure gradient

Regard a cylinder with length L and area A:

P(zo) (D P(Xo+ L) Volume : L - A

To L zo+L Mass: p-L-A=m
Figure 2.6
Plao) + Lo - L

P o, B Pressure varies in space and
time: P(x,t)
P(z,t) unit: Pascal [Pa]
= 1N/m?
(1 millibar = 1 hectopascal
= 100 Pa)

Standard atmosphere
pressure (sea level):

w0+ L x 101.325 kPa

Figure 2.7

Hence, pressure gradient causes net force on the airmass, F' = (Force
on the left side)—(Force on the right side):

F=A -P(xg)—A-P(zg+ L) (2.1a)
%A-P(xo)—A-P(xo)—A~g—1;~L (2.1b)
= —Ag—]; (xo)- L (2.1c)

18



Acceleration a due to pressure gradient:

F —A%L (zy)-L _ —9L (z0) 9
a=— = pa'IwA = dp (m/s?) (2.2)

b) Coriolis force (Due to rotation of Earth)

Consider a point on the surface of Earth, in Freiburg. This point is
moving towards the east. Consider another point near the North Pole,
it is also moving to the east, but because it is closer to the rotational
axis of the Earth, it is moving slower to the east compared to Freiburg.

Now imagine wind moving from the North Pole towards the south. As
it moves further south, the ground is moving faster and faster towards
the east, causing the ground to “slide” away from wind. When viewed
from the perspective of the ground, it appears that the wind is bending
or accelerating to the right, see figure [2.8] This is called the Corio-
lis Effect. This right-ward acceleration applies to wind blowing in all
horizontal directions. However, in the Southern Hemisphere, the wind
would accelerate to the left instead.

The Coriolis effect can be regarded as either a virtual force or an accel-
eration:

F:2~m~wo~VGEo (23)

a=2-wy-Vaeo (2.4)
(Varo is the geostrophic wind velocity.)

The Coriolis effect depends on latitude ¢, which means there is no
Coriolis force on the equatior. So we have:

_or
a=2- wy-sing-Vago = ;I (2.5)

VGEO = 2p-wisin¢(_%) (26)

19



P 2T
w0 = 24 73600s

Figure 2.8 As viewed from above the North Pole, with the Earth ro-
tation, wp, an air current travelling to the south would curve to the
right.

Effect of pressure gradient and Coriolis force:

Geostrophic wind is a balance of pressure gradient and the Coriolis
effect. In a simple case of straight isobars, as shown in Figure [2.9
while the pressure gradient pushes the wind upwards, the Coriolis force
pushes the wind downwards. The result is the wind travels in parallel
to the isobars, where the accelerations due to pressure gradient and
Coriolis effect are balanced:

pressure gradient
—~
_oP
9z — 2sin¢ - wy - Varo (2.7)
p

Coriolis effect

Space
Pressure Isobars
- Gradient
ST T T Ty »\Wind
7 Coriolis &
f’ >
. Space
;’
+ Postive pressure

Figure 2.9 Geostrophic wind flows parallel to isobars.
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Note: “Geostrophic Wind”, Vago, is proportional to pressure gradient

but parallel to isobars!

Weather Maps:

e

Figure 2.10

c) Centrifugal acceleration

Geostrophic wind considers the pressure gradient and Coriolis force,
however when isobars are curved, which is almost always the case, there
is a third force which effects the wind, the centrifugal force, which we
all know arises from travelling in a circular path.

A refinement of Geostrophic wind, Vggo, is the Gradient wind, V.

Figure shows a situation where there is a circular isobar and wind

is travelling along the isobar.

VG=Rw
w

/—

N

Incoming \_/ F

wind stream

Figure 2.11

21

_ Ve 2p _ wR?
a=-g =w*‘R = 7

R = Radius of curvature of isobar

Vo = Gradient wind
(speed of wind along isobar)

Note: Vg # Varo
but still parallel to isobars.



Hence, an extra centrifugal term is added:

Centrifugal
8P Coriolis =
—92 —9sing o4 K (2.8a)
= = m - wn - —_ .0a
a P S 0 G R
_9r . p
VZ 4 (2R wosing) - Vg + MT =0 (2.8b)
oP  n

Vo = —Rwosing + || R2wisin?¢ — (%p (2.8¢)

Note: Vo < Varo

To assess relevance of centrifugal force, compare Coriolis | 2sing - woVg

2
with centrifugal V—Ig , we can compute the ratio between the two:

Coriolis ~ 2wpsing - R

2.
Centrufugal Vo (2:9)

Therefore, if:

¢ =50 — sing ~ 0.75
Coriolis  ~, 2:0.75-27-500km
Centrufugal ™ 24-50km

Ve ~ 50km/h

~ 3.9 (important)
R ~ 500 km

d) Friction

Friction is complex and depends on surface properties, but it generally
slows down the air (only in the ABL). This also decreases coriolis &
centrifugal forces. Therefore, very low altitude winds tend more towards
the direction of negative pressure gradients. At the earth’s surface, the
wind speed is zero.

22



Wind Shear

Figure 2.12

Wind shear is often described by a logarithmic profile:

4 A
Z Yo

Vo = speed at altitude Z = Zj,

Z, = “Roughness length”

(a few millimeters for flat ground).
Z >

V(E)
Figure 2.13
Vo - log(£)
Vi(z) = 2 (2.10)
log(z)

23



2.4 Stable and unstable atmospheric
stratification

O
/) -\_-
10°C—

~

60°C

151

[/ STABLE NEUTRAL  ~ UNSTABLE

Atmosphere Lapse

40°C

Figure 2.14

A rising piece of air becomes relatively hotter so it rises, rising air ex-
pands and therefore gets cooler. The “dry adiabatic lapse rate” is about
1°C/100m, i.e. rising air cools down 1°C per 100 m rise in altitude. If
the ambient air gets cooler slower than 1°C/100m, it means that the
atmosphere is stable. If it gets cooler faster, it is unstable.

The standard atmospheric lapse rate is |0.66°C/100m. | This corre-

sponds to a stable stratification. Even more stable is an “inversion”
(if air becomes hotter with height).

Generally, wind shear is stronger for stable conditions, because less
mixing between layers occur. Thus, less momentum is transferred at
strong winds, mixing less to neutral conditions (i.e. atmospheric lapse
rate equals adiabatic lapse rate).

24



2.5 Statistics of wind

At a given site, wind speed and direction vary with time. If only speed
is regarded, one can plot time series data similar to the following figure

One can compute e.g. mean U and variance o2 with the hourly
average wind speed over a year:

| U || one location (anemometer)

Time (t)

Figure 2.15 Hourly averages over one year

Wind speed averages

Frequency
0
—
c

o o S Y = T+ + e T o O Y = R + « R T I (L o O+« I o Y T v
L= I S & a m m

Wind Speed (m/s)
Figure 2.16 Histogram

Different distributions can be used to describe P(U), the probability
density function of wind speeds (PDF), and compute F(U), the cumu-
lative distribution function (CDF).

/P(U) dU =1 (2.11)
0

25



U
F(U) = /P(U) au (2.12)

P(U) = F(U) (2.13)

Example of different distributions:

(a) Gaussian (Normal) Distribution

P(U)
A .

1
1
1
1
1
1
1
1
1 = >
U U+ 03 U

Figure 2.17

1 (U -T)

(b) Weibull Distribution

Wind velocity most commonly has a Weibull distribution, with
“scale parameter” ¢ and “shape parameter” k,

F(U) =1 exp (- <g>k> (2.15)
P(U) = FUY = (i) ((j)k_l exp (- (g>k> (2.16)

26



One can show that U and o2 can be computed from ¢ & k using the
“Gamma Function” as follows:

oo

I(z) = /e*t t*1de (2.17)

U=c-T(1+ ) (2.18)

= /UQP(U)dU - (2.19b)
0

= /(U —U)?*P(U)AU (2.19¢)
0

i

Power Curve
4
Betz’ limit oc U?

0.88 4

I 1
—

T
k. cut-inlspeed designed wind speed cut-out speed U

Figure 2.18 Gamma Function Figure 2.19 Given turbine (fixed area)
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(c) Rayleigh Distribution

A special case of Weibull distribution is the Rayleigh distribution with
k=2 Here,'(1+3%)=,/T, ie c=-Y

FU)=1-exp <— (Z>2> (2.20)
PU) = C%U - exp ( ([({>2> (2.21)

Note: Rayleigh distribution corresponds to vector magnitude of 2-dimensional
Gaussian distribution.

5
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Question: What is the average power per year?

Given power curve and wind speed distribution:

Turbine cut-in speed

MW,
1
' Ppc(U)
|
1
1 :
1
1
1
Sk 1
Histogram ' wind speed (m/s)
1
' P(U) fraction of year
1
2
)
' 5 6 Hourly average speed (m/s)
Paverage :
1
1
| Poc(U) - P(U) - AU
|
3 |
1
1
o

Figure 2.20

Answer:
Therefore the average power per year:

Paverage = f P(U)PPC(U) dUu
0

29



2.6 Spectral properties of wind

Autocorrelation & Power Spectral Density

Wind Speed

Figure 2.21

If a Fourier series is taken, the power spectral density S(f) is obtained.
It often looks as follows:

Synoptic peak (weather system variation)

Diurnal peak (daily)

Turbulent peak (< 10min)

I-8(1)

Spectral gap

24hr Frequency

Figure 2.22 Density S(f) (Fourier Transform)

Turbulence happens at time scales below 10 sampling time. Turbulence

Intensity is defined as %“ , where U is mean over 10 minutes and o, is

standard deviation of e.g. 1 second sample.

_ 1
U=+~ ; U; (2.22)
o2 = (1\[71—1) 2(@ —-T)? (2.23)

30



Another interesting quality is autocorrelation:

It is a method of finding repeating patterns, such as periodic wind
patterns. In the case of wind, it is looking for dependence of wind on
the conditions of the previous instance in time. An autocorrelation
function, R(rAt), can be found:

N—r
RIA) = s S (U= D)W D). (224)

i=1

where At is sampling time, r is lag number and rAt is lag time.

R(t) autocorrelation

integral time scale T

Figure 2.23

Figure shows that wind is strongly autocorrelated at very short
lag times and not so strongly at longer lag times. This is as expected
because we expect wind one second ago to have a big influence on the
current wind, while not so much for the wind from a day ago.

For a more detailed explanation of autocorrelation:
https://tinyurl.com/ybyrsbaj

Integral length scale: ~ size of turbulent interruption

Note: Fourier transform of autocorrelation equals (up to factors) to
P.S.D. (power spectral density).

31



Chapter 3

Aerodynamics of Wind
Turbines

3.1 Wakes

Like a boat passing through water, and disturbing the water, leaving a
wake, a wind turbine disturbs the flow of wind blowing across it.

See slides: |(click here for slides: https://tinyurl.com/yd4s434j)

32


https://www.syscop.de/files/2018ss/WES/lectures/the_wake_in_pictures.pdf

3.2 Actuator disc model and the Betz’ limit
(momentum theory)

The wind is slower approaching, at and after the wind turbine. Figure
is a side view of a wind turbine. A streamtube is defined as a tube
whose boundaries are parallel to the fluid velocity of the wind passing
through the turbine:

Stream tube ..
P i
W _ —
Undisturbed H I-—'- Us<U,
. —w: i AL o
wind o g * Slower
velocity s W N : jeriiy
| __, velocity
Actuator finks S ESR— ; ;
disc
0 3

X (Distance behind
actuator disc)

Reference Position

Figure 3.1

First guess (not achievable): Py = % pAud, P, is the power in the air
that would flow through the actuator disc if the actuator disc weren’t
actually there.

U(X) Uo U1
2
Us
0 112 3
Reference Position X

Figure 3.2 Axial wind velocity slows down as it approaches the turbine
and is slowed down further as it passed through.

— u(—00) = ug, u(l) = uy = uz, u(co) = us

Note: We assume there is no interaction of streamtube with outside.
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P(x)

0 12 P=P(04)

Reference Position X

Figure 3.3 Pressure is built up as the wind approaches the wind turbine,
and drops after passing the turbine.

e Mass flow through turbine:

. ke kg o, m
=p-A- —=—=-m" — 3.1
m=p-A-u [2 =g emt ] (3.1)

(Assume impressible air — p is constant)

e Thrust of turbine (force against wind):

Change of the pressure over area:

T=AP — P) (3.2)
Or equivalently, use the change of momentum:
T = M(UO — U3) (33)
e Power extraction:
P=T u (3.4)
Or equivalently, by changing of kinetic energy:

! 1
P= m(§u02 - §U32) (3.5)

Given u; = ug, P3 = Py, ug and Py, what is the remaining un-
known uq,us, P, and P»?

First we have the thrust equation:

| T = A(Py — P>) = 1in(ug — u) | (3.6)
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And then from Bernoulli equation, without energy extraction we get:
P+ % pu? = constant. Therefore wind flowing through the disc:

Py + %puo2 =P + %pul2 (3.7)

After passing the disc (note, energy is lost at the disc):

Py + pui? = Py + 4 pus? (3.8)

Eliminate P; & P, from eq. via eq. & eq.

1
Pr=F+ ip(U()2 — ’LL12) (39)
1 2 2
P2=P0+§D(U3 — Up ) (310)
1 2 2
Pl — P2 = ip(uo —us ) (311)
With eq.
T:A(Pl 7P2) (312&)

X% RM(“O +ug) = P4 ug - (Ug—ua) (3.12Db)

= (UO + U3) = U (3.120)

N | =

Induction Factor: a € [0, 3]
uo

I Jj_()
With eq. us = (1~ 2a)

uz = (1 — 2a)ug
Figure 3.4
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Now we can compute power & thrust as function of a:

1

2

T2

prud - A-(1—a)(1— (1 - 2a)%)

1
p Aud-da (1—a)?
—_——

Cp(a) Power Coeflicient

T = m(UO - U3)

=p-uy- A (ug—us)

1

2

p-A-ud-2-(1—a)(l—(1-2a))

1
=-—pAu}-da(1-a)
2 —_———

Ct(a) Thrust Coefficient

= Cp(a) = (1 —a)Cr(a)
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(3.13b)

(3.13¢)

(3.14a)

(3.14D)

(3.14c)

(3.14d)
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Maximize power extraction:

Ce(a) 7]
=1 =
Momentum
Max theory invalid
T a ¥ =1 [3 I I I 1
0.0 0.2 0.4 0.6 0.8 1.0

Axial induction factor (a)

Figure 3.5

Since 42 = 2(1 —qa)-4da+(1-a)? 4=0&2a=1-a&a" =
where a* is the optimal induction factor, we get:

W=

Cp(a*) = (2)? 4.1 =18 ~ 059 (Betz’ limit)

a"'=1/2
1

T T T I
0.0 0.2 0.4 0.6 0.8 1.0
Axial induction factor (a)

Figure 3.6

Because Cr(a) = 4a(l —a), Cr(a™) =4-
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3.3 Wake rotation & rotor disc theory

Tip speed: R -
Speed at r < R: 1 -
Q = 22 (T period of rotation)

e

Figure 3.7

Air is deflected in the tangential direction by the blade. Tangential
induction depends on r. Vj,the tangential induced velocity is found us-

ing: 7 where a’ is the tangential induction factor. Figure
shows that with an initial tangential velocity of zero, the tangential

velocity downwind is ‘ Va=r-Q-(2d)

, where the change of the tan-

gential momentum = - (V3 — 0).

Blade velocity
=rQ

Airflow

Vo Jtangential = 0

W Jtangential

Acceleration in

tangential direction Air pushes blade

upwards, and air is

deflected downwards
Tangential Velocity

0 112 3
Upwind Turbine Downwind
Figure 3.8
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To compute V3(r) with given a, , R and U, regard an infinitesimal
annulus of area dA:

‘dA:27r-r~dr‘

R
/27r-7“-d7“:7rR2
0

1
szip-Ugo~dA-Cp(a)

Figure 3.9

To harvest this power via rotary motion with the angular velocity €2,
we need a tangential force dF. Thus:

AP =dF -r-Q (3.19)
Because F' = mAV due to the momentum change (m = p-A-Us(1—a)),
dF =p-dA-Us - (1 —a)(V3—0) (3.20)

From eq. [3.18] [3.19] and [3.20] we get:

%)QUE’O-M~CP(CL):r-Q-)Q-M-UOO(lfang (3.21a)

1
§UZOCP(G) =r-Q-(1—-a)- Vs (3.21b)
202 -a-(1—a)
=7 - .22
=V — (3.22)
Since da/(r) = ;/.Sr(.rn)v we know the tangential induction factor:
U2 -a(l—a)

CLI(T) = W (323)
which means V3 o % (for a = constant). And with the local speed ratio
Ar = A = u% = %, where 1 = 5, we also have:

a(l —a)
a/(r) = T (324)

We conclude that the wake rotates more if the turbine moves relatively
slower (low A) and higher A leads to less wake rotation.
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3.4 Blade element momentum theory (BEM)

Regard the annuli independent from each other like rotor discs (see
figure 3.10)), and assume that aerodynamic lift & drag accounting to
2-D airfoil theory. The “solidity” at radius r is defined as:

_ B-c(r)
T 2r

o

Figure 3.10

where B is the number of blades, therefore overall solidity is total blade
area divided by disc area:

o B- fOR c(r)dr

e (3.25)

Geometry & speeds:

Note: a & a’ can depend on 7, thus a = a(r),a’ = d/(r)
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Blade speed
e =0

dr

lnduced_ 2= Blade element area
tangential dA=c(r)*dr

wind Q

a'rQ

Axial Wind ﬁ
U; = Ux(1-3)

Figure 3.11

r

Blade element top view at r:

Blade velocity Induced‘
. : 2 \ /Tangential
Effective Tangential mnd rO(1+2') = rQ + rOa’
Rotor plane
Zero-lift line ]
(or chordline) Axial
Wind
Us {l‘a]

Effective Wind, W

Figure 3.12 : [ is the set pitch angle at radius r, « is the angle of attack,
¢ is the flow angle.

Effective wind magnitude:

W= UZ(1—a)?+ 221 +d)? (3.26)

With 2D-lift coefficient Cp,(«), 2D-drag coefficient Cp(«) and the area
of blade element dAg = c-dr we get the lift and drag of blade element:
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sl Ir;/ lift, dL
PO Rotor plane

1 2 .
Zerolift line dL =4 p W? dAp - Cy
(or chordline)

i dl):%pVV2 dAB~CD

Resultant
effective wind,W

Figure 3.13
Since sing = W and cos¢p = L‘/w, we can also have the
following equations:
e Axial force on all blade elements:
dF4 =B - (dL-cos¢+dD -sin¢) (3.27)

e Tangential force on all blade elements:

dFr =B - (dL-sing —dD - cos ¢) (3.28)

(positive if the blade element produce power)

Axial and tangential force cause
induction a & a’ due to
momentum balance (as before).

Figure 3.14

o Axial force:

dFy = d - (20us) (3.29a)
=p-2mr-dr - uso(l — a) - 20U (3.29b)

1
= dFy = 5pUgo 227r - dr - 4a(1l — a) (3.30)
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e Tangential momentum change:

1
dFr =dm(2d -r-Q) = §ono cr-Q-2rr dr-4d’(1 —a) (3.31)

From eq. [3.27 = eq. [3.30] eq. [3.28] = eq. [3.31] we get two equations

for two unkowns a & o' which need to be solved numerically.

Let us first correct & simplify our equations:

Figure 3.15

Eq. = Eq.
1 1
5 pW? . B ¢(Cp cos ¢ + Cpsin¢)dr = 5p2m~drU§o4a(1 —a) (3.32a)

= W?.B-¢(Cpcos¢+ Cpsing) = 2nrU2 4a(1 — a) (3.32b)

Eq. 528 = Ea.
1 1
§pW2 ‘B-¢(C sinp—Cp cos ¢p)dr = §p27rrdonorQ4a'(l —a) (3.33a)

= W?2.B-c¢(Cpsing — Cpcos ¢p) = 2nr?U,oQ4a’(1 —a)  (3.33b)

43



Use solidity o, = local speed ratio A\, = % and W:

27r'r‘7

= VUZX(1+a)2 4+ U2,(1 —a)? (3.34a)

= U/ 22(1 +a)2 + (1 — a)? (3.34b)

with the expressions:
COS

a- a)
N, . sing = VR2(+a)?+(1—a)?
sin
w COS(b _ Ar (1+a
VA

2(14a’)24(1—a)?

Figure 3.16

Therefore we get the equivalent formula:

From Eq. [3.32b}
Ar(1+a)
A +a)? + (1 —-a)?

(1—a) =4a(l —a a
+CD\/A%(1+a’)2+(1—a)2)_4(1 ) (3.35a)

A1 +d)2+(1—a)) o (Cp

= VR H @R+ (1—a) -0, (CLh (L +d+Cp(1 - a)
=4a(1—a) (3.35b)

From Eq.

VA2 (1+a)2+ (1 —a)?- o,

3 (CL(1 —a)—CpA.(1+d'))

—4d'(1—a)  (3.36)

Dividing both eq. [3.35b] by eq. [3.36] for each side gives:

Cih(14d)+Cp(l—a) a
MG A —a = o xa) @ (3.37)
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Recall from rotor disc theory o’ = @

(3.38a)

_a(l—a) 1_%Ar11tl;,
_ _ . (3.38b)
1+ C%(l — a) b

And if we get the quadratic equation in a':
12 Cp 1 / a(l —a) Cp a
1+ —=— - ——— - ==— 3.39
(i) e (- (3.39)

There will be only positive solution meaningful:

c C
/ 1+c*f'%r+ (1+C—f~%r)2+a(l—a)_@i (3.40)
4 )\g CLAT .

1 /1 al-a)
o =g +y1+ T (3.41a)
1 4a(1 — a)
=—— 1 3.41b
ot ( )

=t o o—— (3.41c)

_ 7"(; D L ot (3.41d)

Note that by Taylor series v/1+z =1+ 1z 4+ O(2?)
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3.4.1 BEM example

Let us now assume a few typical values: A, € [1,7] and B = 3. For
Ar =7, a =% for all  (extracting maximum power due to Betz’ limit):

o AR)=RQ~7
A(r)=rQ/U,
Rr CL:LCD:0.0l
(Twist and pitch optimally chosen so that
the angle of attack a is constant at 5°)
Figure 3.17
al
21%
5% 5 o miza) 2. 1
2.5% 0.5% A2 9 A2
1 @ 3 -

A(r) with increasing r

Figure 3.18
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Get local solidity from Eq.

_ 4a(1 — a) . 1
~ CA(l+d)+Cp(l—a) /N1 +d)2+(1-a)?

o

8 1 1
©9A(1+a’)+0.006 ] I
A1 4a) 14 =
5 ( Jra)\/ +9<1+a,))\r)
%/_/zo
8 1
TON(1+a)?
~ 81
DY

Or
89%
22%
L 2%
1 2 3 7

A(r) with increasing r

Figure 3.19
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What does this mean for chord length c?

Since o, = % = %)\%, we know:
2mr 8 R? 1
C= — + — ¢ — + ——
B 9 r2 )3
2R 8 1
B\, 9 u
2R 1
B %
~ 4% —
2m
R =50m
For R = 50m,
we get ¢(R) = 2m and
S ¢(10m) = 10m.
Figure 3.20
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Most important equation to remember:

Ar=F A1
Assumptions
|
D

Axial momentum balance:

Force on blade area:
1
FB = 5 P AB ()\TUOO)Q 'CL
————
WZ

Equals thrust on annulus:

Fa=pAaUsx(1—a)(2a-Uy)

1
= gpAA U2 - 4a(1 — a)
———
CT(a)
Local solidity:

Ap
o= —
Aa

Optimal chord:

Ag

Figure 3.21

B c(r)

27r

M.AB.@.&% :}%.AA.MQ_Q)

= UT-CLZ%;M:

8

L

9" 2
B - ¢(r) 8 1 R?
C =——=—
2mr L (r) 9)\2 2
1 27 - 8- R?
= ¢(r)
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T B-CL(r) 927

a = % (optimal)

1

o —

r



C(r) o< 1/r For fixed QL at a optimal angle of
attack, optimal chord inversely
propotional to radius.

Figure 3.22
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3.4.2 Linear taper practical blade design

In practical, “linear taper” is also used (see figure [3.23)). Because the
chord close to the hub is shorter. To compensate for the lower solidity,
one can increase the angle of attack in order to increase Cr(r) accord-
ingly. Here the drag loss in the inner part of the blade is less important
to us.

Linear taper

C(r) e 1/r

Figure 3.23

What is the flow angle?

. flowjangle The flow angle ¢ = ﬂ + Q,
e where (3 is the twist,
therefore a = ¢ —
(fixed « for the best %)

chordline

W (effective wind)

Figure 3.24
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¢, 42°

6°
5o

L s % 12 R 2R 1
A(r) with increasing r —oin (4. L)y~ 2L
B=-ao ¢ = sm (3 r~)\) ~3Nr
(inversely propotional to r)
379
g
o
1 2 3 7

A(r) with increasing r

Figure 3.25

Given profile Cr,, Cp, at « fixed at ag = 5°,

-
/

F‘\ngiel of Attack,a

Optimal
point

Co

/

Angle of Attack,a

Figure 3.26
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Chapter 4

Mechanics & Dynamics
of Wind Turbines

Loads and Forces:

Sources:

e Aerodynamics (lift & drag)

e Gravity

e Inertia (gyroscopic & centrifugal)

e Electro mechanical (generator torque)

e Operational (brakes, yaw and pitch actuator)
Type of Loads:

o Steady (static & rotational)

e Cyclic: multiples (harmonics) of rotation frequency

“1P” once per revolution
“3P” 3 times per revolution

“B.P” B times per revolution
(If B = number of blades, B.P = “Blade passing frequency”)

e Resonant (vibration of tower & blades)
e Transient (start, stop, yew)

e Stochastic (wind)
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4.1 Steady loads in normal operation

2
Thrust, Fr P
Weight Fr =~ 5
Fe EUOC
Resultant
Fg=mn-g
Figure 4.1

Example: P =6MW, Uy, =9m/s, my = 360t

P M
o 6 MW

= =1MN
2Usx  2-9m/s

Fg=mn-g

=360 - 10°kg - 9.81 m/s?
= 3.6 MN
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4.2 Stress and strain

Regard material under tension:

,Aﬁ ]

Cross sectional L AL
Area
Figure 4.2
Stress:
F
Strain:
AL
= — |—= 4.4
e=7 -] (4.4)

Stress-strain curve:

Stress
Ultimate tensile strength
™ st
Yield Strength
Linear Rise
Run
Young's Modulus = Rise = Slope
Run
Strain
Figure 4.3

Example steel: Young’s modulus £ = 200 GPa, Yield strength ¥ =
250 MPa, [ Ultimate tensile stregth U = 500 MPa]
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At which strain does a steel start to deform plastically/ per-
manently?

Oy = E - Ey (45)

Oy = Y (46)
Y

Ey = E (4 7)

When does a beam start to deform?

d, distance from
Neutral axis to surface Elongation Thickness 2d

Neutral Axis

Compression

d
ey = — 4.8
v=7 (4.8)

Radius of curvature £

Q
Center of curvature

Figure 4.4
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4.3 (Static) beam bending
(Euler-Bernoulli theory)

Hooke’s law:

o = stress [Pa]
E = Young’s modulus [Pa]
¢ = strain (deformation) [%]

Cross-sectional Area

Neutral Axis
(Not elongated or
compressed)

o

w(x) << x
Assume displacement is orthogonal

Figure 4.6

Figure 4.5

p: bending radius
z € [—d,d]

f
|
!
I
|
1
1
I
I
I
I
I
I
I
I
I
I
1

1
Compreksions

\Zz\(distance away
mm_ne\utral axis)

)"/ Neutral Axis 1 ?Z
Neutral Axis

Zero Stress

Tension

Side View Front View

Figure 4.7
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Strain:

z
P (4.10)
Because % = d2du;(2w) we get:
d?w(x)
Bending moment:
d
M(z) = /z co(z)-dA (4.12a)
—d
/ d2u(z)
w(x
—d
N
w(x 9
= F( 2 )/z dA (4.12¢)
—d
——

= I (second moment of area)

d?w(z)

=F-T- 4.12d
dz? ( )

1
S M=FET - (4.13)

P

Static beam equation/ Euler Bernoulli:
2

& (B@)11@)532) = () (4.14)

“Shear force” = dl\gy) = Q(x)

“Distributed load” = $M@) — Q@) _ ;)
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Example 1 - Cantilever beam with end load:

Q(x)

Figure 4.8

M(z)=E-I %= F(L-z)

dz?

Q) = 9 = -F

dQ(z) _
dz =0

FE, I is constant and there is no
distributed load, ¢(x) =0
(No gravity of the beam)

w(r) = 57 (L% — % + ¢ + c1z), with initial value ¢; =0 and ¢g =0

sw) =23 L-1)

6ET
force
W(L)=EL@92.1)="F
(L) =%gr(2-1)
displacement

‘3.E-1
——

spring constant
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Example 2 - Cantilever beam with constant loading:

A T T T T 7]Load,q
]a(x) = constant along beam
M(x)
xsL q(z) = g = constant
- E, I is constant.
Q(x)
Distributed load case
Figure 4.9
g  d'w(z)
E-I  da*
q ! 3 2
Sw)=—— (57 +tar’+or”tar+co
@) =g (G Her tar farta)

Boundary conditions: w(0) =0=- ¢y =0, == =0=¢; =0
d2w
M(z)=—-—-E-T
(@) = 4
M(L)=0= () =0
dM (z)
QL) =0= Lu(ry=0
From Eq .17
2
r + 6¢c3x + 2¢9 =0
2 z=L
From Eq .18
1
z+6¢3],_;, =0=c3= ~5
From Eq .19

2

L 1
?—L2+2CQ:0@CQ=1L2
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(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)



4
q T L s 1.4,
= —(—+ = -L
w(z) E-I(24+6x —|—4 z°)

2
T (5% — 4Lz +6L2)

T EI-24
d2w 2
M(z)=E-T-—5 =9 (§x2—Lx+7)
Q(r) =q(x - L)

61



4.3.1 Maximum stress at Boundary

Max. stresses at surface

Compressions

W
Tension
Figure 4.10
c=F-¢ (4.25)
e=2z- % =z EM.(T?i) (z=4d) (4.26)
_ M(z) d
Umax_E'd.EoI(x)_@'M@) (4.27)

If oax = 250 MPa and d = 1 m, what is the maximum moment
Mmax?

[=1d L—zg?
—pd=1m Omax- L = 250 MPa-T-1m?

~2-105Nm = 200m - 1 MN

U~

)

Figure 4.11

A higher moment will lead to plastic deformations.
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4.3.2 Loads at blade root (in flapwise direction)

For a blade in an ideal design, the distributed load ¢(r) is given by &

the thrust of the corresponding annulus:

wln
=

B, number of blades =3

Figure 4.12

1
dF = 4a(1 — a) -=pUZ - 27r - dr
—_—— 2

CT((Z)

1
=Cr(a)- ipUgo <27r dr

=B-q(r)

1 1
q(r) =Cr(a)- iongo S 2mr B
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ASSUME all thrust force
is concentrated here

(4.28a)

(4.28D)

(4.29)



The bending moment at the bladeroot (r = 0) can be computed by
integration:

R
M(0) = / q(r) - rdr (4.30a)

0
1 1 /

— 5 Cala)- g U 2n [rar (L300
B 2

i
_ R?

1 1, 2

_1. L Lz 4.
B Cr(a) 5 P Uz, 37TR (4.30¢)
12 1

=53 R-Cr(a)- 3P UZ . (rR?) (4.30d)

= Fp (Total force on actuator disc)

Shear force at blade root is trivially given by Q(0) = %.

Easy to remember: % (total force on blade) x 2R (2 of radius) equals

moment M (0). If we assume all forces acting on %R we get the right
bending moment.

2 Fr/3 at 2/3 of R P
R T ~
) on each blade P~ (1—a)Us (4.31)
Example: 1 MN for 6 MW at
Uso =9m/s and R = 75 m:
M(0)=2R- £ =50m- $MN
Q0) a ~ 16 MN - m
M(0)
Figure 4.13
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What is the maximum bending stress at blade root? Regard the annu-
lus cross-section:

R =Zrot — It =g b
o ry Neutral
Axis L — nrs2.p
T2 2
M0 M(O
Omax = %M(O) = L() = ﬂr2(2-)b
T2
Figure 4.14

If ro = 1m, opax = 250 MPa, how thick should the blade root shell be?

M@©O 1 _ MN-m 1 1
- 2

. . = — :2
7122 Omax m?  250MPa 50 M
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4.4 Oscillations & eigenmodes

4.4.1 Intro: spring-mass-damper-system

|mi + Bi+kz = P(t)]  (4.32)

mass |:>F
x : displacement, m : mass

F(t) : external force —>
kx : spring force
B : (viscous/ linear) damping

Figure 4.15

For F(t) = Fy - e/t where Fy > 0 and we take the real part of the
solution in design, then the solution is given by:

ZC(t) = Xo - €th, xg € C (433)
i = (jw) - woel** (4.34)
&= —wlrgel*t (4.35)
— mw?zee’t 4+ Bjwrget + kroel?t = Fyel®t (4.36)
(k= mw? + jPw) = F, 4.37
zo - (b —mw” + jBw) = Iy (4.37)
real imaginary

xo is a complex number with magnitude:

Fy
V(k —mw?)? + B2w?

|zo| = (4.38)

Maximum |z| is approximately taken at natural resonant “Eigen fre-

quency” wngr with:
9 k
k—mwNnr”=0< wNr = — (439)
m
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How much can Fj be amplified?

Spring force F3P"™8 =k -

| FoP"™™8| = Klo| =

At w = wnR we get:

|Fospring| B k
Fo B wNr

That is, the smaller the damping, the higher the amplification.

k/(Bwnr)

I:Ospring/lz0

WNR \ w

Figure 4.16 Bode diagram of [FG"E ()

Fo

(4.40)

(4.41)

Amplification factors can be 5 — 10, so resonance shall typically be
avoid. At very low frequencies, spring force equals applied force, i.e.,

static analysis is sufficient (see section 4.2).
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4.4.2 Eigenmodes

For spring-mass-damper systems with more than one degree of free-
dom. The displacement can be described by a vector w(t) € R™ and
the equation of motion becomes:

M + Dw + Kw = F(t) | (4.42)

M : mass matrix, € R"*"

D : damping matrix Figure 4.17
K : stiffness matrix, € R™*" '

If damping is neglected (D = 0), natural resonances must satisfy w €
R™:

w(t) =w e/t (4.43)
Mw + Kw =0 (4.44)

That is,
—WPMw+Kw =0 (M 'K - I)w =0 (4.45)

This is an eigenvalue equation for matrix M~'K € R™*", and we
know there are n eigenvalues with n eigenvectors w (“eigenmodes”).
As both M and K are positive definite, eigenvalues of M~'K are real
& positive. We are often only interested in the eigenmodes with lowest
eigenfrequency.
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4.4.3 Rayleighs method

Assume we have a good guess of an eigenmode vector, w € R™. To find
the corresponding w? € R, we can use the equation:

Kw = w’Mw (4.46)

Eq. is overdertermined if w is fixed, but to multiply eq. by
%WT gives:

kinetic energy at max. speed (zero displacement)

—_—~
1 1
2v‘vTva =uw?. iv’vTMv’v (4.47)
—_——

elastic/potential energy at max. displacement

& TKw
W=\ /ngVVTTVv_VV = f(W) (4.48)

If the guess of W is good, this method can give surprisingly accurate
estimation of w. (To check, one can insert w & W in eq. {4.46]).

What is the error of Rayleighs method?
Assume wy € R and wy € R™ are the true eigen-pair, i.e., they satisfy:

Kwo = w2Mwyg (4.49)

w = wg + Aw with Aw is the error of our guess. We then get:

= f(wo):w02
1 =T 1o 1. T
9 5W Kw 5Wo Kwyg T 9
= = \Y% A o(l|A 4.50
e rw  TweTwe TV (40) AW O(AWI) (450
v _
= f(W)
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But here:

(lWOTMWO)KWO - (lWOTKWO)MWO

v _ G 2 451
f(Wo) (%WOTMWO)Q ( a)
Kwg — wo’M
= —we % W (4.51Db)
(§W0TMW0)
Thus, the error is of second order:
w? = w2 +O(||Aw|?) (4.52)
Example 1: for M & K
moXa + kig(l‘g — 1‘1) =0
X1, X2
mya1 +ky -1 —ka(rg —21) =0
mi (WW| m2
k1 kz
w = < 1 ) € R?
2 Figure 4.18
=K € R?*2
mi1 O .. (kl + kz) —ko .
( 0 my >w+ { ko ko w =0 (4.53)
=M € R?*2
Example 2:
w(t) =W - et
X2 =2mm
Assume mgy > mq, k1 = ko -

%
W= ( ; ) (eigenvector) M m_[WW e

0= | § e |
W = i
2 el Figure 4.19
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1
FEyin = W' Mw = §(m1 + 4m2)w2A02

_T
Epotential = §W Kw

Ll (1 T (b + ko) — 2ks
270 2 ko + 2ks

1

= SAo(k1 — ko) + 2k,

1
= §Ao(k)1 + kz)

W2 — ky+ke  kitks 1k
my + 4mg 4 ma 2 me
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(4.55a)

(4.55b)

(4.55¢)

(4.55d)

(4.55¢)

(4.56)



4.4.4 Dynamic beam equation

Euler-Bernoulli & Lagrange produced equation[£:57] the Dynamic Beam
Equation. Note, this equation also depends on time, and hence the ”dy-
namic” beam equation.

2 () 10)5% ) = ala,0) — pla) - 5 (4.57)

w(x) : mass density per length
q(z,t) : distributed load
w(x,t) : time varying solution (no damping)

x=0
I X

1}
—

w(x,t)
Figure 4.20

Note that this is a linear PDE, which after spacial discretization we get:

(459

Fan = ;O/LM(J;) . (%ﬁ)zdx (4.59)
Faa = O/L E(2)I(z)- (g:j)de (4.60)
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4.4.5 Tower eigenmodes

Both nacelles and towers have mass. For example, MHI-VESTAS V164
9.5 MW:

Meower = 4001

Myacelle = 400t

L=100m s

L \l_‘
100m

" K‘

Figure 4.21

So the eigenmodes need to be computed for a very unequal mass dis-
tribution. The lowest two eigenmodes look approximately as follows:

Figure 4.22 lowest eigenmode Figure 4.23 2nd-lowest eigenmode



Kinetic energy:

Bign = & / () (ang’”)g da (4.61)

Elastic poetential energy:

Eela = 5 /E ( aif t)) dz (4.62)

Assuming for the example above w(z,t) = w(z) - e/*! with w(x) =
Ap- %z for a rough approximation of the lowest eigenmode, and assuming
constant mass pu(x), E(x) and I(x) throughout the tower, we would get
the following estimation by using Rayleigh’s method:

2
wer 1
Ekm - w mto e (> (.I‘2)2 dz + i'fnmacellezélo2 (4633)
9 L
w Mtower
= 5 A° : 4.
2 0 5 /:E dx+mnacelle ( 63b)
0
Ag? (1
= WQTO gmtower + mnacelle) (4630)
L
1 Ap®
Eea = 3 /E I <L2 dz (4.64a)
0
Ao? 4
=—F-I|{— )L 4.64
5 (L4> (4.64b)
Ay® 4

Equating Fyin = FEela gives:

4F1

w2 (mtower L3 (465)

5 + mnacelle) =
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Site and weight of wind turbines:

Example 1: VESTAS V90, 1.8 MW

Tower height: 120 m
Blade length: R =45m

Nacelle weight: 75t
=115¢%
3 blades weight: 40t

Tower weight: 152t

Figure 4.24

Example 2: MHI-VESTAS V164, 9.5 MW

Tower height: 105 m
Blade length: R =82m

Nacelle weight: 390t
~ 150t
3 blades weight: 105t

Tower weight: 400t

Base diameter: 6.5m Figure 4.25
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4.4.6 Stiff & soft towers

Lowest excitation freuquencies:
1P: “Rotor rotation frequency” (blade excitation, blade asymmetries)
B.P: “Blade passing frequency” (with B = number of blades)

With tip speed ratio A = [%?, radius R and wind speed U,, we have:

A Us
wip == TU (4.66)

R
Note that we always have ‘wB_ p=B-wip| wip typically varies with
wind speed. There would be problems if wyp or wg. p become equal to
tower eigenfrequencies, so we have to avoid resonance with (a) tower
design and (b) controller design.

Given the range of operational speeds, the tower can be operated in
three frequency domains (see figure 4.27):

@): “soft-soft” if its lowest wyower 1S in region @).
®: “soft-stiff” if wiower is in region B).

©: “stiff-stift” if wiower is in region ©), i.e., higher than B.P. In this
case, all eigenfrequencies are above w3

Mechanical resonance frequencies should be designed
to be in these regions, to avoid being excited.

(No y-axis)

® ©

soft-soft soft - stiff stiff-stiff
1P Excitation 3P excitation force frequencies
force frequencies
w=0 W1p, min W1p, max W3p, min W3ap, max
Figure 4.26

Note: The lowest eigenfrequency of tower matters!
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Example: MHI-VASTAS V164

)\ =
R=80m
Uoo =10 Hl/S | 1rad/s  2rad/s
Q =1rad/s

Figure 4.27

Q /
Us
A
\ )\optimal
) U,
Figure 4.28



4.5 Blade oscillation & centrifugal stiffen-

ing

Blade oscillations mostly occur “flapwise”, i.e., forward-backward.

ket

Figure 4.29

Interestingly, due to rotation, the blades “stiffen” and has higher eigen-
frequencies than it would have without rotating. Let’s see why.

4.5.1 Rotating, hinged beam (no elasticity)

Figure 4.30

Moment of inertia:

Flapwise oscillation angle: ¢
Rotating frequency: €2

Restoring moment: M ()

1= M(9) (4.69)
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Moment M (p) comes from centrifugal force:

R ; . ~p
M(p) = — / w(r)Q” - r - cos(p) - sin(p) -rdr
0 ~1

=—p-0%.7

With eq. this gives:

I = —Q%*Tp < o(t) = Asin(Qt)

Eigenfrequency equals rotor frequency!
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(4.70b)

(4.70¢)

(4.71)



4.5.2 Rotating beam with torsional spring

Spring constant K

Torsional Spring

Figure 4.31

Natural resonance: wyg =

~I =

M(p) = —Q*Ip— Ko

I$ = —(*T+ K)p

.. K
¢=—(0+ Tl = —(Q® + wnr)p

wR2 = ngz + 0?2
————

“centrifugal stiffening”
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(4.73)

(4.74)

(4.75)

(4.76)



Chapter 5

Control of Wind
Turbines

Sometimes we have:

(a) Passive control by mechanical design. For example:

Figure 5.2 Vane

Figure 5.1 Tail-rotor
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(b) Active control by sensor-actuator systems, usually using digital con-
trollers:

Digital Power
A Turbi Sensor
Controller| Amplifiers_’| cluator I_'l urbine l—PI |

L

Figure 5.3
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5.1

Sensors and Actuators in wind turbines

Sensors:

Genrator speed, rotor speed, wind speed, yaw rate
Temperature of gearbox oil, generator winding, ambient air, etc
Blade pitch, blade azimuth, yaw angle, wind direction

Grid power, current, voltage, grid frequency

Tower top acceleration, gearbox vibration, shaft torque, blade
root bending moment, etc

Environment (icing, humidity, lightning)

Actuators:

Generator

Motors: pitch, yaw

Linear rotors, magnets, switches

Hydraulic powers and pistons (high power & speed)
Resistance heaters & fans for temperature control

Brakes (rotor, yaw)
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5.2 Control system architecture

[ Wind farm operator J

A
/\
/ 7\

Fault
monitoring
—

Dynamic

Online control

\

Component <

Controllers Emergency
Shut down shut down
—

\k J3]]013u0) AJosiasadng J

\

Usually, the “supervisory control” is on high level for turbine operating
status. And “Dynamic control” is on low level (e.g. torque, pitch,
power...etc).

Figure 5.4
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5.3 Control of variable speed turbines
For speed control, main actuators are:

e blade pitch

e generator torque
(controlled slowly to avoid drive-train oscillations)

Rated power

Q [rad/s]

Omax

Qmin

I [TA [I1B [1IC| III |IV

Fine Subrated regime Pitch in Shut down
Pitch pitch =0 Feather
A @ optimal
. =
Cut-in Rated Shut um[m/s]
Speed Speed down

Figure 5.5 Rotation speed as function of wind speed

With the problem that wind speed on rotor discs can not be perfectly
known, what is the maximum power production and power coefficient

CP()‘v 6)?
1
P = ipA-uoog-C’p()\,ﬁ) (5.1)
The equation is the power function, where A = %}j is the tip speed
ratio, f is the collective blade pitch. And the power coefficient Cp is
maximized at A = \* (e.g. =7) and 8 = 8* =0 (C§ = Cp(A\*, 8%)).

(Note: * means the optimal value.)
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Figure shows pitch, torque and A as function of wind speed. Qgen
is the generator torque. In equilibrium, Qgen = @ Acro-

e Region ITA: ) is fixed to A = QUTR and [ is maximized.
Cp = Cr(Mi*, B)

e Region IIB (subrated): A = A* and g = §*
Cp =C% =Cp(A*, %)

e Region IIC & III: ) is again fixed to )\éic = Qr‘;‘% and [ regu-
lates power.

(Region IIT is at maximum power.)

\
—Pitch, B
= Qgen
*
A —A
Fine Pitch
QMax
I ITA I1C IV
Shut down
Feather
Cut-in \ Rated Shut /Um[m/S]
Speed Qeen ™ Uso? Speed down

Figure 5.6 Pitch, torque, A V.S. wind speed
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5.4 Torque control at subrated power (in
region IIB)

Torque Q@enerator can be controlled directly and should counteract aero-
dynamic torque Qaero- Given rotor inertia I we have the ODE for €2:

[Q = QAero - QGenerator (52)

QAcro depends on U, & 2 & B and is given by Paero = 2+ QAero, Where
Q= %uoo so that A = 5—9:

QAero = PA?;rO
_1 2 3OP()‘76)R
= 2p(7TR Vtboo v (5.3a)
- %MR%J {C”(;\’m] (5.3b)
—_———
= Co(A,B)
QR
— TR Co (. 6) (5.30)
QAerO(Qv Uoos 5)
= %pﬂ'R5QQ {CP;/\P”B)] (5.3d)

How to choose Qgenerator when only 2 is measured?

Idea: Find the function QgGenerator(2) that brings turbine to an optimal
tip speed ratio A* (in region IIB)). Intuitively, setting high Qgen if Q
is too large and small Qgen if € is too small in order to stabilize the

rotor speed. At optimal Q* = % we would have:

QAero(Q*a Uco s /B*) = QGen(Q*) (54)

87



So let us generally try the law:

QGen(Q) = QAero<Q7 %?a B*)

1 (RO Cp(N*, B7)
1 s Cp(X*, %) 9
= - —— . Q .
2p7TR oy (5.5b)
constant Kgen
Example: (BOSSANYT 2003)
Is this control-loop stable at Q*7?
From equation [5.2] we know:
) 1 .
Q:=f(Q)= f(QAero(Quwﬂ ) — Qcen(2)) (5.6)

Question 1: Is f(2*) =07 And is it in steady state?

If Q* = ’\*gm, then by construction Qacro(Q*, Uso, 8*) = Kgen - (2%)?
such that indeed f(2*) = 0.

Question 2: If (%(Q*) < 0, is it stable?

AtQ:Q*:%anduo@:q—ﬁ,weget:

df 1(1 N\ [ Cpr 20%
S22 - - O .
=1 (2% (-0 - oo (7
N VLT (5.7b)
__].()\*)3' P :
| ——
constant [-]

That is, the settling time is proportional to Ql or

u
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Chapter 6

Alternative Concepts

6.1 Vertical axis wind turbines

Darrieus rotor:

Rotation
direction

Effective Wind

Component of lift force
parallel to tangential direction
turns the wind turbine

Commonly symmetric,
fixed aerofoils

No cyclic pitch (But possible)

Giromill/Darrieus VAWT

Figure 6.1

Figure 6.2 Top view
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Savonius wind turbine:

Rotation
Direction
Wind,l:
Figure 6.3 Figure 6.4 Top view
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6.2 Airborne wind energy (AWE)

See slides: |(click here for slides:
https://www.syscop.de/files/2018ss/WES /lectures /20180711 WES-AWE.key.pdf)

Variant 2: Generator on ground (pumping cycle)

Figure 6.5 Ground based and pumping cycle

We assume:
e the effect of gravity is neglected.
e cable is parallel to wind W.

e Kite flies crosswind with speed.
where:
[ V=Xx-W
W : real wind

V' : speed of kite

« : roll out speed as fraction of real wind
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WwW=UuU
> o

Figure 6.6
Effective wind:
— | 1-a)W
w0 ] -
The lift and drag force:
— A 1 1 —
F, = R —— A N T 2
; {(1_@] e A T 6
(1-a)
— 1 1 —
Fp = — AW .
5= | wraser A T 63

The component of lift and drag force should have value only on the x
axis. Thus we get:

*

Fi+Fp= (6.4)
0

(1 — Ck)CL = )\CD (65)

A=L5L . (1-a) (6.6)
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6.3 Loyd’s formula
Regard a kite/airfoil under idealized conditions, which means:

e The tether is parallel to the wind.
e No gravity, steady wind W = uq

e Steady crosswind flight with downward components

W=Um\

i
> (Taw Roll out speed = aW

Fbrag

Figure 6.7

Given Cp, & Cp, roll out speed aW, wing area A and tip speed ratio
A, the wind & motion vector in x-y-frame are:

o [ v } (6.7)
V= [ f\‘vvg ] (6.8)

Effective wind:

VZVT}V}{“_“)W} (6.9)

With V, = [|[Ve|| = W - /(1 — a)? + A2 we get:

— 1
Fp = 5 pA|[Ve|?- Cp
2 IVel]?

(6.10a)

1 2 1l -« 1
= LPAV2 - Co [ a-o) }(1—(1)2“2 (6.10D)
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— 1
= —pA|V|]? Cps 11
Fi = pAIVel? - Cupps (6.11a)
1 A 1
= _pAV.2.C { ] 6.11b
2P T (1 a) (1—a)2 422 (6.11b)
= =57 1 1 CD(I—a)JrCL)\
Fi+Fp=-pAV,? —————— 6.12
L4 = oA | O Yy | 0120
= [ OFT } (6.12b)

Steady state means there is no acceleration, that is, no force in the
y-direction. Thus we get:

)\CD = (1 - a)C’L (613)

A=E:(1—a) (6.14)

The generated power is equal to roll out speed, aW times Frp:
P=ao - W.Fp (6.15a)

:a-W%pAWQ = aP + X(Co(l—a)+Cr)  (6.15b)

1 3 2 C%
D
1 Cc3 C?
= 5pAWSC—g (1 + Cg) a(l —a)? (6.15d)
D L
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The maximum power is reached if (1 — )? is maximized:

fl@)=a(l —a)? (6.16)
fl)y=(1-0a)®—2a(1 —a) (6.17)
=0

According to equation we get (1 —a) =2a = ao* = %

N\

0 a*=1/3 Roll out factor, a

Figure 6.8

Loyd’s formula:

C2
P=1lpaw?®. L. % (1 + Cf;) (6.18)
L

~
~

Example: Regard Crp = 1, Cp = 0.05, W = 10m/s and p = 1.2kg/m?
we get:

= 600 W /m?
P 1T .4 . 2,
LWl .o, 2Lk (1422
LA CLC%,( +0§)
= ¢ “Harvesting factor zeta”
1

4
= — - 400(1+ —) ~
p= g 400(1 + ;5) ~ 59

% = 36kW/m?
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