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Recall:

> convex optimization =
convex objective f(x) and convex feasible set

» rules to get convex functions (if f; are convex):
> positive sum: Y. w;fi(x) (w; > 0)

vV vyVvVvyy

affine input transformation: f(Ax + b)

maximum: max; f;(x)

partial minimization: miny f(x,y) (convex in x, y together)
examples: affine functions a’ x + b, all norms |||

> rules to get convex sets

>

vV vy vy

hyperplanes (linear equalities): a' x + b =0
sublevel sets of convex functions: f(x) <0
intersection

projection: {x|3y : (x,y) € Q} (Q convex)
Linear Matrix Inequalities (LMI): 37 | x;A; = B
(B, A; symmetric)
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Examples: which function is convex?

>

>
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f(x)=a'x+b
f(x) = minj,_3|,<, @ X + b concave
f(x) = maxa_z|,<y @ x+b =3 x+7|x[2+b

(robust LP = SOCP)
f(x) =min,, 1>’ +2Mvst. —u—v<x<u+v, v>0 yes,
because convex in x, u, v (Huber penalty)

T
S .
f(X) = MaX||y| <~ [;:| |:SQ|— R:| |:;:| yes if @ = 0

) =mnes [3] [ & 2] [} e [ & 3]0

Note: f(x) =x"(Q — SR™IST)x ify=o00and R~ 0
(Schur complement)
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More examples
» f(X) = trace(X 1) = miny trace(Y) st. Y — X1 >0

Y | .
- A-
/ X] 0. (A-criterion)

> F(X) = Amax(X71) = miny A st M = X1 =0
Al /} >~ 0. (E-criterion)

= miny trace(Y) s.t. [

= miny A s.t. [I X
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v

XI5+ llyllE <1—=2xTy < |x+yl3<1vyes
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Examples: which set or inequality is convex?
> xll <1
» x| >1 not

Ix[13 + [lyll3 < 1

v

> xTy <1 not
> IxlE+1lyl3<1-2xTy & [x+yl5<1yes
> {w,M|(ai —w) M Haj —w) <1,i=1,...,m}

1 (3 —w)T .
—= — =
{W,M‘ LI—W Y, =0, 1,...,m}

(bounding ellipsoid = LMI)



Interesting Example

N-1

o) = min S ol3+ ol
k=0

subject to xx+1 = Axx + Bux, k=0,...,N —

—1<u <1, k=0,...,N—
X0 = Xinit,
xy = 0.

Question: is f convex ?

1,
1,



General Convex Optimal Control Problem

N—-1
V(Xinit) = min > L ue) + E(xw)
’ k=0
subject to  xx41 = Akxk + Brux +ck, k=0,...,N—
(Xk,uk)GQk, k=0,...,N—
X0 = Xinit
xy € Q.

Note: Cost-to-go of a convex optimal control problem is convex

L,
L
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NLP with Convex Structure
minimize  ¢(F(x))
subject to  G(x) =0,
H(x) € Q.

with ¢ and Q convex and F, G, H smooth functions.
SCP idea: linearize F, G, H to obtain convex problem.
Notation: Fi,(x; ) = F(x) + 2£(%)(x — %)



SCP subproblem
At solution guess xj solve

minimize d(Fr(x; xk)) + %(X — x) "M (x = xi)

subject to  Gp(x; xx) = 0,
Hr(x; xx) € Q.

with My = 0. Take solution x*(xx) as new solution guess xjx1.



Examples for SCP
» Gauss-Newton min, ||FL(x; x4)]|3
» Generalized Gauss-Newton [Bock 1983]:
miny || FL(x; xk)|[3 s.t. GL(x; xx) =0
» Sequential Linear Programming (SLP)

» Sequential Semi-Definite Programming [Fares, Noll, Apkarian,
SICON, 2002]

» Method of Moving Asymptotes (slightly different)



SCP for mathematical analysis
Note: can remove F, H with slacks and new equality

F(x)—y
gl’leW(Xayaz) =|H(x)—z| =0
G(x)

The SCP algorithm will remain identical.
Can also move ¢ into Q with epigraph trick (t > ¢(x)). SCP
algorithm still remains the same.

minimize ¢! x
X
subject to g(x) =0,
x € Q.

Define partial Lagrangian L(x,)\) = ¢ x + AT g(x).



SCP convergence theory

1
minimize ¢ x + §(X — xk) T My (x — xi)

subject to  gr(x; xx) =0,
x € €.

Note: “SCP” would converge quadratically if nonconvex
subproblems would be allowed with My = V2L(xx, \x).

But: can prove that with convex subproblems and bounded
regularization (R = My = 0) superlinear convergence is impossible
[Diehl, Jarre, Vogelbusch, SIOPT, 2006].

Problem: negative curvature in partial Hessian V2L.

Making My bigger than true Hessian slows down the algorithm.
General convergence theory can be extended to inexact Jacobians
(if gradient correction is used) and requires sufficiently good KKT
matrix approximation [Quoc Tran Dinh et al, SIOPT, 2012]



Is regularization needed ?

Regard example min, , y s.t. y = x? and linearize equality to

y = X% + 2%(x — X). SCP subproblem is unbounded for X # 0. For
small regularization, SCP still diverges.

Note: at solution, we have V)z(,yL(vav Ax) = [g 8}

Observation: algorithm converges if we set M) > %ViyL(x,y, As)
Conjecture: local convergence of SCP at solution (x, A«) can be
guaranteed if My = V2L(x, \) [to be proven]



Nicest Case for SCP: Concave Inequalities
Regard concave H (i.e. tangents lie above graph).
SCP subproblem:

minimize  ¢(x)

subject to  Hp(x; x¢) <0, x €0
Lemma: If xqg is feasible, all iterates remain feasible.
Proof: If H(xx) <0 then H(xk+1) < HL(Xk+1;xk) < 0.
No globalisation necessary. Easiest SCP method.

Note: partial Hessian ZIM;VZH; negative semidefinite.
Possibly slow but robust convergence.



Variants of Nicest Case: Convex Concave Decompositions
Regard H(x) = Hi(x) — Ha(x) with Hi, H> convex.
Form SCP subproblem:

minimize  ¢(x)
subject to  Hi(x) — Ha1(x; xk) <0, xeN

Again, all iterates remain feasible, same nice method as before.
Also known as DC decomposition (Difference of Convex functions).
Can generalize to nonconvex matrix inequalities [Quoc Tran Dinh
et al, IEEE TAC 2012]



Parametric Pathfollowing with Real-Time SCP(RTSCP)
Regard parameter dependent problems:

minimize  ¢(F(x, p))
subject to  G(x,p) =0,
H(x,p) € Q.
Idea 1: Use slacks to make dependence affine on parameter.
minimize  ¢(F(x) + Arp)
subject to G(x) + Agp =0,
H(X) + AHp e Q.

Idea 2: linearize at xx but use new value pyy1 in SCP subproblem.
Get generalized tangential predictor for true solution [Diehl 2001,
Quoc Tran Dinh et al., SIOPT, 2012] (tangential if xx = x*(pk)
and Mk == V)%L(Xk, )\k))



Optimal Control Problem with Convex Structure

N-1

minimize Z Li(xk, uk) + E(xn)
ol k=0

subject to  xx+1 = fr(Xk, k), k=0,....,N—1,
(xk,uk)GQk, k=0,....,N—1,
X0 = Xinit,
xn € Q.
SCP idea: linearize nonlinear equalities (system dynamics).

RTSCP for Nonlinear Model Predictive Control: Solve for latest
state estimate Xinit (note: Xinit enters problem affinely).



